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Abstract The estimation of smooth functions from their noisy and discrete obser-
vation is the first step in Functional Data Analysis. The choice of the basis func-
tions is crucial in the process, since its properties influence the subsequent analysis.
Wavelets offer functional basis systems with the property of localization both in
space and frequency. We developed a procedure to use wavelet bases for the estima-
tion of curves in more than one dimension, with a particular focus on the possibil-
ity of obtaining also estimates of curves derivatives from wavelet expansion. This
method is tested on the estimation of centreline and radius of the Internal Carotid
Artery (ICA) for patients suspected to be affected by cerebral aneurism.
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1 Introduction

Functional Data Analysis (FDA) is the branch of statistics which focuses on data that
can be seen as the observed value of a functional random variable. However, from a
practical point of view, every data is observed on a discrete grid and a measurement
error is also present. A crucial step of the analysis thus consists in the estimation of
the continuous functional data starting from its discrete observation. In this process
basis functions play an essential role. Usual choices are Fourier basis functions and
spline basis functions (see [8]). Wavelet basis systems have been mainly used for
problems in which there is no interest in derivatives, because of the absence of
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close analytical form for smooth wavelets. This has restricted their application to
a small part of the FDA field. To overcome this limitation, we look for a way to
obtain derivatives of wavelet estimated data. Then, we extend traditional wavelet
estimators to curves in general dimensions; this requires the development of a new
estimation procedure which takes into account simultaneously all the coordinates of
the multidimensional curve.

2 An overview on wavelets

In this section we briefly introduce wavelet basis systems for L2(R). Wavelets are
defined starting from an orthogonal multiresolution:

Definition 1. Let {Vj} be a sequence of closed subspaces Vj ⊆ L2(R) and φ ∈ V0.
An orthogonal multiresolution for L2(R) is a couple ({Vj},φ) so that:

1. Vj ⊂Vj+1

2.
∪

j Vj = L2(R) and
∩+∞

j=−∞ Vj = {0}
3. t 7→ f (t) ∈Vj ⇔ t 7→ f (2t) ∈Vj+1
4. {φ(t − k)}k is an orthonormal basis for V0 and

∫
R φ ̸= 0

The projections of f ∈ L2(R) on the sequence {Vj} j∈Z give a progressively better
approximation of f as j increases. The function φ is called scaling function or father
wavelet. Thanks to property 3 above, {2 j/2φ(2 jt − k)}k is an orthonormal basis for
Vj. However, it is often more useful exploring the detail information needed to go
from the space Vj to the space Vj+1, starting from a coarse space V0. This is the
reason to introduce the sequence of the complement spaces Wj =Vj+1\Vj. A mother
wavelet is a function ψ ∈W0 so that {ψ(t −m)}m∈Z is a basis for W0. Since

L2(R) =
⊕
j∈Z

Wj, (1)

{ψ j,k(t) = 2
j
2 ψ(2 jt − k)} j,k is an orthonormal basis for L2(R). Therefore, for each

f ∈ L2(R), we have

f = ∑
j
∑
k
< f ,ψ j,k > ψ j,k = ∑

k
< f ,φ j0,k > φ j0,k +

+∞

∑
j= j0

∑
k
< f ,ψ j,k > ψ j,k =

= ∑
k

s j0,kφ j0,k +
+∞

∑
j= j0

∑
k

d j,kψ j,k (2)

where < ·, · > indicates the scalar product in L2(R). The coefficients {s j0,k}k∈Z,
{d j,k} j∈Z∩{ j>= j0},k∈Z are called discrete wavelet transform (DWT) of f . It can be
shown that φ and ψ satisfy the dilation/refinement equations:
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φ(t) = ∑
k

hk
√

2φ(2t − k)

ψ(t) = ∑
k

gk
√

2φ(2t − k)

for some sequences hk and gk, named respectively scaling filter and wavelet filter.
These equations are essential for the development of the Fast Wavelet Transform,
which computes the DWT in O(n) operations. Moreover, smooth and compactly
supported wavelets have no analytical form and so they are defined by their scaling
and wavelet filters. For a systematic introduction to wavelets, see e.g. [6].

