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Abstract In this paper, we propose a new distribution called Beta-Dagum distribu-
tion which includes some important distributions as special case, such as Dagum,
Beta-Burr III and Beta-Fisk. We show that the probability density function can be
expressed as a mixture of densities of Dagum random variables. This is important
to obtain some mathematical properties of the new distribution. The usefulness of
new distribution is illustred through real data set of Bank of Italy on income and
consumption.
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1 Introduction

The Dagum (1977, 1980) distribution has been used in studies of income and wage
distribution as well as wealth distribution. In this context its features have been
extensively analized by many authors, for excellent survey on the genesis and on
empirical applications see Kleiber and Kotz (2003) and Kleiber (2008). The dis-
tribution function (df) and probability density function (pdf) of Dagum random
variable (rv), respectively, are

G(x;θθθ) =
(

1+λx−δ

)−β

(1)

and

Francesca Condino
Institute of Neurological Science, CNR, Cosenza, Italy, e-mail: f.condino@isn.cnr.it

Filippo Domma
Department of Economics and Statistics, University of Calabria, Italy e-mail: f.domma@unical.it

1



2 Francesca Condino and Filippo Domma

g(x;θθθ) = βλδx−δ−1
(

1+λx−δ

)−β−1
(2)

with x > 0, θθθ = (β ,λ ,δ ), andβ > 0, λ > 0 andδ > 0. The parameterλ is a scale
parameter, whileβ andδ are shape parameters. Throughout this paper, the Dagum
distribution with parametersβ ,λ andδ will be denoted byDa(β ,λ ,δ ). The Dagum
distribution has positive asymmetry, it is unimodal forβδ > 1 and zero-modal for
βδ ≤ 1. Moreover, theq-thquantile of the Dagum distribution is

x(q) = λ
1
δ (q−

1
β −1)−

1
δ (3)

and ther-th moment is given by:

E(Xr ;β ,λ ,δ ) = βλ
r
δ B

(
β +

r
δ

,1− r
δ

)
(4)

for δ > r, whereB(., .) is the mathematical function Beta.
An important characteristic of a Dagum distribution is that, according to the values
of parameters, its hazard rate can be monotonically decreasing, upside-down bathtub
and, finally, bathtub and then upside-down bathtub (Domma, 2002). This behavior
has led several authors to study the model in different fields. In fact, recently, the
Dagum distribution has been studied from a reliability point of view and used to
analyse survival data (see Domma et al. (2009 a,b)). In the proposed model in this
paper, it is possible to verify that the hazard rate it is more flexible than that of
Dagum distribution.

In order to have greater flexibility in modeling observed data, Eugene et al.
(2002) defined a class of beta-generated distribution as follows

FG(x) =
1

B(a,b)

∫ G(x)

0
za−1(1−z)b−1dz (5)

whereG(x) is the df of a rv X, with pdf g(x). The probability density function
corrisponding to (5) is

fG(x) =
1

B(a,b)
[G(x)]a−1 [1−G(x)]b−1g(x). (6)

This class of generalized distributions has been receiving considerable attention
over the last years. In particular, takingG(x) to be thedf of normal distribution,
Eugene et al. (2002) defined and studied the Beta-Normal distribution, highlighting
great flexibility in modeling not only symmetric heavy-tailed distribution, but also
skewed and bimodal distribution, see also Razzaghi (2008). Akinsete et al. (2008)
introduced the Beta-Pareto distribution, Barreto-Souza et al. (2009) proposed and
studied the proprieties of the Beta-Generalized Exponential distribution and the
Beta-Generalized Half-Normal distribution has been introduced by Pescim et al.
(2010).

In this paper, we introduce the five parameters Beta-Dagum distribution using
the class of distribution defined by Eugene et al. (2002). The new distribution can
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be express as mixture of Dagumrv’s and shows greater flexibility of the Dagum
distribution. Moreover, the proposed distribution gives a better fit to real data set
regarding income and consumption than the Dagum distribution.

The paper is organized as follows. InSection 2, we define the Beta-Dagum dis-
tribution and we highlight some special cases. The moments, the hazard rate and the
mean residual life of Beta-Dagum distribution are derived inSection 3. The point
inequality measures most used in the literature related to the study of income distri-
bution for the proposed model are described inSection 4. The maximum likelihood
estimation are discussed inSection 5and an application on a real data set is reported
in Section 6.

2 The Beta-Dagum Distribution

Replacing (1) in (5) we obtain a new distribution, called Beta-Dagum, with distri-
bution function given by

FG(x;ξξξ ) =
1

B(a,b)

∫ G(x;θθθ)

0
za−1(1−z)b−1dz (7)

and probability density function

fG(x;ξξξ ) =
1

B(a,b)
[G(x;θθθ)]a−1 [1−G(x;θθθ)]b−1g(x;θθθ). (8)

Throughout this paper, the Beta-Dagum distribution with parametersξξξ =(β ,λ ,δ ,a,b)
will be denoted byBDa(β ,λ ,δ ,a,b).

