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Abstract Discriminant analysis is an effective tool for classification of experimen-
tal units into groups. When the number of variables is much bigger then the number
of observations it is necessary to include a variable selection procedure into the
inferential process. Typical examples are the classification of subjects according to
phenotypes via gene expressions and the classification of different types of food into
species via near infrared spectroscopy. We build upon a conjugate normal discrim-
inant model, either liner and quadratic, and include a stochastic search variable se-
lection procedure via an MCMC algorithm. For the spectroscopy example we show
how to perform discriminant analysis in the wavelet domain and include a Markov
random tree (MRT) prior that maps the connections among wavelets coefficients.
We show good performances of the method in simulation studies, gene expression
analysis and food authenticity and compare results to several other procedures.

Key words: Classification and pattern recognition, Bayesian variable selection,
Markov chain Monte Carlo, Markov random tree prior, Wavelet-based modeling

1 Introduction to Discriminant Analysis

Discriminant analysis, sometimes called supervised pattern recognition, is a statis-
tical technique used to classify observations into groups. For each case in a given
training set a g X 1 vector of observations, X;, and a known assignment to one of G
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groups are available. The group indicators are stored in a n X 1 vector y. On the basis
of these data, we wish to derive a classification rule that will assign further cases to
their correct groups. If the distribution of X conditional on the group membership
is assumed to be a multivariate normal then the appropriate statistical methodology
is that of discriminant analysis. When the number of observed variables is consid-
erably large it is necessary to exclude from the model the set of noisy variables that
could lead to a high misclassification rate. The method for variable selection we pro-
pose can be used both for linear discriminant analysis, where all the groups share
the same covariance matrix, and for quadratic discriminant analysis, where different
groups are allowed to have different covariance matrices. In this paper we illustrate
the model for the quadratic discriminant analysis case.

2 The Model

2.1 Bayesian Discriminant Analysis

We assume that each observation comes from one of the G possible groups with
distribution N (4, %,). We represent the data from each group by the n, x ¢ matrix
X, — 1y i) ~ A (I,5,), with ¢ = 1,..., G, where the vector p, and the matrix X,
are the mean and the covariance matrix of the g-rh group. With .4/(-,-) we indicate a
matrix normal variate, see [3]. Taking a conjugate Bayesian approach, we impose a
multivariate normal distribution on y, ~ N(mg,heZ,) and an Inverse-Wishart prior
on the covariance matrix X, ~ IW(8,,£2,). This parametrization, beside being the
standard setting in the Bayesian approach, allows us to create a computationally
efficient variable selection algorithm, as shown in Section 3.1. The predictive distri-
bution of a new observation X jf (1 x g) is used to classify every new sample into one
of the possible G groups. This distribution, see [1] among others, is a multivariate
T-student:

X' =l ~ 7 (8 a5,9;), (1)

where [, = Temg + (1 — Tg) Xy, 8; = 8y +ng, ag = 14 (1/hg+ng) "' and Q; =
Qg + S+ (hg + 1/ng) ™" (Xg — mg)" (Xg — my) with g = (1+hgng)~" and S =
(Xg — 10, X,)" (Xg — 14, X,). The probability that a future observation, given the
observed data, belong to the group g is then given by:

(v 1X) = p(y/ = g|X].X) )

where y/ is the group indicator and X = {Xi,...,Xg} are the observed data. By
estimating the prior probability that one observation comes from group g as f, =
ng /n, the previous distribution can be written in closed form as:

Pg(Xf)ﬁg

f1X) =
ng(y| ) iGzlpi(Xf)ﬁi’
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where p, (X/) indicates the predictive distribution defined in equation (1). A new
observations is then assigned to the group with the highest posterior probability.

2.2 Likelihood and prior setting for variable selection

In order to perform variable selection we include a (g x 1) latent binary vector 7,
where the elements equal to 1 indicate the selected variables, i.e., the variables able
to classify the units into the correct groups. Extending the approach of [13], to avoid
any independence assumptions, we define the following likelihood that allows us to
separate the discriminant variables from the noisy ones as:

n X
L(X,y:M, 92,1, B. Zg,7) = [ [ p(Xigye) HHngpg 3)
i=1

g=1j=

The first factor of the likelihood refers to the non important variables, while the
second is formed by variables able to classify observations into the correct groups.
Under the normality assumption the likelihood becomes:

G nhg

HNM(XW)*B i) HHWg Ny (X »Ze) @

g=1j=

Note that [11] use the same likelihood in a frequentist framework. For the param-
eters corresponding to the non selected variables we use the following conjugate
priors:

7)1Z0e) ~ NHogr), hoZ(y))
Zir) ~ IW (8, (e ).

