Threshold M oving Average M odels I nvertibility

Alessandra Amendola, Marcella Niglio, Cosimo Damiano Mita

Abstract In this paper we evaluate the invertibility of the Threshildving Aver-
age model. The results are obtained generalizing somesigsuen in the literature
and introducing a distinction between “local” and “globaiVertibility. To better
clarify this last difference, theoretical results and emncpl examples are jointly
considered and discussed.
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1 Introduction

The study of stochastic processes is often focused on tlestigation of the proba-
bility properties (such as stationarity, ergodicity aneiriibility) that give important
requirements under which to make statistical inferencegemetrate predictions. In
this domain the most relevant results have been reacheceiodhtext of linear
models (see [1] among the others) whereas a small numbemofitoations has
been provided for nonlinear structures.

Based on these considerations, in this paper we presemivitibility of nonlinear
moving average models. In particular we focus on the soddlleeshold Moving
Average (TMA) models that belong to the class of thresholdlinear structures
widely presented in [7].

The TMA model has been extensively investigated in [2] whsrfb] propose a
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quasi-LR test for linear moving average (MA) against TMA rats{recently gener-
alized in [4] to the TMA-GARCH models) and give some conttibo on the TMA
invertibility. This last topic has been empirically tredte [3] and, more recently, it
has been examined in [6]. They establish necessary andisnfftonditions for the
invertibility of TMA models with moving average order= 1 andk = 2 regimes,
even depicting some developments for the more general TMéenwith k > 2.

In the present paper the invertibility of these models ighfeir discussed. In partic-
ular we provide sufficient conditions under which a genefdiATmodel of order
g > 1 with k > 2 regimes, is invertible.

More specifically, in Sect. 2 we present the invertibilitynditions of a TMAK; )
model whereas illustrative examples are presented in Sethese examples show
that when the TMA model is under analysis, we can distingbétiveen “local” and
“global” invertibility, or, in other words, a TMA model caret¥globally” invertibile
even in presence of regimes “locally” noninvertible. Sornaauding remarks and
hints of future research are reported at the end.

2 Invertibility of TMA(K; g) models

Given a strictly stationary proce¥s, it follows a TMA(2;1) model if

X =&—[@+ Pl (X g <T)]& 1, (1)

where{&} is a sequence of independent and identically distributed.jirandom
variables,|r| < « is the threshold variable € .4/ is the threshold delay and
| (X_g <) is the indicator function:

1 if _
I(xtdsr)ltd{o :f 2;’? 2

The statistical properties of model (1) have been invewiya [6]. They give the
conditions under which the model admits a unique strictifishary and ergodic
solution and further show, under proper assumptiong/and on the distribution
of {&}, a sufficient condition for its invertibility. In particutahey state that given a
strictly stationary and ergodic process~ TMA(2;1) with E[|In|X||] < , model
(1) is invertible if:

oo+ g0 <1, (3)

where 0< Fx(r) =P(% <r) =E[ly 4] =p< 1!

Starting from these results, it is interesting to remark:

1 Fx(r) defines the probability that, belongs to the first regime or, in other worBld; 4]; con-
versely 1— Fx(r) is the probability thaX; belongs to the second regime, or E[l;_g].
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Remark 1. WhenE][l;_4] = 1 (orE[l;_q] = 0) model (1) degenerates to a linear
moving average process (widely discussed in [1]) and thguality (3) matches the
invertibility conditions given for this class of models;

Remark 2. The invertibility region (over the parametric space) (3yiger than
that obtained overlapping the invertibility regions of e regimes (that, in any
case, is included in (3)).

The conditions and the results established on the invétilif the TMA(2;1)
model in Theorem 2 of [6] represent the starting point of #sués given in the
following pages where more general results for a TMAJf model are provided.

To simplify the presentation of the theoretical result$wiit constrain their gen-
erality, we show all results for a TMA(qg) model, withk = 2 andq > 1.

