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Abstract In this work, the class of graphical log-linear models for homologous fac-
tors introduced by Gottard (2009) is analyzed. This class ofmodels, called SQS
models, allows for different kinds of symmetry constraint on main effects and inter-
actions parameters of a graphical log-linear model. The conditional independence
structure of a SQS model is represented by a coloured graph inwhich constraints
on main effects are associated with coloured nodes and constraints on interaction
parameters are associated with coloured edges. Quasi-symmetry and complete sym-
metry models are special cases of SQS models. The aim of this work is to analyze
which kind of SQS models are compatible with contingency tables in which some
conditional margins are symmetric. The three dimensional case is considered.

Key words: Graphical models, symmetry models, coloured graphs, categorical
data analysis.

1 Introduction

Graphical log-linear models, described by Darrochet al. (1975), are a subclass of
log-linear models, such that each model is associated with an undirected graph. In
the graph each factor is represented by a node and the absenceof an edge connecting
nodes represents conditional independence.

In some applications, it is possible to encounter homologous factors, being mea-
sured with the same categorical scale. They are commonly encountered in matched
pairs studies, in attitudinal research where subjects opinions about some issue are
observed under several conditions, or in longitudinal studies that repeatedly observe
whether a condition is present at various times. A variety ofcontexts in which ho-
mologous factors can arise is described in McCullagh (1982). In all these cases,
it can happen that the contingency table cross classifying the homologous factors
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shows an exchangeable structure. This structure can be typically captured by sym-
metry and quasi-symmetry models (see Caussinus, 1966, Bishop et al., 1975 and
Agresti, 2002). In the first class of models, a symmetric contingency table is as-
sumed, while the latter one supposes a sort of symmetry amongthe interaction terms
of a log-linear model. A larger class of models for exchangeable structures has been
introduced by Lovison (2000), in the case of hypercubic concordance tables.

Restricting to graphical models, at the presence of homologous factors Gottard
et al. (2010) introduced the class of Quasi-Symmetric (QS) graphical models. QS
graphical models extend quasi-symmetry models to the case of a generic condi-
tional independence structure and to include non-homologous factors. Moreover,
Gottard (2009) definesSymmetric and quasi-symmetric (SQS) graphical modelsto
include both quasi-symmetry models and complete symmetry models as a special
case. These two classes of model utilize a particular kind ofcoloured graph to depict
both conditional independence restrictions and equality and symmetry constraints
among the log-linear parameters.

In this paper, SQS graphical models will be better analyzed to deduce which
kinds of graph are compatible with symmetric contingency tables or contingency
tables with some symmetric margins.

The paper is organized as follows. Section 2 defines SQS graphical models. We
will limit to the case of a three dimensional contingency table. In Section 3 we
describe characteristics of the coloured graphs that are compatible with symmetric
contingency tables or margins. The last section makes some concluding remarks.

2 Symmetric and quasi-symmetric graphical models

Suppose a three-dimensional discrete random variableXV =XA,XB,XC, whose com-
ponents take values in[I ] = {1, . . . , I}, all components being homologous. LetI =

∏v∈V [rv] be the contingency table cross-classifying these factors and ı = (i, j,k)
its generic cell. The joint distribution ofXV , under a multinomial sampling of
sizen, can be specified by a set of probabilitiesp(ı) = P(XA = i,XB = j,XC = k),
here assumed strictly positive. Moreover, calln(ı) the observed count in cellı, and
µ(ı) = np(ı) its expected value. The saturated log-linear model forXV is then

logµi jk = λ +λ A
i +λ B

j +λC
k +λ AB

i j +λ AC
ik +λ BC

jk +λ ABC
i jk . (1)

This model assumes all the three factors to be mutually dependent. Deleting some
λ a(ıa), models admitting conditional or marginal independence can be defined.

Typically, the homologous factors are associated with two classes of model: the
symmetry and the quasi-symmetry model. The definition of thefirst model chrono-
logically precedes the definition of the second, but the former is in fact a reduced,
nested model of the latter.