3 Wavelet smoothing of functional data

As we have seen above, every function f ∈ L2(R) can be represented by a scaling
/ wavelet basis system. Now we would like to use this fact to build an estimator of
the functional data f starting from its discrete observation. The statistical model is

xi = f (si)+ εi, i = 1, . . . ,N, N = 2J , J ∈ N (3)

where si =
i
N are equally spaced points and εi ∼ N(0,σ2) are independent and iden-

tically distributed errors. The wavelet smoothing procedure consists in changing
over to wavelet domain, where the model becomes

d j,k = d0
j,k +ρ j,k,

with d0
j,k being the true wavelet coefficients of f and ρ j,k ∼ N(0,σ2

d ) the wavelet
transform of the error. A first idea to estimate d0

j,k, starting from the empirical co-
efficients d j,k, consists in fixing a threshold t and considering all coefficients below
this threshold as coming only from noise, thus setting d̂ j,k = d j,kI{d j,k>t}. A more
refined idea consists in also shrinking the coefficients above this threshold, with the
aim to removing the component due to noise. In particular, the wavelet estimator
becomes

d̂ j,k = sign(d j,k)(|d j,k|− t)+.

and the corresponding estimated functional data is

f̂ (s) =
2 j0−1

∑
k=0

s j0,kφ j0,k(s)+
j=J−1

∑
j= j0

2 j−1

∑
k=0

d̂ j,kψ j,k(s). (4)

The problem is of course the choice of the threshold t. Many strategies have been
proposed (see e.g. [2], [4] or [5]), among which a popular one is the so called uni-
versal threshold:

t = σ̂d
√

2logN
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As mentioned in the Introduction, the application of wavelet basis systems for
fitting functional data has been mainly limited to problems in which derivatives
were not required, due to the absence of a close analytical form for wavelets smooth
enough for this purpose. Anyway, φ , ψ and their derivatives can be computed on
the dyadic points starting from the dilation equation. In [7] we exploit this fact to
obtain curve derivatives starting from wavelet expansion.

4 Wavelet estimation for curves in more than one dimension

Let us now extend wavelet based estimation techniques to the case of curves in more
than one dimension. The function f we want to estimate has thus the form

f : R ∋ s 7→ ( f1, . . . , fp) ∈ Rp

which describes parametric curves in p dimensions. The observed values are gener-
ated by the model

xi = f(si)+ εi i = 1, . . . ,N = 2J (5)

where εi is a multinormal error with zero mean and variance and covariance ma-
trix σ2I. Our aim is to estimate the function f and its derivatives. A first idea could
be to estimate each coordinate function f1, . . . , fp independently, using well-known
wavelet techniques for the denoising of 1D signals. However, if the curve has a sig-
nificant feature in some points of the physical space, we expect that this will be
reflected on all p coordinates concurrently. Thus, we develop a thresholding pro-
cedure taking into account the vectorial structure of the function we want to esti-
mate. In particular, we would like our thresholding procedure to estimate as zero
the wavelet coefficient of a coordinate function only if this coefficient is estimate as
zero for all coordinates. In this way, the same wavelet basis functions are used for
the estimation of f1, . . . , fp. Starting from the model (5) and using the orthogonality
of the wavelet transform, we know that

d j,k = d0
j,k +ρ j,k,

where d0
j,k ∈ Rp is the vector of the true wavelet coefficients of f, while ρ j,k is the

wavelet transform of the noise and it has a multivariate normal distribution with
covariance matrix σ2

d I. In order to decide if d0
j,k can be estimated as the null vector,

we focus on ||d j,k||22. In order to fix a threshold for this quantity, aiming to contain all
coefficients coming from noise, we exploit the fact that ||ρ j,k

σd
||22 ∼ χ2(p). Therefore,

we look for a thresholding value which contains with high probability n draws from
a random variable with χ2(p) distribution. In [7] we show that a good choice for this
threshold is cp logn, with c1 = 2 and cp = 3 for p≥ 2. Fig. 1 shows some simulations
in support of this result. It can be noticed that, for p >= 2, the convergence rate
decreases as p increases. This makes sense, because we use the same threshold to
control the maximum of random variables with increasing mean and variance.
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Fig. 1 Maximum of n draws from a χ2(p) distribution plotted vs n. The green line indicates the
threshold tp.

