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Abstract This work investigates a spectral decomposition of the AR metric pro-
posed as a measure of structural dissimilarity among ARIMA processes. Specifi-
cally, the metric will be related to the variance of a stationary process so that its
behaviour in the frequency domain will help to detect how unobserved components
generated by the parameters of both phenomena concur in specifying the obtained
distance. The main consequences of this result are discussed and some specific for-
mal decomposition are examined in order to improve the interpretative content of
the AR metric.
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1 Introduction

In recent years, we register an increasing interest towardsdissimilarity measures
among dynamic phenomena for clustering and discriminationpurposes. This in-
terest is often involved withdata miningprocedures operating on massive data
archives originated from various fields of study: Economicsand Finance, Signal
processing, Environmental Sciences, Medicine, Demography, Hydrology, Meteo-
rology, Physics, Astronomy, Geology, and so on.

In this respect, extensive reviews of the current research on clustering and dis-
crimination of time series can be found in [12, 11, 18, 9]. Moreover, innovative
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Naples, Italy e-mail: domenico.piccolo@unina.it

1



2 Maria Iannario and Domenico Piccolo

proposals aimed at extending the use of AR metric to more complex econometric
models have been discussed by [13, 14, 19].

In this paper, moving from a formal result about the AR metricbetween linear
processes, a spectral decomposition is considered. Specifically, the metric will be
related to the variance of a convenient stationary process obtained by the parameters
of both processes to be compared; so its behaviour in the frequency domain will help
to detect how unobserved components of this new process concur in specifying the
obtained distance. From a logical point of view, this approach is similar to results
of [1] who obtained a frequential decomposition of the linear determinism index
introduced by [2].

As a first contribution on this topic, this work is mainly devoted to obtain useful
results based on a full knowledge of the probability structure of the processes to be
compared; further researches should translate such achievements in an inferential
framework when models are estimated on real time series datasets. However, the
availability of consistent and efficient maximum likelihood estimators should make
such further extensions immediate.

The paper is organized as follows: in the next section, we summarize the foun-
dations for the metric. In section 3 we establish the connection between the AR
metric and the variance of a suitable stationary process, and derive a spectral de-
composition of such measure. Section 4 is concerned with thestudy and comments
of the decomposition of some processes often encountered inthe applications. Some
concluding remarks end the paper.

2 The foundations for the AR metric

In order to set a convenient notation, for a given stochasticprocessXt , we consider
ARIMA models for a transformed processZt = g(Xt)− ft , which is obtained after
a possibly non-linear transformation ofXt and then by removing any deterministic
componentft : trading days, calendar effects, outliers and mathematical functions of
time, including constants. Such transformations are completely general and should
improve both linearity and Gaussianity ofZt .

Hereafter,Zt is a zero-mean invertible ARIMA(p,d,q) process1, that is:

φ(B)∇d Zt = θ (B)at , at ∼WN(0,σ2
a ) ,

whereat is a sequence of zero-mean uncorrelated and homoscedastic random vari-
ables (defined White Noise) and the backshift operatorB applies to any functionht

of t in such a way thatBk ht = ht−k, ∀k = 0,±1, . . . [3].
The AR and MA polynomialsφ(B) = 1− φ1B− ·· · − φpBp and θ (B) = 1−

θ1B− ·· · − θqBq, respectively, haveno common factorsand, moreover, all the
roots of φ(B)θ (B) = 0 lie outside the unit circle. Finally, we denote byL the

1 In order to simplify notation, in this paper we are not formally considering multiplicative seasonal
ARIMA processes; however, all the subsequent results straightforwardly follow.



Spectral decomposition of the AR metric 3

class of all linearcausal and invertiblestochastic processesZt ∼ ARIMA(p,d,q).
Notice thatL includes also (long-memory) fractional difference processesZt ∼
ARFIMA(p,d+d∗,q), as long asd∗ ∈ (−0.5,0.5).

Then, for convenient initial values and a constantσ2
a < +∞, any processZt ∈ L

admits a well defined AR operatorπ(B) = 1−π1B−π2B2− . . . characterized by
the square-converging sequence{π1,π2, . . .}, which specifies theforecast function
Ft = E(Zt | Zt−1,Zt−2, . . . ). Indeed, for allZt ∈ L , the following orthogonal repre-
sentation holds:

Ft = π1Zt−1 + π2Zt−2 + . . . ; Zt = Ft +at , Ft ⊥ at .

In this context, a fundamental theorem [4, 130-133] assesses that: “foranysta-
tionary process with a continuous spectrumf (ω) there exists a finite orderAR(p)
whose spectrumfAR(ω) is as close as possible in absolute value tof (ω) uniformly
on [−π ,π ]”.