Thequasi-symmetry modelfor these three factors can be obtained by imposing
the following constraints on interaction parameters of model (1):
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λ AB
i j = λ AB

ji = λ AC
i j = λ AC

ji = λ BC
i j = λ BC

ji and λ ABC
i jk = λ ABC

perm(i jk) (2)

for eachi, j,k = 1, . . . , I , where perm(i jk) denotes all the possible permutations of
the indexes.

Thesymmetry modelcan be obtained adding further constraints to (2), on main
effects

λ A
i = λ B

i = λC
i ∀i = 1, . . . , I . (3)

As aforementioned, under a symmetry modelµi jk = µperm(i jk).
Graphical log-linear modelsare a class of log-linear models in which some in-

teraction terms are deleted according to an undirected graph. An undirected graph
G = (V,E) is defined by a set of nodes,V, and a set of edgesE ⊂ V ×V. Each
node represents a random variable and the absence of an edgevw= (v,w) in E im-
plies conditional independence betweenXv andXw, given the other variables. For
instance, whenever the edge betweenXA andXB is absent in the graph, then

XA⊥⊥XB | XC ⇔ λ AB
i j = λ ABC

i jk = 0 ∀i, j,k.

See Lauritzen (1996) for further details.
Consider now the case ofXA,XB,XC being homologous. An SQS model has been

defined in Gottard (2009) as an extension of the QS graphical models proposed
by Gottardet al. (2010). QS and SQS models are a particular kind of graphical
log-linear models in which it is possible to impose both zero-constraints on pa-
rameters to represent conditional independence and equality constraints to take into
account some kind of exchangeable structure among homologous factors. Equality
constraints are portrayed by adopting a coloured version ofan undirected graph. In
the following, the definitions of coloured graphs and SQS models are recalled.

Definition 1. A coloured graphis a quartetG= (V,E,V ,E ) in which:

1. V is a set of nodes;
2. E is a set of undirected edges connecting nodes,vw, with bothv andw in V;
3. V is a partition ofV into disjoint sets, callednode-colour classes, V0, . . . ,Vr .

Each node-colour class collects nodes with the same colour.The colour black is
associatedV0.

4. E is a partition ofE into disjoint sets, callededge-colour classes, E0, . . . ,Es.
Each edge-colour class collects edges with the same colour.The colour black is
associated withE0.

Notice that this definition differs to that given by Hjsgaardand Lauritzen (2008),
because of the peculiarity of the discrete case. In particular, all black edges and
nodes are not represented as singletons, but allocated altogether into a sole set with
index 0.

The black version of a coloured graphG, obtained by replacing all colours by
black is calledskeleton graphand denotedG⋆. Hence, the colour black is treated
separately from the other colours. The wordcolour will be here used asnot black.

Example. Consider for example the graph(d) in Figure 1. Here the set of nodes
is V = {A,B,C}, while the set of edges isE = {AB,BC}. This two sets, ignoring
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Fig. 1 Graphs compatible
with symmetry:(a) complete
symmetry table;(b), (c) and
(d) contingency table with
symmetricAB margins and
non symmetricAC andBC
margins.

colours, define the skeleton graph. The set of node-colour classes isV = {V0,V1},
in whichV0 = {C} andV1 = {A,B}. As all the edges are coloured,E = {E1}.

We can introduce now the definition of SQS graphical models asfollows.

