Spectral decomposition of the AR metric

Maria lannario and Domenico Piccolo

Abstract This work investigates a spectral decomposition of the ARrim@ro-
posed as a measure of structural dissimilarity among ARIM@cesses. Specifi-
cally, the metric will be related to the variance of a statignprocess so that its
behaviour in the frequency domain will help to detect howhs®yved components
generated by the parameters of both phenomena concur iifyspgt¢he obtained
distance. The main consequences of this result are distasskesome specific for-
mal decomposition are examined in order to improve the pm&tative content of
the AR metric.
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1 Introduction

In recent years, we register an increasing interest towdistsmilarity measures
among dynamic phenomena for clustering and discrimingtiorposes. This in-
terest is often involved witldata miningprocedures operating on massive data
archives originated from various fields of study: Econon@osl Finance, Signal
processing, Environmental Sciences, Medicine, Demogtapydrology, Meteo-
rology, Physics, Astronomy, Geology, and so on.

In this respect, extensive reviews of the current reseanctiwstering and dis-
crimination of time series can be found in [12, 11, 18, 9]. Btwrer, innovative
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proposals aimed at extending the use of AR metric to more tmogronometric
models have been discussed by [13, 14, 19].

In this paper, moving from a formal result about the AR meltween linear
processes, a spectral decomposition is considered. Sadlgifthe metric will be
related to the variance of a convenient stationary prodatssreed by the parameters
of both processes to be compared; so its behaviour in thedrezy domain will help
to detect how unobserved components of this new processiconspecifying the
obtained distance. From a logical point of view, this apploa similar to results
of [1] who obtained a frequential decomposition of the lindaterminism index
introduced by [2].

As a first contribution on this topic, this work is mainly déed to obtain useful
results based on a full knowledge of the probability streetf the processes to be
compared; further researches should translate such achénts in an inferential
framework when models are estimated on real time seriessgéta However, the
availability of consistent and efficient maximum likelilestimators should make
such further extensions immediate.

The paper is organized as follows: in the next section, wensarize the foun-
dations for the metric. In section 3 we establish the conoedietween the AR
metric and the variance of a suitable stationary processdanve a spectral de-
composition of such measure. Section 4 is concerned witkttldyy and comments
of the decomposition of some processes often encountetied applications. Some
concluding remarks end the paper.

2 The foundations for the AR metric

In order to set a convenient notation, for a given stoch@stcess;, we consider
ARIMA models for a transformed proceZs= g(X;) — ft, which is obtained after
a possibly non-linear transformation Xf and then by removing any deterministic
component;: trading days, calendar effects, outliers and mathenidtinations of
time, including constants. Such transformations are cetafyl general and should
improve both linearity and Gaussianity 4f.

Hereafterz is a zero-mean invertible ARIM@, d, q) process, that is:

@(B)19Z = 6(B)a, a ~WN(0,02),

whereg; is a sequence of zero-mean uncorrelated and homoscedastmm vari-
ables (defined White Noise) and the backshift operBtapplies to any functiohy
of t in such a way thaBXhy = hy_y, Yk =0,+1,... [3].

The AR and MA polynomialsp(B) =1—@B—--- — @BP and6(B) = 1—
6.B—--- — 64BY, respectively, haveno common factorsind, moreover, all the
roots of ¢(B)8(B) = 0 lie outside the unit circle. Finally, we denote % the

1 n order to simplify notation, in this paper we are not forlpabnsidering multiplicative seasonal
ARIMA processes; however, all the subsequent resultsyétifairwardly follow.
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class of all linearcausal and invertiblestochastic process@ ~ ARIMA(p,d,q).
Notice that.Z includes also (long-memory) fractional difference preesy; ~
ARFIMA(p,d+d*,q), as long asl* € (—0.5,0.5).

Then, for convenient initial values and a constagit< +oo, any procesg; € .
admits a well defined AR operata(B) = 1 — m B — m»B? — ... characterized by
the square-converging sequera®, 7o, ... }, which specifies théorecast function
R=E(Z|Z_1,Z »,...). Indeed, for allz; € .&, the following orthogonal repre-
sentation holds:

R=mZ 1+mZ >+...; Z=Rh+a, hkla.

