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Abstract In this paper we evaluate the invertibility of the ThresholdMoving Aver-
age model. The results are obtained generalizing some issues given in the literature
and introducing a distinction between “local” and “global”invertibility. To better
clarify this last difference, theoretical results and empirical examples are jointly
considered and discussed.
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1 Introduction

The study of stochastic processes is often focused on the investigation of the proba-
bility properties (such as stationarity, ergodicity and invertibility) that give important
requirements under which to make statistical inference andgenerate predictions. In
this domain the most relevant results have been reached in the context of linear
models (see [1] among the others) whereas a small number of contributions has
been provided for nonlinear structures.
Based on these considerations, in this paper we present the invertibility of nonlinear
moving average models. In particular we focus on the so called Threshold Moving
Average (TMA) models that belong to the class of threshold nonlinear structures
widely presented in [7].
The TMA model has been extensively investigated in [2] whereas [5] propose a
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quasi-LR test for linear moving average (MA) against TMA models (recently gener-
alized in [4] to the TMA-GARCH models) and give some contribution on the TMA
invertibility. This last topic has been empirically treated in [3] and, more recently, it
has been examined in [6]. They establish necessary and sufficient conditions for the
invertibility of TMA models with moving average orderq = 1 andk = 2 regimes,
even depicting some developments for the more general TMA model with k > 2.
In the present paper the invertibility of these models is further discussed. In partic-
ular we provide sufficient conditions under which a general TMA model of order
q > 1 with k > 2 regimes, is invertible.
More specifically, in Sect. 2 we present the invertibility conditions of a TMA(k;q)
model whereas illustrative examples are presented in Sect.3. These examples show
that when the TMA model is under analysis, we can distinguishbetween “local” and
“global” invertibility, or, in other words, a TMA model can be “globally” invertibile
even in presence of regimes “locally” noninvertible. Some concluding remarks and
hints of future research are reported at the end.

2 Invertibility of TMA(k;q) models

Given a strictly stationary processXt , it follows a TMA(2;1) model if

Xt = εt − [φ + ψI(Xt−d ≤ r)]εt−1, (1)

where{εt} is a sequence of independent and identically distributed (i.i.d.) random
variables,|r| ≤ ∞ is the threshold variable,d ∈ N + is the threshold delay and
I(Xt−d ≤ r) is the indicator function:

I(Xt−d ≤ r) ≡ It−d =

{

1 if Xt−d ≤ r

0 if Xt−d > r.
(2)

The statistical properties of model (1) have been investigated in [6]. They give the
conditions under which the model admits a unique strictly stationary and ergodic
solution and further show, under proper assumptions onψ and on the distribution
of {εt}, a sufficient condition for its invertibility. In particular they state that given a
strictly stationary and ergodic processXt ∼ T MA(2;1) with E[| ln |Xt ||] < ∞, model
(1) is invertible if:

|φ |1−FX (r)|φ + ψ |FX(r) < 1, (3)

where 0≤ FX(r) = P(Xt ≤ r) = E[It−d ] = p ≤ 1.1

Starting from these results, it is interesting to remark:

1 FX (r) defines the probability thatXt belongs to the first regime or, in other wordsE[It−d]; con-
versely 1−FX (r) is the probability thatXt belongs to the second regime, or 1−E[It−d].
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Remark 1. WhenE[It−d ] = 1 (or E[It−d ] = 0) model (1) degenerates to a linear
moving average process (widely discussed in [1]) and the inequality (3) matches the
invertibility conditions given for this class of models;

Remark 2. The invertibility region (over the parametric space) (3) iswider than
that obtained overlapping the invertibility regions of thetwo regimes (that, in any
case, is included in (3)).

The conditions and the results established on the invertibility of the TMA(2;1)
model in Theorem 2 of [6] represent the starting point of the issues given in the
following pages where more general results for a TMA(k;q) model are provided.

To simplify the presentation of the theoretical results without constrain their gen-
erality, we show all results for a TMA(k;q) model, withk = 2 andq ≥ 1.

Let Xt ∼ T MA(2;q):

Xt = εt −
q

∑
i=1

[φi + ψiI(Xt−d ≤ r)]εt−i, (4)

model (4) can be given as

Xt = εt −
q

∑
i=1

(φi + ψi)It−dεt−i −
q

∑
i=1

φi(1− It−d)εt−i

= [1− It−dΘ(B)− (1− It−d)Φ(B)]εt (5)

whereB is the lag operator such thatBsXt = Xt−s, Φ(B) =
q

∑
i=1

φiBi, Θ(B) =
q

∑
i=1

θiBi

andθi = φi + ψi, for i = 1,2, . . . ,q.
The model (4), can be also presented in the following notation. Let:

εt =


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...