Definition 2. A SQS graphical modelis a log-linear model with associated coloured
graphG= (V,E,V ,E ), with parametersλ a(ıa) for a⊆V, such that:

1. the model satisfies the conditional independence constraints of the graphical
model associated with the skeleton graphG⋆;

2. a coloured edge denotes that the two–factor parameters are set equal with respect
to index permutation;

λ vw(i j ) = λ vw( ji), ∀i, j = 1, . . . , I

with v,w∈V. Moreover the nonzero three-factor parametersλV
ı satisfy the quasi-

symmetry equality constraints of the type

λV
i jk = λV

jik , ∀i, j,k = 1, . . . , I

or similar for different indexk positions;
3. for all edgesC1 andC2 of the same colour, the interaction parameters of second

order satisfy the equality constraints

λC1
i j = λC2

i j , for all i, j = 1, . . . , I ;

4. every two nodesa,b in a same node-colour classVl , l 6= 0, the following set of
constraints are imposed on the main-effect parameters:

λ a
i = λ b

i for all i = 1, . . . , I

Example. As an example for SQS models definition, we can look again at the
graph(d) in Figure 1. To define a possible model associated with this graph, let us
start by the model in equation (1). As the skeleton graph obtained by replacing the
colour red with black has the edgeAB missing, for Definition 2.1, the associated
SQS model hasXA⊥⊥XB | XC. Hence,
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λ ABC
i jk = 0 and λ AB

i j = 0 ∀i, j,k = 1, . . . , I .

Both the edges are coloured, thus, for Definition 2.2, it is

λ AC
ik = λ AC

ki and λ BC
jk = λ BC

k j ∀i, j,k = 1, . . . , I

and, as they share the same colour, for Definition 2.3, it is

λ AC
i j = λ BC

i j ∀i, j = 1, . . . , I .

Eventually, as the graph considered has two red nodes, namely A andB, and one
black node,C, further constraints have to be added on the main effects according to
Definition 2.4

λ A
i = λ B

i ∀i = 1, . . . , I .

This model is neither an ordinary symmetry model nor an ordinary quasi-symmetry
model.

3 Symmetric tables and margins

A joint distribution for three homologous factors is said toentail a symmetric con-
tingency table if the expected cell counts satisfy the following equality

µi jk = µperm(i jk) ∀i, j,k = 1, . . . , I . (4)

This condition is satisfied, in a meaningful way for homologous factors, by the or-
dinary symmetry models.

Similarly, a joint distribution for three homologous factors is said to entail a
symmetric margin, sayAB, if the expected cell count satisfies

µi jk = µ jik ∀i, j,k = 1, . . . , I . (5)

Note that this equality implies that all the conditional distributions for(XA,XB) | XC

and the marginal distribution for(XA,XB) entail symmetric contingency tables.
Let us analyze in the first place which kinds of SQS model, and therefore which

kinds of coloured graph, conform with a symmetric table. As it is known that the or-
dinary symmetry model involves a symmetric table, condition (4) is satisfied, when-
ever the model fulfills the constraints in (2) and (3).

According to Definition 2, constrains (2) are true for all theSQS models such
that all the edges share a same colour, i.e.E0 = /0 andE1 = E. Moreover, constraints
in (3) are true, whenever all the nodes are coloured by a same colour, that isV0 = /0
andV1 = V. Notice that the edges have to be either all present or all missing. In
fact, the symmetry model admits only the complete dependence and the complete
independence case.
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Fig. 2 Graphs obtained by
graphs in figure 1 by switch-
ing labelA andB.

As a general rule, we can say that an SQS model is compatible with a sym-
metric contingency table, namely it isfully symmetric, whenever bothV0 and
E0 are empty and permuting the labels of the nodes inV, nothing changes in
E, V andE .

In fact, wheneverV0 andE0 are empty, all the nodes and the edges are coloured.
Furthermore, if by permuting the labels of the nodesE, V andE remain unchanged,
this implies that all the nodes are in a same node-colour class, and all the edges are
in the edge-colour class or are missing. Thus, constraints (3) and (2) are satisfied
and condition (4) is fulfilled.

In Figure 1, the only graph satisfying this condition is the graph (a). Figures 2
and 3 (a) report the graph obtained by that in Figure 1 by exchanging labelA with
labelB and labelA with labelC respectively. It can be noted that nothing is changed
in the graph. A further graph satisfying condition (4) is a graph with all the edges
missing and all the nodes of the same colour, i.e. a fully coloured null graph.