In this context, a fundamental theorem [4, 130-133] assetbsd: “for any sta-
tionary process with a continuous spectrtifio) there exists a finite ordexR(p)
whose spectrunfiag(w) is as close as possible in absolute valué (@) uniformly
on[—m,m".

Taking these results into account, Piccolo [15, 16] inticetlia measure atruc-
tural dissimilarity among two processe§ € . andY; € .Z by defining asAR
metric the Euclidean distance among the coefficiemfs= (1o x, T®x,...,)" and
my = (Thy, Thy,...,) , Obtained by the AR expansionsXfandY;, respectively.

With obvious notation, we get:

AK) = () ) = |5 (12 )

Then, Piccolo [16] and Corduas [6, 7] derived the asymptistributions of the
corresponding estimator for AR and and ARIMA processeqeetively. Other re-
sults on these topics are reported by [18] and [9], who pmeaido efficient algo-
rithms for computation.

The main interpretation of the AR metric (valid also for ARFA processes:
[8]) is the following:the distance between two ARIMA processes is zemivién
the same set of initial valuethe corresponding models produce the same forecasts
Notice that, as a measure of structural dissimilarity, tiiemetric cannot take WN
variances into account since they are just scale factord@andt affect the dynamic
of the processes to be compared. This feature is shared biralgtistances [10].

A useful example of the AR metric is obtained by compariag- ARMA(1,1)
andY; ~ ARMA(1, 1), both belonging taZ. Thus, with obvious notation, we get:

(%—892  (B-8)* (-8 —6)

19X2+1ey2_ 1- 66

d?(X,Y) =

If in this formula we let some parameters equal to 0 and/or € find distances
for several ARIMA subclasses including ARIMA(0,1,1) preses implied by the
exponential smoothingrocedures.

Finally, we observe that the introduction dfX,Y) transforms¥ in a metric
spaceand this supports several implications which are also it@mbifor statistical
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consequences (cluster analysis, discrimination, muigdisional scaling, choosing
representative or anomalous structures, and so on): ftarios, the diameter of a
class of processes seems relevant for the multivariatécapiph of the metric.

3 Frequential analysis of the AR metric

The starting point of our derivation is a theorem obtainebyduas [5] who pro-
posed to compute the AR metric by means of the variance ofaetlARMA
process, by using efficient algorithms. We slightly modiér nesult for saving the
symmetry of the metric and for a more immediate fitting to dojectives.
We denote by
Oj=|mx—Tyl, ji=12,....

the absolute difference of the AR expansion of procexses? andY; € .Z. Then,
we introduce the stationary process:

W=n+ain-1+azn_2+---=a(B)n, (2)

wheren; ~WN(0,52) and the coefficienta are obtained &s

Oj11
i = ?Ta = 17 27
Then, it is immediate to show that
var(W) = 3 | mx— 1y 2= d*(X,Y). (3)

=1

The proces®\ is obtained by filtering the WN procegs by means of a linear
operatora (B) where the differences of the AR expansions of both proceéses
andY; are taken into account. It is evident that the time dynamfc@foreflects
characteristics of both processes to be compared. As arméfeet, two processes
X andY; with similar behaviour produce smatlj; coefficients while processes with
quite dissimilar structures give large coefficients Then, the statistical analysis
of W might help in investigating the structural dissimilaritpnang X andY; as
synthesized by the AR metric.

The proces®\{ may be non-invertible but it ialways stationaryThus, it admits
a symmetric spectral function defined by:

of

9(00)—; la(e'®)|?, O<w< .

2 |n fact, to be correct we should define &sthe first non-zero absolute difference between the
AR expansions oK; andY; processes. This point is important when comparing pure ARl
processes, for instance; however, we are omitting it fopsaity of notation.
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Then, the spectral decomposition of the AR metric immedjidtdlows:

d2(X,Y) = /o'" g(w) dw. 4)

This result allows to ascertain whether some componentsvatHigh, periodic,
seasonal frequencies contribute to the determinationeofalue ofd?(X,Y).

In addition, sinceg(w)/d?(X,Y) shares all the properties of a well defined den-
sity function oven(0, ), we may also consider the spectral distribution function:

_ (Y 92
G(w)_'/o ek

In this way, for any fixed angular frequenay € (0, 1), the functionG(wy) mea-
sures the relative proportion of distance explained by Emgrequencies less or
equal toa.