Observed that, forb > 0 real non-integer and|z|< 1,

(1−z)b−1 =
∞

∑
j=0

(−1) jΓ (b)
Γ (b− j) j!

zj ,

we can express (7) as a mixture of Dagum distributions as follows

FG(x;ξξξ ) =
∞

∑
j=0

Γ (a+b)(−1) j

Γ (a)Γ (b− j) j!(a+ j)
G(x;θθθ)a+ j =

∞

∑
j=0

p jG(x;β (a+ j),λ ,δ ) (9)

given thatG(x;θθθ)a+ j =
(
1+λx−δ

)−β (a+ j)
= G(x;β (a + j),λ ,δ ), where p j =

Γ (a+b)(−1) j

Γ (a)Γ (b− j) j!(a+ j) . The probability density function corrisponding to equation (9) is

fG(x;ξξξ ) =
∞

∑
j=0

p jg(x;β (a+ j),λ ,δ ). (10)

If b is an integer then (7) and (8) become
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FG(x;ξξξ ) =
b−1

∑
j=0

p jG(x;β (a+ j),λ ,δ ) , fG(x;ξξξ ) =
b−1

∑
j=0

p jg(x;β (a+ j),λ ,δ ).

Following Zografos and Balakrishnan (2009), we can simulate observations from

a BDa(β ,λ ,δ ,a,b) using the relationship:x(B) = λ
1
δ (B−

1
β −1)−

1
δ , whereB is a

Beta random variable with parametersa > 0 andb > 0. By (9), we have the follows
special cases: ifa = b = 1 thenX is aDa(β ,λ ,δ ); if a > 0 andb = 1 thenX is a
Da(aβ ,λ ,δ ); if a = 1 andb > 1 thenX is aBDa(1,b,β ,λ ,δ ); if λ = 1 thenX is a
Beta-Burr III distribution and ifβ = 1 thenX is a Beta-Fisk distribution.

3 Properties of Beta-Dagumrv

We can to obtain therth moment of a Beta-Dagum random variable using the well-
known properties of mixture distribution. In fact, keeping in mind therth moment
of a Dagum random variable, (4), it is simple to verify that

E [Xr ;ξξξ ] =
∞

∑
j=0

p jE [Xr ;β (a+ j),λ ,δ ] =
∞

∑
j=0

p jβ (a+ j)λ
r
δ B

(
β (a+ j)+

r
δ

,1− r
δ

)
.

(11)
It is simple to verify that therth incomplete moment for a Beta-Dagum distribu-

tion is given by

EX≤x [Xr ;ξξξ ] =
∫ x

0
tr f (t)dt =

∞

∑
j=0

p j

∫ x

0
trg(t;β (a+ j),λ ,δ )dt

=
∞

∑
j=0

p jβ (a+ j)λ
r
δ B

(
y∗;β (a+ j)+

r
δ

,1− r
δ

)
wherey∗ =

(
1+λx−δ

)−1
< 1 andB(z;q1,q2) =

∫ z
0 wq1−1(1−w)q2−1dw. This re-

sult will be used in the coming study of the mean residual life and of the income
inequality measures.

In order to calculate the hazard rate of the Beta-Dagum distribution, we observe
that

FG(x;ξξξ ) =
B(G(x;θθθ);a,b)

B(a,b)
= IG(x;θθθ)(a,b) (12)

is the incomplete Beta function ratio. Now, letI1−G(x;θθθ)(a,b)=
∫ 1

1−IG(x;θθθ)(a,b) za−1(1−
z)b−1dz. Then it is immediate to verify that 1= IG(x;θθθ)(a,b)+ I1−G(x;θθθ)(a,b) and,
therefore, we can write the survival function as follows:SG(x;ξξξ ) = 1−FG(x;ξξξ ) =
I1−G(x;θθθ)(a,b). Consequently, the hazard function is given by

hG(x;ξξξ ) =
G(x;θθθ)a−1 [1−G(x;θθθ)]b−1g(x;θθθ)

B(a,b)I1−G(x;θθθ)(a,b)
. (13)
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The mean residual life, denoted byµ(x;ξξξ ), is

µ(x;ξξξ ) = E [X−x|X ≥ x] =
1

SG(x;ξξξ )

∫ ∞

x
(u−x) fG(u;ξξξ )du

=
E(X;ξξξ )−EX≤x(X;ξξξ )

SG(x;ξξξ )
−x.

In the case of Beta-Dagum distribution, we have:

µG(x;ξξξ ) =
∑∞

j=0 p jβ (a+ j)λ
1
δ C

SG(x;ξξξ )
−x.

whereC =
[
B

(
β (a+ j)+ 1

δ
,1− 1

δ

)
−B

(
y∗;β (a+ j)+ 1

δ
,1− 1

δ

)]
. It is clear that

the hazard rate and the mean residual life are complicated function ofx. How-
ever, from plots not reported in this work for save space purpose, we can state that
hG(x;ξξξ ) is much more flexible than the hazard rate of Dagum distribution.