The possibility of conditional, and therefore marginal, tables to be symmetric
requires some more argumentations. Consider for instance the marginAB. First of
all, notice thatµi jk = µ jik implies logµi jk = logµ jik . This is true whenever

λ +λ A
i +λ B

j +λC
k +λ AB

i j +λ AC
ik +λ BC

jk +λ ABC
i jk

=

λ +λ A
j +λ B

i +λC
k +λ AB

ji +λ AC
jk +λ BC

ik +λ ABC
jik

for all i, j,k = 1, . . . , I . This equality can be achieved in different ways. We are here
considering a solution compatible with a sensible interpretation for homologous
factors.

First of all, one can establish thatλ A
i = λ B

i , ∀i = 1, . . . , I that is, according with
Definition 2.4, the two nodesA andB have to share the same colour. Then, one can
impose the set constraintsλ AB

i j = λ AB
i j and for all i, j,k in 1, . . . I . In SQS models,

this set of constraints is satisfied whenever the edgeAB is not black, i.e. either it
is coloured or missing. For the second part of Definition 2.2,this coloured edge
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Fig. 3 Graphs obtained by
graphs in figure 1 by switch-
ing labelA andC.

implies also thatλ ABC
i jk = λ ABC

jik . Finally, one can imposeλ BC
jk = λ AC

jk ∀ j,k= 1, . . . , I ,
i.e. that the edgesAC andBC have a same colour (Definition 2.3). Notice that some
further constraints have been actually placed, more than what strictly requested.
For example,λ ABC

i jk = λ ABC
perm(i jk). See Proposition 1 in Gottardet al. (2010) as an

explanation of this aspect.

As a general rule, we can say that an SQS model is compatible with a sym-
metric margin, namely it isconditionally symmetric, whenever the subgraph
associated with the considered margin has no nodes inV0 and no edges inE0,
and permuting the labels of nodes within the subgraph, nothing changes inE,
V andE .

Substantially, this condition ensures that the subgraph ofinterest is fully sym-
metric and that all the edges touching a node in the subgraph have a same colour. In
the example above, this second part ensures thatλ BC

jk = λ AC
jk ∀ j,k = 1, . . . , I .

Example. Let us take into account graphs in Figure 1. The three graphs(b), (c)
and (d) admit the marginAB to be conditionally symmetric. In fact, the subgraph
GAB has the two nodes of the same colour, and the edgeAB is either coloured or
missing. Therefore, the subgraph is fully symmetric. Moreover, permuting labelA
and labelB, the graphs remain unchanged, compare Figure 1 with Figure 2. Con-
sider, instead, the marginAC for the same group of graphs. Both the graphs (b) and
(d) have subgraphsGAC not fully symmetric, as the nodeC is not coloured. On the
contrary, the subgraphGAC is fully symmetric in (c). However, permuting the labels
A andC (see Figure 3 (c)), the edgeBC, present in Figure 1 (c), is missing in Figure
3 (c). Vice versa for the edgeAB.

4 Discussion

In this work it has been shown how the use of a coloured graph can be helpful to
construct models for contingency tables entailing symmetric frequencies in a con-
tingency table or in its conditional margins. Only the threedimensional case has
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been explored, but the extension to a higher dimensionalitywould comport only an
increased complexity on the notation.

Regard the graphical conditions found to detect symmetries, it seems interesting
to notice that the exchangeability assumed among the homologous factors that im-
plies symmetry in the contingency table or in the conditional margins, parallels with
a sort of exchangeability among the labels in the graph.

The class of SQS models explored here admits symmetry in the entire contin-
gency table or in all conditional margins, given a certain variable. An interesting ex-
pansion concerns the class of context specific interaction models (Højsgaard, 2004)
in which symmetries can be involved only for specific levels of a conditional factor.
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