Thus we shall use the following threshold on ||d j,k||22

tp = σ̂2
d (cp logN).

This threshold is a generalization of the universal threshold proposed in [5] for the
1D case. The empirical coefficients are vectors of Rp and

√
tp is a threshold on

their euclidian norm. Hence we consequently apply the shrinkage on their norm,
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proposing the following wavelet estimator for curves in p dimensions

d̂ j,k =
(

1−
√

tp

||d j,k||2

)
+

d j,k

(see [7]). In this way, estimated wavelet coefficients have the same direction of em-
pirical ones, as vectors in Rp. This is based on the hypothesis that the variance of
the error is equal in the p directions. Thus, the direction of the vectors d j,k can be
considered as mainly determined by the true coefficients d0

j,k.

5 An application to the geometry of the Inner Carotid Artery
(ICA)

In this section we use wavelets for the estimation of radius and curvature of the Inner
Carotid Artery (ICA) for 65 patients suspected to be affected by a cerebral aneurism,
treated at Niguarda Ca’Granda Hospital (Milan). Our data are the discrete observa-
tions of the radius profile of the vessel and of the three space coordinates of the
vessel centreline, supplied by the Vascular Modeling ToolKit (see [1]). The ana-
lyzed data belong to the AneuRisk Project1, a research programme that investigated
the role of vascular geometry in the pathogenesis of cerebral aneurisms.

The data are of course affected by measurement and reconstruction errors. In [9]
estimates of the three-dimensional ICA centrelines and their derivatives, and thus of
centreline curvature, have been obtained via free-knot regression splines. Here, we
want to estimate ICAs geometrical features, in particular vessel curvature and vessel
radius, through wavelets. We shall use in particular Daubechies “extremal phase”
wavelets with 10 vanishing moment (see [3]). The importance of vessel curvature
and vessel radius in the study of aneurismal pathology is discussed for instance
in [9] and [10]. Fig. 3, left panel, gives a 3D visualization of the estimated vessel
centreline for patient 1. The same figure, right panel, shows the estimated curvature
(obtained from the estimates of first and second derivatives) for the vessel centreline
of all 65 patients of the AneuRisk Dataset. Fig. 2 displays the estimates of the radius
of the artery and its derivatives for the 65 patients. Fig. 4 shows the boxplots of
the Average Square Error (ASE) of the estimates of the 65 centerlines obtained by
wavelets and by free-knot regression splines, and the boxplots of the Average Square
Error of the estimates of the centerlines first derivatives with respect to first finite
differences (ASEdiff). A simultaneous comparison of these boxplots shows that the
two methods provide comparable results on these data (free-knot regression splines

1 The AneuRisk project is a joint research programme involving the MOX Laboratory for Modeling
and Scientific Computing (Dipartimento di Matematica, Politecnico di Milano), the Laboratory of
Biological Structure Mechanics (Dipartimento di Ingegneria Strutturale, Politecnico di Milano),
Istituto Mario Negri (Ranica), Ospedale Niguarda Ca’ Granda (Milano) and Ospedale Maggiore
Policlinico (Milano). The project has been supported by the Fondazione Politecnico di Milano and
Siemens Medical Solutions Italia.
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Fig. 2 Estimated radius (top) and its first (center) and second (bottom) derivatives for the 65 pa-
tients.

having the advantage of dealing with general grids of points, not necessarily of 2J

evenly-spaced points). More extensive comparisons between wavelets and various
smoothing methods will be published elsewhere.

Fig. 3 Left: Estimated centreline for patient 1 (the green bullets indicate the estimated points of
approximately zero curvature). Right: Estimated curvature for the 65 patients.
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Fig. 4 Comparison between free knots regression splines and wavelets, based on ASE=
1
n ∑n

k=1[(x(sk)− x̂(sk))
2 + (y(sk)− ŷ(sk))

2 + (z(sk)− ẑ(sk))
2] and ASEdiff= 1

n ∑n
k=1[(Dx(sk)−

x̂′(sk))
2 +(Dy(sk)− ŷ′(sk))

2 +(Dz(sk)− ẑ(sk))
2] where Dx,Dy and Dz are the first central finite

differences for x,y, and z.
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