Let X ~ TMA(2;0):

q
X =& — Z[qa + il (Xe—g < 1)]&, (4)

model (4) can be given as
q q
X =& — Z((ﬂ + W)l —a&-i — Z(ﬂ(l— lt—q)&-i
=[1-1-40(B)— (1 - l-a)P(B)]& (5)

q q
whereB is the lag operator such thBtX; = X;_s, ®(B) = 3 @B',©0(B)= S 6B
i=1 i=1

andg =q@+y;, fori=1,2,....q.
The model (4), can be also presented in the following natatiet:

& Xt 61 2
&1 0 92 @

gt = . 9 Xt = . ) 9 - . ) (p = .
&—q+1 0 G %

four (q x 1) vectors and

At-d=ltd [GI’ O] +(1—1lt-q) [?l 0} =l-gO@+(1—l-q)®,

whereQis a[(g— 1) x 1] null vector and is a(g— 1) identity matrix, the Markovian
representation of model (5) is:

& = Xt +At_d&t-1. (6)

After niterations, model (6) becomes:
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n j—1 n
e=Xe+ ) rLAt—d—i Xe—j+ rLAt—d—i &-n-1,
=1 \i= -

wheregt, if pre-multiplied by the vectoll’ = (1,0,...,0) such thats; = 1'e, be-
comes:

n -1 n
g=X+1 At_d-i | Xe—j+1 At_d-i | &t-n-1. (7)
,21<FL B!
Model (7) is used to discuss the invertibility of the TMAg2 model as follows.

Theorem 1. Let X ~ TMA(2;q) a strictly stationary and ergodic process with
E[|In|X%][] < o, X isinvertibleif:

A@)PIA(@)F P <1, (8)
where A (@) [or A (®)] isthe dominant eigenvalue of © [or @] and p = E[l;_q].

Proof. Starting from model (7), then

n j—1 n
g-x%-1% I_LAt—d—i Xioj=1 rLAt—d—i Et-n-1
=\ i

andX; is invertible if
A p
A_g-i| >0, as n—o. 9)
[ Aea

Using standard results of matrix algebra and the notatio\ppendix, it follows
that:

n n

I_L|Atfdfi| = _I_L“tfdfi@ +(1-lg-)®|

<[l A(@) + (L= (@)1

= exp{_iln lt—a-iA (@)1 + (1= l—g—i)A (‘D)||} -

Recalling that;_4_;j is the indicator function defined in (2), we have:
n n n
Aca-il < expdNA@)]S la i+MA@I]S (1l gi) -
[]Awa 2 e

Noting that=1; S oli_g_i = p+ Op(n~/2), then:
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n

.l_L|At—d7i| = exp{ln|/\(@)| |(n+1)(p+Op(n~Y/?))

=
+In[A (@) (n+1)(1— erOp(n’l/z))}
=[A(0) |(n+l)(P+Op(n*1/2)) A (@)l |(n+1)(17p+0p(n*1/2))

71/2) |

)

= (@ PR @ ?) " A @ (@) o

. 1-p\ (D) .
where, observing tha@)\ (O)|P|A (D) p) is of orderO(n), the conver-

gence (9) is obtained if:
A(@)PA (D) P <1

0
Under the conditions of Theorem 1, model (7) can be given as:

g=%+Y 171
t J;

-1
I_l) (Olt—g-i +P(1- |tdi))‘| Xi—j- (10)

Remark 3. When® = @ (or p=0,1) in model (6), the inequality (8) corre-
sponds to the invertibility condition of a linear Mgy model whereas iff = 1 then
A(O) =6, A(®) = p and the condition (8) matches (3).

The inequality (8) and model (10) can be generalized to tke oha TMA; Q)

model,
k

X =&+ Z(‘-’-’s,l&—l + Wso& 2+ ...+ ‘-/-’s,qgtfq) Ist—d, (11)
=

whereys; is the parametdrof regimes (fors=1,2,... . kandi =1,2,...,0), lst_q
is the indicator function that now becomes:

1 if re1<X_qg<rs
|st—d = .
0 otherwise

with zkﬁlls,t—d =1 and threshold valuesco =rg <r; <... <rg =,
Model (11) has markovian form (6) with

k !
At,d = Z\IS,tquJ& Wherews = |:L€’ :| and QU/ = (4’&17 ey w&,Q)7
S=

from which the invertibility conditions are provided in tfalowing corollary.

Corollary 1. Let X; ~ TMA(k; q), under the assumptions of Theorem 1, X; isinvert-
ibleif:
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k
I_I\M (Weo)|Ps < 1, with  ps=E[lst_d],
o

and & can be given as.

-1
rL(qull,tfdfi+q"2|2,t7d7i+---+Wk|k,tfdfi) Xi-j.  (12)
=

& =X + S 1
t ;1

Proof. The proof follows the same steps illustrated in Theoreml.