Without loss of generality, at least for the inferential procedure described in Sec-
tion 3.1, we can assume that the set of non selected variables is formed by only
one variable so that the prior parametrization can be simplified using the scalar

2 instead of Z(y) and the (p x 1) vector  instead of the g x p matrix B with
02 ~ Inv — Gamma(5/2,ko/2) and B ~ N(fo,0*H,). To obtain this parametriza-
tion the commonly used assumption Q) = kol|y| is needed, see for example [13]
for a model based clustering context, and [5] for a graphical model context. We then
define an improper non-informative prior on the vector w = (w—1,...,G) using a
Dirichlet distribution, w ~ Dirichlet(0,...,0). Note that, with the inclusion of the
variable selection mechanism, the predictive distribution does not change because it
depends only on the selected variables.
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2.3 Prior distribution for network information integration

Although the model allows for dependencies among variables, it is not straight-
forward to specify dependence structures known a priori on the covariance matrix
prior. When prior information is available we can easily incorporate it into the prior
distribution of y. In order to define this prior we need to introduce a g X ¢ matrix
R. This matrix describes relationships between variables, with elements r;; = 1 if
variable i and j have a direct link in the network, and r;; = 0 otherwise. As already
described by [10] and [2], these relations can be modeled using a Markov random
field (MRF), where variables are represented by nodes and relations between them
by edges. A MRF is a graphical model in which the distribution of a set of random
variables follows Markov properties that can be described by an undirected graph.
Relations on the MRF are represented by the following probabilities

, exp(¥%F (1))
75(?’"7%7"161\"): ) (6)
P T texp(F(Y)))
where F(y;) =pu+nYc N; (27: — 1) and N; is the set of direct neighbors of variable
j in the MRF. The global distribution on the MRF is given by

(Y|, m) o< exp(u ny —n nop), (7

where n; is the number of selected variables and ng; is the number of edges link-
ing nodes with different values of y; (i.e., edges linking included and non-included
nodes). The parameter ut controls the sparsity of the model, while higher values of
7N result in neighboring variables taking on the same y; value. If a variable does
not have any neighbor, its prior distribution reduces to an independent Bernoulli
with parameter p = exp(u)/[1 +exp()], which is a logistic transformation of p.
In Section(4.2), following [12], we use a specific network structure, called Markov
Random Tree (MRT), where the connections among wavelet coefficients depend on
their position along the space dimension, i.e. every coefficient at a given scale can
be related to a set of coefficients at the next finer scale corresponding to the same
location. When network information is not available g independent Bernoulli priors
can be specified for the elements of y:

w() = [T -p)

j=1

where p represents the expected number of important variables a priori.
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2.4 Discriminant analysis in wavelet domain for functional data

As noted by [7], an alternative approach to variable selection is to apply princi-
pal component analysis to X and then perform discriminant analysis on the first &
principal components. This dimension reduction approach is motivated by the fact
that, with functional data, working with transformed variables, such as principal
components or, in our case, wavelet coefficients, can improve the classification per-
formance. Note that in our framework we incorporate both selection and synthesis
of the data by transforming the data into wavelet coefficients and then selecting the
important ones. We transform the data to the wavelet domain by Z, = XgW' , where
W is an orthogonal matrix (W'W = I) representing the discrete wavelet transform
(DWT). We rewrite the model as:

Ly — [, ~ N (LWEW),

, ~IW(8,,),

with fg =WZX,W and Qg =WQ,W'. Once the wavelet transform is applied we can
use the model presented in the previous sections taking into account the different
meaning of the new hyperparameters.

3 Posterior Inference

3.1 MCMC for variable selection

Variable selection is performed via the posterior distribution of the latent indica-
tor vector Y. This distribution cannot be obtained in closed form and a MCMC is
needed. However the inferential process can be simplified integrating over f3, 62, We, Lg
and X, and obtaining the following marginal likelihood:

(7
(Xérf) ~ Lpybor) = Xmﬁ)z)*T 5 X ®)
TTg 1 Ke()| Q)| 7702101 ) + Sy |~ e Pr= )

P(X[y,7) &< (ko+ (Xpe) = Ly Hogre) = Xp)B) (I +holuly + X HyX[))) ™!
)

where

Koy = (hlng+1)’”/2_113711F(1/2(11g+§+Py—j))/1“(0-5(5+l’y—j)
Sen = Lipi=1 Xicy) — Xo(n) Kiy) = Xgp) '+

)
onerT (W) = Xe(n) (Mo — Xep)
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Following [13] and [9] we develop a Stochastic Search Variable Selection (SSVS)
algorithm to perform variable selection. This is Metropolis type of algorithm that
uses two different moves, either the addition/deletion of one selected variable or the
swapping of one selected variable with a non selected one.