4 Inequality Measures

In the literature related to study of income and wealth distribution, the most widely
used point inequality measures are the Lorenz and the Bonferroni curves. Recently,
Zenga (2007) proposed an alternative curve based on the ratios of lower and upper
means. In this section, we derive the Lorenz, Bonferroni and Zenga curves for Beta-
Dagum distribution.
The Lorenz, Bonferroni and Zenga curves are defined, respectively, by

LF(x) =
∫ x

0 t f (t)dt
E(X)

=
EX≤x(X)

E(X)
, B(F(x)) =

∫ x
0 t f (t)dt

F(x)E(X)
=

EX≤x(X)
F(x)E(X)

=
LF(x)
F(x)

and

A(x) = 1− µ−(x)
µ+(x)

whereµ−(x) =
∫ x
0 t f (t)dt

F(x) = EX≤x(X)
F(x) and µ+(x) =

∫ ∞
x t f (t)dt
1−F(x) = E(X)−EX≤x(X)

1−F(x) are the
lower and upper means, respectively. In the case of Beta-Dagum distribution, using
the results of above paragraphs, we obtain

LFG(x;ξξξ ) =
∑∞

j=0 p jβ (a+ j)λ
1
δ B

(
y∗;β (a+ j)+ 1

δ
,1− 1

δ

)
∑∞

j=0 p jβ (a+ j)λ
1
δ B

(
β (a+ j)+ 1

δ
,1− 1

δ

) ,
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B(FG(x;ξξξ ) =
∑∞

j=0 p jβ (a+ j)λ
1
δ B

(
y∗;β (a+ j)+ 1

δ
,1− 1

δ

)
FG(x;ξξξ )∑∞

j=0 p jβ (a+ j)λ
1
δ B

(
β (a+ j)+ 1

δ
,1− 1

δ

)
and

A(x;ξξξ ) = 1−
SG(x;ξξξ )∑∞

j=0 p jβ (a+ j)λ
1
δ B

(
y∗;β (a+ j)+ 1

δ
,1− 1

δ

)
FG(x;ξξξ )∑∞

j=0 p jβ (a+ j)λ
1
δ C

,

wherey∗ =
(
1+λx−δ

)−1
< 1.

5 Inference

In order to estimate the parametersξξξ = (β ,λ ,δ ,a,b) of the Beta-Dagum distri-
bution, we use the method of maximum likelihood. To such aim, we suppose that
x = (x1, ...,xn) is a random sample fromfG(x;ξξξ ). Then the log-likelihood function
is:

`(ξξξ ;x) = −nlnB(a,b)+nln(βλδ )− (δ +1)
n

∑
i=1

ln(xi)+

+(a+
1
β

)
n

∑
i=1

lnG(xi ;θθθ)+(b−1)
n

∑
i=1

ln [1−G(xi ;θθθ)] .

Differentiating `(ξξξ ;x) with respect toβ , λ , δ , a and b, respectively, and set-
ting the results equal to zero, we obtain the system of MLE equations which does
not admit any explicit solution, therefore the ML estimatesξ̂ξξ n = (β̂n, λ̂n, δ̂n, ân, b̂n)
can be obtained only by means of numerical procedures. Under the usual regular-
ity conditions, the well-known asymptotic properties of the maximum likelihood

method ensure that
√

n
(

ξ̂ξξ n−ξξξ

)
d→N

(
000,ΣΣΣ ξξξ

)
, whereΣΣΣ ξξξ = [III (ξξξ )]−1 is the asymp-

totic variance-covariance matrix andIII (ξξξ ) is the Fisher Information Matrix, whose
elements are determinated but not reported for brevity.

6 Application

In this section, we fitBDa(β ,λ ,δ ,a,b) model to a real data set. The data, from
Survey of Households Income and Wealth of Bank of Italy (2006), regard income
and consumption of 7768 households. Furthermore, we compare the obtained re-
sults with the analogous obtained forDa(β ,λ ,δ ) distribution. In Table 1 MLEs of
the parameters, the maximized log-likelihood and the Akaike Information Criterion
(AIC) for BDa andDa models are reported. The plot of the estimated densities for
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Table 1 MLEs of BDaandDa model parameters

Consumption∗ Income∗∗

BDa Da BDa Da

β̂ 1.805 1.145 4.746 0.783
λ̂ 4.370 8.499 15.970 27.686
δ̂ 2.358 3.264 2.619 3.045
â 1.005 0.201
b̂ 1.660 1.310

ˆl(ξξξ ,x) -11538.9 -11546.3 -14931.6 -14938.2

AIC 23087.75 23098.66 29873.12 29882.5

∗ LRT test:−2lnΛ(x) = 14.910;(p−value= 5,79×10−4)
∗∗ LRT test:−2lnΛ(x) = 13.381;(p−value= 1.243×10−3)

BDa andDa distributions given in Figure 1 shows that theBDa distribution gives
a better fit than theDa one. The LR statistics confirm the superiority of theBDa
model both for income and consumption data.
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