εt−q+1
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
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




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
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





four (q×1) vectors and

At−d = It−d

[

θ ′

I 0

]

+(1− It−d)

[

φ ′

I 0

]

= It−dΘ +(1− It−d)Φ,

where0 is a[(q−1)×1] null vector andI is a(q−1) identity matrix, the Markovian
representation of model (5) is:

εt = Xt + At−dε t−1. (6)

After n iterations, model (6) becomes:
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εt = Xt +
n

∑
j=1

(

j−1

∏
i=0

At−d−i

)

Xt− j +

(

n

∏
i=0

At−d−i

)

εt−n−1,

whereε t , if pre-multiplied by the vector1′ = (1,0, . . . ,0) such thatεt = 1′εt , be-
comes:

εt = Xt + 1′
n

∑
j=1

(

j−1

∏
i=0

At−d−i

)

Xt− j + 1′
(

n

∏
i=0

At−d−i

)

εt−n−1. (7)

Model (7) is used to discuss the invertibility of the TMA(2;q) model as follows.

Theorem 1. Let Xt ∼ T MA(2;q) a strictly stationary and ergodic process with
E[| ln |Xt ||] < ∞, Xt is invertible if:

|λ (Θ))|p|λ (Φ)|1−p < 1, (8)

where λ (Θ) [or λ (Φ)] is the dominant eigenvalue of Θ [or Φ ] and p = E[It−d ].

Proof. Starting from model (7), then

εt −Xt −1′
n

∑
j=1

(

j−1

∏
i=0

At−d−i

)

Xt− j = 1′
(

n

∏
i=0

At−d−i

)

ε t−n−1

andXt is invertible if

n

∏
i=0

|At−d−i|
p

−→0, as n → ∞. (9)

Using standard results of matrix algebra and the notation inAppendix, it follows
that:

n

∏
i=0

|At−d−i| =
n

∏
i=0

|It−d−iΘ +(1− It−d−i)Φ |

≺
n

∏
i=0

|It−d−iλ (Θ)I+(1− It−d−i)λ (Φ)I|

= exp

{

n

∑
i=0

ln |It−d−iλ (Θ)I+(1− It−d−i)λ (Φ)I|

}

.

Recalling thatIt−d−i is the indicator function defined in (2), we have:

n

∏
i=0

|At−d−i| ≺ exp

{

ln |λ (Θ)I|
n

∑
i=0

It−d−i + ln |λ (Φ)I|
n

∑
i=0

(1− It−d−i)

}

.

Noting that 1
n+1 ∑n

i=0 It−d−i = p + Op(n−1/2), then:
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n

∏
i=0

|At−d−i| ≺ exp
{

ln |λ (Θ)I|(n +1)(p + Op(n
−1/2))

+ ln |λ (Φ)I| (n +1)(1− p + Op(n
−1/2))

}

= |λ (Θ)I|(n+1)(p+Op(n−1/2)) |λ (Φ)I|(n+1)(1−p+Op(n−1/2))

=
(

|λ (Θ)|p |λ (Φ)|1−p
)(n+1)

|λ (Θ)λ (Φ)|(n+1)Op(n−1/2) I,

where, observing that
(

|λ (Θ)|p |λ (Φ)|1−p
)(n+1)

is of orderO(n), the conver-

gence (9) is obtained if:
|λ (Θ)|p |λ (Φ)|1−p < 1.

⊓⊔

Under the conditions of Theorem 1, model (7) can be given as:

εt = Xt +
∞

∑
j=1

1′
[

j−1

∏
i=0

(Θ It−d−i + Φ(1− It−d−i))

]

Xt− j. (10)

Remark 3. WhenΘ = Φ (or p = 0,1) in model (6), the inequality (8) corre-
sponds to the invertibility condition of a linear MA(q) model whereas ifq = 1 then
λ (Θ) = θ , λ (Φ) = φ and the condition (8) matches (3).

The inequality (8) and model (10) can be generalized to the case of a TMA(k;q)
model,

Xt = εt +
k

∑
s=1

(ψs,1εt−1 + ψs,2εt−2 + . . .+ ψs,qεt−q) Is,t−d , (11)

whereψs,i is the parameteri of regimes (for s = 1,2, . . . ,k andi = 1,2, . . . ,q), Is,t−d

is the indicator function that now becomes:

Is,t−d =

{

1 if rs−1 ≤ Xt−d < rs

0 otherwise,

with ∑k
s=1 Is,t−d = 1 and threshold values−∞ = r0 ≤ r1 ≤ . . . ≤ rk = ∞.

Model (11) has markovian form (6) with

At−d =
k

∑
s=1

Is,t−dΨ s, whereΨ s =

[

ψ ′

I 0

]

and ψ ′ = (ψs,1, . . . ,ψs,q),

from which the invertibility conditions are provided in thefollowing corollary.