Taking these results into account, Piccolo [15, 16] introduced a measure ofstruc-
tural dissimilarity among two processesXt ∈ L andYt ∈ L by defining asAR
metric the Euclidean distance among the coefficientsπx = (π1,x,π2,x, . . . ,)

′ and
πy = (π1,y,π2,y, . . . ,)

′, obtained by the AR expansions ofXt andYt , respectively.
With obvious notation, we get:

d(X,Y) =
[

(πx−πy)
′(πx−πy)

]
1
2 =

√

∞

∑
j=1

(π j ,x−π j ,y)2 . (1)

Then, Piccolo [16] and Corduas [6, 7] derived the asymptoticdistributions of the
corresponding estimator for AR and and ARIMA processes, respectively. Other re-
sults on these topics are reported by [18] and [9], who provide also efficient algo-
rithms for computation.

The main interpretation of the AR metric (valid also for ARFIMA processes:
[8]) is the following: the distance between two ARIMA processes is zero if, given
the same set of initial values,the corresponding models produce the same forecasts.
Notice that, as a measure of structural dissimilarity, the AR metric cannot take WN
variances into account since they are just scale factors anddo not affect the dynamic
of the processes to be compared. This feature is shared by cepstral distances [10].

A useful example of the AR metric is obtained by comparingXt ∼ ARMA(1,1)
andYt ∼ ARMA(1,1), both belonging toL . Thus, with obvious notation, we get:

d2(X,Y) =
(φx−θx)

2

1−θ 2
x

+
(φy−θy)

2

1−θ 2
y

−2
(φx−θx)(φy−θy)

1−θxθy
.

If in this formula we let some parameters equal to 0 and/or 1, we find distances
for several ARIMA subclasses including ARIMA(0,1,1) processes implied by the
exponential smoothingprocedures.

Finally, we observe that the introduction ofd(X,Y) transformsL in a metric
spaceand this supports several implications which are also important for statistical
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consequences (cluster analysis, discrimination, multidimensional scaling, choosing
representative or anomalous structures, and so on): for instance, the diameter of a
class of processes seems relevant for the multivariate application of the metric.

3 Frequential analysis of the AR metric

The starting point of our derivation is a theorem obtained byCorduas [5] who pro-
posed to compute the AR metric by means of the variance of a related ARMA
process, by using efficient algorithms. We slightly modify her result for saving the
symmetry of the metric and for a more immediate fitting to our objectives.

We denote by
δ j =| π j ,x−π j ,y |, j = 1,2, . . . .

the absolute difference of the AR expansion of processesXt ∈L andYt ∈L . Then,
we introduce the stationary process:

Wt = ηt + α1ηt−1 + α2 ηt−2 + · · · = α(B)ηt , (2)

whereηt ∼WN(0,δ 2
1 ) and the coefficientsα j are obtained as2:

α j =
δ j+1

δ1
, j = 1,2, . . .

Then, it is immediate to show that

Var(Wt) =
∞

∑
j=1

| π j ,x−π j ,y |
2= d2(X,Y) . (3)

The processWt is obtained by filtering the WN processηt by means of a linear
operatorα(B) where the differences of the AR expansions of both processesXt

andYt are taken into account. It is evident that the time dynamics of Wt reflects
characteristics of both processes to be compared. As a matter of fact, two processes
Xt andYt with similar behaviour produce smallα j coefficients while processes with
quite dissimilar structures give large coefficientsα j . Then, the statistical analysis
of Wt might help in investigating the structural dissimilarity amongXt andYt as
synthesized by the AR metric.

The processWt may be non-invertible but it isalways stationary. Thus, it admits
a symmetric spectral function defined by:

g(ω) =
δ 2

1

π
| α(e−ιω ) |2 , 0 < ω < π .

2 In fact, to be correct we should define asδ1 the first non-zero absolute difference between the
AR expansions ofXt andYt processes. This point is important when comparing pure AR seasonal
processes, for instance; however, we are omitting it for simplicity of notation.
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Then, the spectral decomposition of the AR metric immediately follows:

d2(X,Y) =

∫ π

0
g(ω)dω . (4)

This result allows to ascertain whether some components at low, high, periodic,
seasonal frequencies contribute to the determination of the value ofd2(X,Y).

In addition, sinceg(ω)/d2(X,Y) shares all the properties of a well defined den-
sity function over(0, π), we may also consider the spectral distribution function:

G(ω) =

∫ ω

0

g(z)
d2(X,Y)

dz.

In this way, for any fixed angular frequencyω0 ∈ (0,π), the functionG(ω0) mea-
sures the relative proportion of distance explained by angular frequencies less or
equal toω0.