The proposed y**" is then accepted with a probability that is the ratio of the
relative posterior probabilities of the new versus the current model:

min | PED ) m(r) . (10)

p(X[y, yd)m (')
Because these moves are symmetric, the proposal distribution does not appear in
the previous ratio. As noted by [11] in a different context, the calculation of the
acceptance probability in the Metropolis step can be simplified using the following
factorization of the marginal likelihood:

P(X(r‘) 1y, X(y) ) X(prop) )P(X(y) ) X(prop) 1y)

where X(prop) represents the variable, for an add/delete move, or the two variables,
for a swap move, whose indicator element has been proposed to change.

4 Data Analysis

We show how the model can correctly identify significant variables in a small n large
p framework, by analyzing both gene expression data and near infrared spectroscopy
data.

4.1 Application to Microarray Data

We illustrate how our model can be applied to DNA microarray data, where thou-
sands of gene expression levels are observed on a few samples. We analyze the
widely used leukemia data of [8] using 38 patients as the training set and 34 pa-
tients as validation set. In this analysis gene expressions are supposed to discrimi-
nate acute lymphoblastic leukaemia (ALL) patients form acute myeloid leukaemia
(AML) patients. Following [6], we truncate expression measures beyond the thresh-
old of reliable detection at 100 and 16,000, and remove probe sets with intensities
such that max/min < 5 and max — min < 500. This leave us with 3,571 genes for the
analysis. The expression readings are log-transformed and each variable is rescaled
by its range.

This data has been already analyzed by [9] using a similar model for cluster anal-
ysis. As done by [9], we assume that the non significant variables are marginally in-
dependent of the significant ones. The hyperparameters are taken to 6 = 3, h; = 10,
ho =100, 21 =0.6""-1;,; and ko = 10~"; we set the expected value of the Bernoulli
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prior on ¥ equal to p = 0.03(~ 100/3,571) and assume unequal covariance across
the groups. The sampler was started with a random selected model with 10 signifi-
cant variables and 150,000 iterations were run with the first 50,000 used as burn-in.
With a threshold of 0.5 we select 69 significant variables that are able to correctly
classify 30 of the 34 patients of the validation set.

4.2 Application to Spectral Data

Discriminant analysis has been frequently used to classify units into groups by ob-
serving near infrared spectra, see [7] for a Bayesian approach with variable selec-
tion. Recently [11] have shown how variable selection within a discriminant anal-
ysis model for classification of different types of foods of outperforms other tech-
niques such as Transductive Support Vector Machine (SVM), Random Forest, Ad-
aBoost, Bayesian Multinomial Regression, Factorial Discriminant Analysis (FDA),
k-nearest neighbors, discriminant partial least squares (PLS) regression and soft in-
dependent modeling of class analogy (SIMCA). Correct identification of food via
analysis of near infrared spectroscopy data is an important tool to avoid potential
fraud like supplying of cheaper inauthentic food instead of the more expensive orig-
inal products. In this Section we analyze spectra coming from five different species
of meat, Beef, Chicken, Lamb, Pork and Turkey. These data have been already an-
alyzed using a variable selection/discriminant analysis procedure by [11] and using
a wavelets-based discriminant analysis by [4], first thresholding the wavelet coef-
ficients to reduce the dimensionality of the data on the wavelets domain and then
performing a discriminant analysis only on the selected subset of wavelets coef-
ficients. After removing the first 27 variables, we transform the remaining 1,024
wavelengths into the wavelet domain using Daubechies wavelets with 3 vanishing
moments, obtaining § scaling coefficients and 1,016 wavelets coefficients. Because
the scaling coefficients carry only general features of the signal, that are usually not
able to discriminate units, we decided to perform our selection only on the standard-
ized wavelets coefficients. Then we set § = 3, h; = 100, hp = 1000, Q; = 37! Ay,
Hy =100-1, and ko = 10~!; the hyperparameters of the MRT were set t = —2.5
and 11 = 0.3. We assumed unequal covariance across the groups. The sampler was
started first with a random selected model with 2 significant variables and then
with 10 significant variables; the two 200,000 iterations chains were then pooled to-
gether; the first 1,000 iterations were used as burn-in, because the algorithm seems
to quickly select significant variables. With a threshold of 0.5 we select 7 significant
variables that are able to correctly classify 102 of the 114 food samples of the vali-
dation set while, with a threshold of 0.5 and 14 selected variables, the model is able
to classify 110 of the 114 units. With a missclassification rate of 3.4% our method is
a better classifier than the model proposed by [11], and, specifically, is able to better
separate Turkey and Chicken samples.
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5 Conclusion

We have illustrated how to perform variable selection in discriminant analysis fol-
lowing the Bayesian paradigm. We have described how information on the network
structure of the variables can be easily incorporated into the prior distribution and
how posterior inference can be performed, either in the original data domain or in
the wavelet domain, via a fast MCMC. We have shown that our model performs
well in two practical important applications.
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