3 Empirical results

To empirically illustrate the theoretical results presehuntil now, consider a
TMA(2;2) model:

X =& — (61&-1+ 626 _2)li—d — (Q1&—1+ @&—2)(1— lt_q), (13)

with {&} a sequence of independent Gaussian random varibl@4 ).
When model (13) is invertible, it follows that:

& =X+ Z TG e X, (14)
=1
which can be approximated with
n
Ent =X+ Z TG eXe—j, (15)
=1

for n adequately large, WheLe li[(& — &x)?] = O and the coefficients;; are:

o Tht=061l_q+@(l-1li_q),
o Ty =Tht (61l g 1+ @(1—li_g-1)]+ Oli—a+@(1—li_qa),
o Tht=TG_1¢[6h_g(j—1)+ @1 —lq_(j-1)] +

+TT 2t [BZItfdf(j72) +@(1- Itfdf(j72))] ,forj=3,4,...,n.

Taking advantage of the results in Theorem 1, it is intemgstd note that the
convergence of the sum in model (15) is guaranteed not ongnvdoth regimes are
locally invertible but even in presence of regimes that aoally noninvertible. To
better discuss this point consider the following example.

Example 1. Let X; a TMA(2;2) process and generale= 10000 observations
(with burn-in 1000) withd = 1, null threshold value and with parameteés=
1.7,6, = —0.7 in the first regime angh = 1.2, ¢ = —0.6 in the second regime.

The matrix® has now eigenvalue¥; = 1,A, = 0.7, whereas the matri® has
eigenvalued, , = 0.6+ 0.4899.
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The eigenvalues of both matrices highlight that the firsimegs locally nonin-
vertible but, as shown in Fig. 1 (left), the convergence efshm in model (15) is
always reached exponentiallyc

The results in Example 1 have remarkable interest: first westate that the
TMA model can be invertible even in presence of noninvegtiblyimes; second the
definition of ther; parameters allows to extend, with the proper complications
some result widely known for the moving average models oépgd= 2 (see [1]);
third, whenl;_q = 0 orl;_gq = 1 the results presented match those given in the con-
text of the MA(2) model.

Note that the convergence to zero,res» «, of the sum in model (15) can be
differently reached as shown in the following example.

Example 2. Let X ~ TMA(2;2) with parameter®; = 0,6, =1, ¢ = —0.4,
@ = 0.3,d = 1 and threshold value= 0. The eigenvalues @ areA,, = +1 and
the eigenvalues op areA; = —0.7831 and\, = 0.3831. In this case, the simulated
process, of lengtfi = 10000, is still globally invertible (even if the first regirhas
two unit roots) and the sum in (15) converges to zero as shoviaig. 1 (middle).
O

Example 3. To further investigate the difference between the localtaedylobal
invertibility and to further discuss the theoretical reésujiven in the previous pages,
consider the following TMA(2;2) process:

X =& — (0.4£t,1+ 0-6£t72)|t71 — (*0-5£t71+ 0.5&,2)(17 |t,1) (16)

with threshold valug = 0. The matrice® and @ associated to the process (16)
have eigenvalues respectivelyg = 1, A9 = —0.6 andAy o = —1, A2 ¢ = 0.5.
The parameters used in the simulation imply that the progedsr analysis is lo-
cally noninvertible in both regimes but when we evaluatedbevergence of the
coefficientsrg ¢ in Fig. 1 (right), we note that the global invertiblilty is gserved.
O

Example 1 Example 2 Example 3
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Fig. 1 Box-plots of therr;; parameters of model (15), for= 5, 10,15, 20, 25,30, 40,50, obtained
from Example 1 (left), Example 2 (middle) and Example 3 (fjgh
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The main consequence of the last example is that the inilgytdf the TMA(2;2)
model can be obtained even whari@)|P|A (@)|*~P = 1. It should allow to weaken
the inequality in Theorem 1 that will be object of furthereasch.

Appendix

In the proof on Theorem 1 the following notation is used.

Given the sequence ¢f x q) matricesA, and letA;(A,) thei-th eigenvalue of
An (fori=1,2,...,0), then we say that the sequerggis dominant with respect
to An (An < By), if the dominant eigenvalue (the maximum absolute eigei@jaf
Bn, denoted (By), is greater or equal to the dominant eigenvaluAgfA (An), for
n=12....

In other words:
An < Bnp, if A(An) <A(Bn) a7)

From (17) it follows that:

1. if A(Bn) — 0, asn — o, thenB,, — Ogxq) andA, — Ogxq)» with 0 a matrix of
Zeros;
2. given the sequends,, thenA,, < A (An)l, wherel is the identity matrix of order

g.
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