4 Discussion of some specific decompositions

We study some specific comparisons by examining the spectraldecomposition im-
plied when the AR metric is computed between the most common processes.

• AR processes. If Xt ∼ AR(px) andYt ∼ AR(py), thenWt is a pure MA process
of orderqw = max(px, py) characterized by the coefficients:

α j =

∣

∣

∣
φ j+1,x−φ j+1,y

∣

∣

∣

∣

∣

∣
φ1,x−φ1,y

∣

∣

∣

, j = 1,2, . . .

As a consequences, we get a constant spectrumg(ω) when max(px, py) = 1; this
results apply also to the comparison of pure seasonal AR(1) processes because of
the isometry of the AR metric.

A different situation happens in environmental studies, where it may be of in-
terest to compare phenomena well synthesized by AR(2) processes with different
stochastic periodsPx ≥ 2 andPy ≥ 2, and amplitudesρx > 1 andρy > 1, respec-
tively. In these cases, the AR coefficients forXt are:

φ1,x = 2ρ−1
x cos(

2π
Px

); φ2,x = −ρ−2
x ;

and similarly forYt . Then, theWt process is completely specified byδ1, δ2, and
α1 = δ2/δ1.

Thus, the spectral decomposition (4) ofd2(X,Y) derives from the spectrum:
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g(ω) =
δ 2

1

π
[

1+ α2
1 +2α1 cos(ω)

]

, 0 < ω < π ,

As an instance, Figure 1 shows the spectra of two AR(2) processes with periods 12
and 6, respectively (left panel), and the corresponding spectral decomposition of the
AR distance between them (right panel). It is evident that the main contributions
to the distance among the two processes are given by low frequencies (that is high
periods) of the composite processWt .

0.0 1.0 2.0 3.0

0
2

4
6

8
10

12

ω

f(ω
)

0.0 1.0 2.0 3.0

0.0
4

0.0
6

0.0
8

0.1
0

0.1
2

0.1
4

ω

g(ω
)

Fig. 1 Spectra of two AR(2) processes and frequential decomposition of the AR metric

Further considerations may be derived from these results: for instance, if two
processes are characterized by stochastic periods such that Px = 2Py/(Py−2), then
g(ω) is uniformly constant, since this impliesφ2,x = φ2,x. As a consequence, two
AR(2) processes with stochastic periods are more and more distant inasmuch as
these periods are different from 4 units.

• ARMA(1,1) processes. With standard notation, the AR expansions of twoXt ∼
ARMA(1,1) andYt ∼ ARMA(1,1) processes, both belonging toL , are given by:

π j ,x = (φx−θx)θ j−1
x ; π j ,y = (φy−θy)θ j−1

y ; j = 1,2, . . .

Then,δ1 =| (φx−θx)− (φy−θy) | and the sequence of coefficients:
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α j = δ−1
1

∣

∣

∣
(φx−θx)θ j−1

x − (φy−θy)θ j−1
y

∣

∣

∣
; j = 1,2, . . . ,

converges to 0 whenδ1 6= 0. Then, we can approximate theα(B) operator by omit-
ting coefficients forj > M for an integerM such that max(θ M

x ,θ M
y ) < ε, for a small

ε > 0. In this way, we may well consider as a convenient approximation for g(ω)
the spectral decompositiongM(ω) based on a truncatedαM(B) operator.
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Fig. 2 Spectral decompositions of the AR metric for two ARMA(1,1) processes.

Figure 2 shows the spectral decompositions obtained when wecompare two
ARMA(1,1) processes which are quite similar, withφx = 0.9;θx = 0.3;φy = 0.7;θy =
0.2 (upper panel), and two very dissimilar ones, withφx = −0.9;θx = 0.3;φy =
0.6;θy = −0.4 (lower panel), respectively. The functiong(ω) is mainly concen-
trated on the low frequencies in the first instance whereas itis shared almost evenly
between high and low frequencies in the second case.

5 Concluding remarks

This paper provides a frequential analysis of the AR metric in order to evaluate the
relevance and persistence of possible unobserved components in determining the
observed distance. Among the possible fields of applications we quote the compar-
ison of monthly indexes of industrial production (for allocating similarities among
series to short or long movement in the economic cycle), the study of EEG time
series data (for discriminating among safe and risky patterns), and so on.

Apparently, these issues are all achievable by some spectral metric (as those pro-
posed by many Authors: see [18], for some comments). However, spectral metrics
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are not always well defined for all processes belonging toL ; this is the case when
processes with difference operators of different orders are to be compared, for in-
stance. Thus, it seems worthwhile to explore also the spectral features of a metric
always well defined onL .

In this respect, some empirical work on real data set seems encouraging; how-
ever, further research is necessary for using such results in an effective way from an
operational point of view.
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