4 Discussion of some specific decompositions

We study some specific comparisons by examining the spefgtcaimposition im-
plied when the AR metric is computed between the most commaeegses.

e AR processes If X ~ AR(pyx) andY; ~ AR(py), thenW is a pure MA process
of orderqw = max(px, py) characterized by the coefficients:

‘q)jJrl,x - (pj+1,y‘

a , 1=12,...

| =
‘q’l,x— (Pl,y’

As a consequences, we get a constant speajfamwhen maxpy, py) = 1; this
results apply also to the comparison of pure seasonal AR(@esses because of
the isometry of the AR metric.

A different situation happens in environmental studieserghit may be of in-
terest to compare phenomena well synthesized by AR(2) psesewith different
stochastic periodB > 2 andPR, > 2, and amplitudepy > 1 andpy > 1, respec-
tively. In these cases, the AR coefficients ¥orare:

_ 21
Qx=2ptcod D) Bx=—pc
X
and similarly forY;. Then, thew process is completely specified By, &, and

a1 =&/

Thus, the spectral decomposition (4)3{X,Y) derives from the spectrum:
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& 2
9(w) = — [1+af+2a;coqw)], O<w<m,

As an instance, Figure 1 shows the spectra of two AR(2) peesewith periods 12
and 6, respectively (left panel), and the correspondingtsplelecomposition of the
AR distance between them (right panel). It is evident thatriiain contributions
to the distance among the two processes are given by lowdreigs (that is high
periods) of the composite process

12
\
0.14
\

10
\

0.08
|

0.04
\

Fig. 1 Spectra of two AR(2) processes and frequential decompasiti the AR metric

Further considerations may be derived from these resutsintance, if two
processes are characterized by stochastic periods sud®k ta&R,/ (R, — 2), then
g(w) is uniformly constant, since this impliegx = @ . As a consequence, two
AR(2) processes with stochastic periods are more and mstandiinasmuch as
these periods are different from 4 units.

e ARMA(1,1) processes With standard notation, the AR expansions of dyo-
ARMA(1,1) andY; ~ ARMA(1,1) processes, both belonging 4, are given by:

Mx=(—6)0) " my=(g—-8)6" j=12..

Then,d, =| (¢ — 6«) — (@ — 6y) | and the sequence of coefficients:
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-1 j—1 j—1|. ;
0 =5 (g 606/~ (@-8)8 ', j-12..,

converges to 0 whed; # 0. Then, we can approximate togB) operator by omit-
ting coefficients forj > M for an integeM such that ma@GQ",G)D") < ¢, forasmall
€ > 0. In this way, we may well consider as a convenient approtigndor g(w)
the spectral decompositi@y (w) based on a truncatex, (B) operator.
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g. 2 Spectral decompositions of the AR metric for two ARMA(1, Ippesses.

Figure 2 shows the spectral decompositions obtained whegorgare two
ARMA(1,1) processes which are quite similar, wigh= 0.9;6, = 0.3;¢,=0.7,6, =
0.2 (upper panel), and two very dissimilar ones, with= —0.9;6, = 0.3;¢, =
0.6;8, = —0.4 (lower panel), respectively. The functigiw) is mainly concen-
trated on the low frequencies in the first instance wheragashared almost evenly
between high and low frequencies in the second case.

5 Concluding remarks

This paper provides a frequential analysis of the AR metriarder to evaluate the
relevance and persistence of possible unobserved comisoinedetermining the
observed distance. Among the possible fields of applicatiea quote the compar-
ison of monthly indexes of industrial production (for alédimg similarities among
series to short or long movement in the economic cycle), theéysof EEG time
series data (for discriminating among safe and risky pag)eand so on.
Apparently, these issues are all achievable by some spewtac (as those pro-
posed by many Authors: see [18], for some comments). Howspectral metrics
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are not always well defined for all processes belongingtahis is the case when
processes with difference operators of different ordeest@be compared, for in-
stance. Thus, it seems worthwhile to explore also the spdfetures of a metric
always well defined o

In this respect, some empirical work on real data set seesueaging; how-
ever, further research is necessary for using such reaudis éffective way from an
operational point of view.
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