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Abstract In this work, the class of graphical log-linear models fontfadogous fac-

tors introduced by Gottard (2009) is analyzed. This clasmoflels, called SQS
models, allows for different kinds of symmetry constraintrain effects and inter-
actions parameters of a graphical log-linear model. Thealitimmal independence
structure of a SQS model is represented by a coloured graphich constraints
on main effects are associated with coloured nodes andregntston interaction
parameters are associated with coloured edges. Quasietyynaind complete sym-
metry models are special cases of SQS models. The aim of tilsis/to analyze

which kind of SQS models are compatible with contingencyesin which some

conditional margins are symmetric. The three dimensioaséés considered.

Key words: Graphical models, symmetry models, coloured graphs, o&ted
data analysis.

1 Introduction

Graphical log-linear models, described by Darrettal. (1975), are a subclass of
log-linear models, such that each model is associated witlndirected graph. In

the graph each factor is represented by a node and the alufemmcedge connecting
nodes represents conditional independence.

In some applications, it is possible to encounter homolsdactors, being mea-
sured with the same categorical scale. They are commonbuerered in matched
pairs studies, in attitudinal research where subjectsi@pénabout some issue are
observed under several conditions, or in longitudinalissithat repeatedly observe
whether a condition is present at various times. A varietgaftexts in which ho-
mologous factors can arise is described in McCullagh (1982all these cases,
it can happen that the contingency table cross classifyfirghbmologous factors
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shows an exchangeable structure. This structure can beatlypcaptured by sym-
metry and quasi-symmetry models (see Caussinus, 19660Bethal, 1975 and
Agresti, 2002). In the first class of models, a symmetric ic@ncy table is as-
sumed, while the latter one supposes a sort of symmetry atherigteraction terms
of alog-linear model. A larger class of models for exchatdgeatructures has been
introduced by Lovison (2000), in the case of hypercubic codance tables.

Restricting to graphical models, at the presence of honmisdactors Gottard
et al. (2010) introduced the class of Quasi-Symmetric (QS) geghmodels. QS
graphical models extend quasi-symmetry models to the chaegeneric condi-
tional independence structure and to include non-homaisdactors. Moreover,
Gottard (2009) defineSymmetric and quasi-symmetric (SQS) graphical madels
include both quasi-symmetry models and complete symmetgets as a special
case. These two classes of model utilize a particular kindlofured graph to depict
both conditional independence restrictions and equality symmetry constraints
among the log-linear parameters.

In this paper, SQS graphical models will be better analypededuce which
kinds of graph are compatible with symmetric contingendjlds or contingency
tables with some symmetric margins.

The paper is organized as follows. Section 2 defines SQS igadphodels. We
will limit to the case of a three dimensional contingencyléabn Section 3 we
describe characteristics of the coloured graphs that argatble with symmetric
contingency tables or margins. The last section makes somzuding remarks.

2 Symmetric and quasi-symmetric graphical models

Suppose a three-dimensional discrete random variaple Xa, Xg, Xc, whose com-
ponents take values [h] = {1,...,1}, all components being homologous. L&t=
Mvev[rv] be the contingency table cross-classifying these factodsi & (i, j, k)
its generic cell. The joint distribution oKy, under a multinomial sampling of
sizen, can be specified by a set of probabilitigs) = P(Xa = i,Xg = j,Xc = K),
here assumed strictly positive. Moreover, ¢dll) the observed count in call and
u(1) =np(1) its expected value. The saturated log-linear modeXfpis then

log ik = A + AR+ AP+ AC + AGB+ ALE+ ARE+ A5 1)

This model assumes all the three factors to be mutually digenDeleting some
A2(1a), models admitting conditional or marginal independencelimdefined.

Typically, the homologous factors are associated with tlesses of model: the
symmetry and the quasi-symmetry model. The definition ofitisemodel chrono-
logically precedes the definition of the second, but the fariw in fact a reduced,
nested model of the latter.

The quasi-symmetry modé&br these three factors can be obtained by imposing
the following constraints on interaction parameters of eld):
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/\ AB /\ AB /\ AC )\ AC )\ BC )\ BC and /\I;J“\kBC )\Sel?g(”k) (2)
for eachi, j,k=1,...,1, where perrfijk) denotes all the possible permutations of
the indexes.

The symmetry modeian be obtained adding further constraints to (2), on main
effects
M =AB=AC Vi=1,...,1. (3)

As aforementioned, under a symmetry moggl = Lpernijk)-

Graphical log-linear modelgare a class of log-linear models in which some in-
teraction terms are deleted according to an undirectechgrap undirected graph
G = (V,E) is defined by a set of node¥, and a set of edgels C V x V. Each
node represents a random variable and the absence of amedgév,w) in E im-
plies conditional independence betwegnand Xy, given the other variables. For
instance, whenever the edge betw&grandXg is absent in the graph, then

XallXs | Xc & APP=A0C=0  Vijk

See Lauritzen (1996) for further details.