Corollary 1. Let Xt ∼ T MA(k;q), under the assumptions of Theorem 1, Xt is invert-
ible if:
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k

∏
s=1

|λ (Ψ s)|
ps < 1, with ps = E[Is,t−d ],

and εt can be given as:

εt = Xt +
∞

∑
j=1

1′
[

j−1

∏
i=0

(

Ψ1I1,t−d−i +Ψ2I2,t−d−i + . . .+ΨkIk,t−d−i
)

]

Xt− j. (12)

Proof. The proof follows the same steps illustrated in Theorem 1.⊓⊔

3 Empirical results

To empirically illustrate the theoretical results presented until now, consider a
TMA(2;2) model:

Xt = εt − (θ1εt−1 + θ2εt−2)It−d − (φ1εt−1 + φ2εt−2)(1− It−d), (13)

with {εt} a sequence of independent Gaussian random variablesN(0,1).
When model (13) is invertible, it follows that:

εt = Xt +
∞

∑
j=1

π j,tXt− j, (14)

which can be approximated with

εnt = Xt +
n

∑
j=1

π j,tXt− j, (15)

for n adequately large, where lim
n→∞

E[(εt − εnt)
2] = 0 and the coefficientsπ j,t are:

• π1,t = θ1It−d + φ1(1− It−d),
• π2,t = π1,t [θ1It−d−1 + φ1(1− It−d−1)]+ θ2It−d + φ2(1− It−d),
• π j,t = π j−1,t

[

θ1It−d−( j−1) + φ1(1− It−d−( j−1))
]

+

+π j−2,t
[

θ2It−d−( j−2) + φ2(1− It−d−( j−2))
]

, for j = 3,4, . . . ,n.

Taking advantage of the results in Theorem 1, it is interesting to note that the
convergence of the sum in model (15) is guaranteed not only when both regimes are
locally invertible but even in presence of regimes that are locally noninvertible. To
better discuss this point consider the following example.

Example 1. Let Xt a TMA(2;2) process and generateT = 10000 observations
(with burn-in 1000) withd = 1, null threshold value and with parametersθ1 =
1.7,θ2 = −0.7 in the first regime andφ1 = 1.2,φ2 = −0.6 in the second regime.

The matrixΘ has now eigenvaluesλ1 = 1,λ2 = 0.7, whereas the matrixΦ has
eigenvaluesλ1/2 = 0.6±0.4899i.
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The eigenvalues of both matrices highlight that the first regime is locally nonin-
vertible but, as shown in Fig. 1 (left), the convergence of the sum in model (15) is
always reached exponentially.⊓⊔

The results in Example 1 have remarkable interest: first we can state that the
TMA model can be invertible even in presence of noninvertible regimes; second the
definition of theπ j,t parameters allows to extend, with the proper complications,
some result widely known for the moving average models of order q = 2 (see [1]);
third, whenIt−d = 0 or It−d = 1 the results presented match those given in the con-
text of the MA(2) model.

Note that the convergence to zero, asn → ∞, of the sum in model (15) can be
differently reached as shown in the following example.

Example 2. Let Xt ∼ T MA(2;2) with parametersθ1 = 0,θ2 = 1, φ1 = −0.4,
φ2 = 0.3, d = 1 and threshold valuer = 0. The eigenvalues ofΘ areλ1/2 = ±1 and
the eigenvalues ofΦ areλ1 =−0.7831 andλ2 = 0.3831. In this case, the simulated
process, of lengthT = 10000, is still globally invertible (even if the first regimehas
two unit roots) and the sum in (15) converges to zero as shown in Fig. 1 (middle).
⊓⊔

Example 3. To further investigate the difference between the local andthe global
invertibility and to further discuss the theoretical results given in the previous pages,
consider the following TMA(2;2) process:

Xt = εt − (0.4εt−1+0.6εt−2)It−1− (−0.5εt−1+0.5εt−2)(1− It−1) (16)

with threshold valuer = 0. The matricesΘ andΦ associated to the process (16)
have eigenvalues respectivelyλ1,Θ = 1, λ2,Θ = −0.6 andλ1,Φ = −1, λ2,Φ = 0.5.
The parameters used in the simulation imply that the processunder analysis is lo-
cally noninvertible in both regimes but when we evaluate theconvergence of the
coefficientsπ j,t in Fig. 1 (right), we note that the global invertiblilty is preserved.
⊓⊔
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Fig. 1 Box-plots of theπ j,t parameters of model (15), forn = 5,10,15,20,25,30,40,50, obtained
from Example 1 (left), Example 2 (middle) and Example 3 (right)
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The main consequence of the last example is that the invertibility of the TMA(2;2)
model can be obtained even when|λ (Θ)|p|λ (Φ)|1−p = 1. It should allow to weaken
the inequality in Theorem 1 that will be object of further research.

Appendix

In the proof on Theorem 1 the following notation is used.

Given the sequence of(q× q) matricesAn and letλi(An) the i-th eigenvalue of
An (for i = 1,2, . . . ,q), then we say that the sequenceBn is dominant with respect
to An (An ≺ Bn), if the dominant eigenvalue (the maximum absolute eigenvalue) of
Bn, denotedλ (Bn), is greater or equal to the dominant eigenvalue ofAn, λ (An), for
n = 1,2, . . . .
In other words:

An ≺ Bn, if λ (An) ≤ λ (Bn) (17)

From (17) it follows that:

1. if λ (Bn) → 0, asn → ∞, thenBn → 0(q×q) andAn → 0(q×q), with 0 a matrix of
zeros;

2. given the sequenceAn, thenAn ≺ λ (An)I, whereI is the identity matrix of order
q.
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