Consider now the case %k, Xg, Xc being homologous. An SQS model has been
defined in Gottard (2009) as an extension of the QS graphicalets proposed
by Gottardet al. (2010). QS and SQS models are a particular kind of graphical
log-linear models in which it is possible to impose both zeoostraints on pa-
rameters to represent conditional independence and ggoalfistraints to take into
account some kind of exchangeable structure among homaddgotors. Equality
constraints are portrayed by adopting a coloured versi@mafndirected graph. In
the following, the definitions of coloured graphs and SQS et®dre recalled.

Definition 1. A coloured graphis a quarteG = (V,E, ¥, &) in which:

1.V is a set of nodes;

2. E is a set of undirected edges connecting nodeswith bothv andw in V;

3.7 is a partition ofV into disjoint sets, callesghode-colour classed/,...,V;
Each node-colour class collects nodes with the same cdlbercolour black is
associated.

4. & is a partition ofE into disjoint sets, calle@&dge-colour classesy,...,Es.
Each edge-colour class collects edges with the same cdlbarcolour black is
associated witlkg.

Notice that this definition differs to that given by Hjsgaart Lauritzen (2008),
because of the peculiarity of the discrete case. In padicall black edges and
nodes are not represented as singletons, but allocategtity into a sole set with
index O.

The black version of a coloured graf) obtained by replacing all colours by
black is calledskeleton grapland denoteds*. Hence, the colour black is treated
separately from the other colours. The weadour will be here used asot black

Example Consider for example the gragt) in Figure 1. Here the set of nodes
isV = {A B,C}, while the set of edges iE = {AB,BC}. This two sets, ignoring
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Fig. 1 Graphs compatible c c
with symmetry:(a) complete
symmetry table(b), (c) and
(d) contingency table with

symmetricAB margins and 4 @ B4 ® 5
non symmetricAC and BC
margins. c c

A B4 B

() (d)

colours, define the skeleton graph. The set of node-colassek is/” = {Vp, Vi1 },
in whichVp = {C} andV; = {A, B}. As all the edges are colourefl = {E; }.
We can introduce now the definition of SQS graphical modefslésns.

Definition 2. A SQS graphical modé a log-linear model with associated coloured
graphG = (V,E, ¥, &), with parameterd 2(13) foraC V, such that:

1. the model satisfies the conditional independence cantstraf the graphical
model associated with the skeleton gragh

2. a coloured edge denotes that the two—factor parametesgtequal with respect
to index permutation;

AW = AY(ji), Vi,j=1,...,1

with v,w € V. Moreover the nonzero three-factor parameletsatisfy the quasi-
symmetry equality constraints of the type

/\i\j/k:/\}i/k’ vi,j,k=1,...,1

or similar for different indexX positions;
3. for all edge<C; andC, of the same colour, the interaction parameters of second
order satisfy the equality constraints
ME=AF, foralli,j=1,...1;
4. every two nodes, b in a same node-colour clasg | # 0, the following set of
constraints are imposed on the main-effect parameters:

A2 =P foralli=1,...,1

Example As an example for SQS models definition, we can look agaihet t
graph(d) in Figure 1. To define a possible model associated with ttaplyrlet us
start by the model in equation (1). As the skeleton graphinbtbby replacing the
colour red with black has the edgd missing, for Definition 2.1, the associated
SQS model ha¥a 1L Xg | Xc. Hence,
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Mit€=0 and  AfB=0  Vijk=1..,
Both the edges are coloured, thus, for Definition 2.2, it is
ME=AGC and  ARC=ASC Vijk=1..
and, as they share the same colour, for Definition 2.3, it is
AC=A5C vij=1..L

Eventually, as the graph considered has two red nodes, pakeehd B, and one
black node(, further constraints have to be added on the main effectzrdicgy to
Definition 2.4

M=  vi=1..1

This model is neither an ordinary symmetry model nor an @djilguasi-symmetry
model.

3 Symmetric tables and margins

A joint distribution for three homologous factors is saicettail a symmetric con-
tingency table if the expected cell counts satisfy the foitm equality

Hijk = Hpermij) Vi, J,k=1,...,1. (4)

This condition is satisfied, in a meaningful way for homolagdactors, by the or-
dinary symmetry models.

Similarly, a joint distribution for three homologous fardads said to entail a
symmetric margin, sapB, if the expected cell count satisfies

Hijk = Mjik Vi, j,k=1,...,1. (5)

Note that this equality implies that all the conditionaltdisutions for(Xa, Xg) | Xc
and the marginal distribution fdiXa, Xg) entail symmetric contingency tables.

Let us analyze in the first place which kinds of SQS model, &rdefore which
kinds of coloured graph, conform with a symmetric table. As known that the or-
dinary symmetry model involves a symmetric table, condifi) is satisfied, when-
ever the model fulfills the constraints in (2) and (3).

According to Definition 2, constrains (2) are true for all t8®S models such
that all the edges share a same colourHge= 0 andE; = E. Moreover, constraints
in (3) are true, whenever all the nodes are coloured by a saloarcthat isVp = 0
andV; = V. Notice that the edges have to be either all present or allingsIn
fact, the symmetry model admits only the complete depereland the complete
independence case.
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Fig. 2 Graphs obtained by c c
graphs in figure 1 by switch-
ing labelA andB.

(a) (b)
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As a general rule, we can say that an SQS model is compatiliieangym-
metric contingency table, namely itfislly symmetricwhenever botly and
Ep are empty and permuting the labels of the nodeg,inothing changes in
E, 7 andé.

In fact, wheneveY, andEg are empty, all the nodes and the edges are coloured.
Furthermore, if by permuting the labels of the noBley” andé” remain unchanged,
this implies that all the nodes are in a same node-colous céaxl all the edges are
in the edge-colour class or are missing. Thus, constra®)tar{d (2) are satisfied
and condition (4) is fulfilled.

In Figure 1, the only graph satisfying this condition is thregh (a). Figures 2
and 3 (a) report the graph obtained by that in Figure 1 by exging labelA with
labelB and labelA with labelC respectively. It can be noted that nothing is changed
in the graph. A further graph satisfying condition (4) is agh with all the edges
missing and all the nodes of the same colour, i.e. a fullywad null graph.

The possibility of conditional, and therefore marginahlés to be symmetric
requires some more argumentations. Consider for instdnecmarginAB. First of
all, notice thatuj, = ujik implies logjx = log pjik. This is true whenever

A AR F AP+ ACH AR AR+ ARC+ AGEC

A+ APHAB L AG HALBH AME+ ARC+ AREC

foralli,j,k=1,....1. This equality can be achieved in different ways. We are here
considering a solution compatible with a sensible integiren for homologous
factors.

First of all, one can establish thaf = AB, vi = 1,....1 that is, according with
Definition 2.4, the two node& andB have to share the same colour. Then, one can
impose the set constraindg® = A2 and for alli, j,k in 1,...1. In SQS models,

this set of constraints is satisfied whenever the edlBés not black, i.e. either it
is coloured or missing. For the second part of Definition 2his coloured edge



Stumbling across symmetries

7
Fig. 3 Graphs obtained by A A
graphs in figure 1 by switch-
ing labelA andC.
C B C B

(a)
/\c
C B C
(c)

implies also thad ;2 = A4C. Finally, one can impos&j© = A4 vj. k=1,....1,

i.e. that the edgeAC andBC have a same colour (Definition 2.3). Notice that some
further constraints have been actually placed, more thaat wtictly requested.
For example \/}%¢ = )\pAe‘?gmk). See Proposition 1 in Gottaret al. (2010) as an
explanation of this aspect.

(b)
A
B
(d)

As a general rule, we can say that an SQS model is compatitiieangym-
metric margin, namely it isonditionally symmetricwhenever the subgraph
associated with the considered margin has no nodésamd no edges ik,
and permuting the labels of nodes within the subgraph, ngttihanges ik,

¥ andé&.

Substantially, this condition ensures that the subgraphtefest is fully sym-
metric and that all the edges touching a node in the subgraygdsame colour. In
the example above, this second part ensureskllﬁ%lt: )\QC Vi,k=1,...,1.

Example Let us take into account graphs in Figure 1. The three gréphgc)
and (d) admit the margiAB to be conditionally symmetric. In fact, the subgraph
Gag has the two nodes of the same colour, and the édgjes either coloured or
missing. Therefore, the subgraph is fully symmetric. Meerppermuting labeh
and labelB, the graphs remain unchanged, compare Figure 1 with Figut®g-
sider, instead, the marghC for the same group of graphs. Both the graphs (b) and
(d) have subgraphSac not fully symmetric, as the node is not coloured. On the
contrary, the subgrapBac is fully symmetric in (c). However, permuting the labels
A andC (see Figure 3 (c)), the ed®€, present in Figure 1 (c), is missing in Figure
3 (c). Vice versa for the edgkB.

4 Discussion

In this work it has been shown how the use of a coloured grapteahelpful to
construct models for contingency tables entailing symimétequencies in a con-
tingency table or in its conditional margins. Only the thcBmensional case has
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been explored, but the extension to a higher dimensionabityld comport only an
increased complexity on the notation.

Regard the graphical conditions found to detect symmeitissems interesting
to notice that the exchangeability assumed among the h@uoo®factors that im-
plies symmetry in the contingency table or in the conditlonargins, parallels with
a sort of exchangeability among the labels in the graph.

The class of SQS models explored here admits symmetry inrttiee eontin-
gency table or in all conditional margins, given a certainalale. An interesting ex-
pansion concerns the class of context specific interactimaeds (Hgjsgaard, 2004)
in which symmetries can be involved only for specific levdla conditional factor.
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