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Abstract: The balancing of a system of national accountsoisnally carried out by
balancing first the flows at current prices andnttigose at constant prices. However,
this procedure in two distinct steps makes it ingifde to “control” the consistency of
the system of deflators. Therefore, a system ofisameous balancing at current and
constant prices is necessary to make it possibdétain a consistent system of flows at
current and constant prices, and of deflators. Taiper introduces a simultaneous
balancing method as an extension of the methododtegpgeribed in Nicolardi (1998,
2000) for the simultaneous balancing at current@ntstant prices of a generic system
of economic accounting. The application of the rdtto the Italian 2005 input-output
table has yielded significant results in termsafibcing.
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1 Introduction

Most national accounting data is published by treidwhal Institutes of Statistics at
current prices and only for a small number of aggtes at constant prices. The reason
behind this discrepancy is the considerable coniglerf obtaining balanced
accounting systems simultaneously at both consgmt current prices. National
accounts are, in fact, normally compiled and badnfirst at current prices and then
converted to constant prices using a suitable systedeflators. It is known that the
accounting system at constant prices calculatedisnway will be unbalanced and it is
therefore necessary to balance it. This last baignprocedure, however, determines
modifications in the value of the deflators and th#er may not reflect the true
economic dynamic of the country to which the aceésuefer. In the literature, it is
possible to find some methods to solve the proldéalancing an accounting system
at simultaneously current and constant prices. Taey essentially based on the
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balancing method originally proposed by Stone, Creampwvne and Meade (1942) and
use anad hoc transformation for variables, and the definitiohaosuitable matrix of
variances and covariances to solve the nonlineafithe accounting balancing system
at both current and constant prices (Weale, 1988prello, 1989; 1990). This work
delineates a new method to simultaneously balan@eeounting system at current and
constant prices, which differs from the otherstinapproach to the problem. First, it is
based on the method originally developed for batanthe Italian 1992 Symmetric
Input-Output Table (SIOT, hereafter) (Nicolardi 892000) that had its foundation in
Byron (1978). The method proposed by Nicolardi isrenflexible than Byron’s
technique and allows the balancing of extremelgdaaccounting systems. Second, the
new method defined in this work utilizes the préaliccorrector method to solve the
nonlinearity of the balancing system. In the endaliows the direct control of the
magnitude of the variations of the deflators, whihlke balancing procedure normally
causes, while in the literature the problem is ngadain a roundabout way. The paper
is organized as follows. In Section 2 the methogglof balancing at current prices is
presented. Section 3 introduces a method of simedtas balancing at current and
constant prices. Section 4 demonstrates an agplicaf the method of simultaneous
balancing. Section 5 presents some concluding femar

2 Methodological overview

Stone approached the balancing of an accountintersyshat includes differently
reliable estimates of the aggregates as a probleonstrained estimates obtained as a
weighted linear combination of the initial estimmtef the same aggregates. By
considering a vectox of s accounting data, it is possible to express a sysiEk
accounting equations in the fodx =h , whereG is a k x s) matrix of constraints and

h is a vector of known values. In particular, whée ficcounting constraints are not
satisfied,Gx # h and the system is unbalanced. In this latter cstseting from an
initial vector of unbalanced estimatesxpfsayX , Stone suggested to obtain a ve&tor
which satisfies the accounting constraints Gnthrough a generalized constrained
estimator defined as follows:

X=%X-VG'(GVG)™(Gx-h) )

whereV is a prior estimate of the covariance matrixxofand contains thismformation

on the significance level of those estimates, agninfis a reasoned distribution of the
accounting residuals between tHenBubsequently, Byron (1978) proposed an
alternative approach to estimatirg that can be used to solve large econometric
systems. He considered a constrained quadrati¢lostion defined as follows:

z:%(x—i) V(% -%)+1'(Gx -h) )

in which A is the vector of Lagrange multipliers. In (2}, has to be as close as
possible, in a quadratic loss sensextcand satisfy, at the same time, the accounting
restrictions. The first order conditions on (2):are

2 The matrixV is normally used in a diagonal form, where thd covariances of the estimatés
are assumed. In practical terms, the inefficiericthe estimates, which this simplification yields,
is negligible in most cases. Also, the methodolegitlized in compiling the national accounts do
not usually allow the estimation of the correlatidretween the estimates of different flows.
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L=(GVG')'(Gk-h) (a); x=%-VGi (b) 3)

Although (3) is equivalent to (1), it allows thetigsation problem to be solved
under less restrictive conditions than (1), andhatsame time, the complexity of the
estimation process to be reduced so thatan be worked out through a smaller linear
equation system. Furthermore, Byron used the cotgugiadient method to estimate
large accounting systems by applying (3). Recallimat (3a) is a system of linear
equations and the matrixG{/G’) is symmetric positive definite when the accougti
system is exactly defingdhe same relation (3a) can be rewritten as fallow

(GVG)A=Akr=q (4)

The solution to (4) can be obtained by using tHong iterative procedure, i.e.
the conjugate gradient algorithm:

Ty =Py =0-Ak,
a =pip; [ mAm
A=A tam
P =P —a AT,
B =piapialpip
ni+1 = pi+1 +18i ni

®)

wherem andp are the gradient-based direction vectdgsis a vector of initial values
for A, andi andi+1 refer to the iteration count. The iterative pracesstopped when
the condition(8—A A,) <€ is verified, withe sufficiently small. Substituting; for A in
(3b) xis estimated. The convergence process can be emteeleby a suitable
normalization of GVG’) (Byron, 1978). Also applying the balancing medharoposed
by Byron, the problem of calculating and managi®/G’) remains significant. In
Nicolardi (1998, 2000) a method has been proposedecomposing the accounting
matrix into blocks that allows both a significamduction of the quantity of data to
memorize and the calculation of the produsiG’) without definingG element by
element. The development of this methodology siaftem the observation that in (5)
(GVG’) appears in the second and fourth relations withe following product:

Arn=W(GVG)n (6)

whereW is the matrix of normalization proposed by Byrd®78). It can be seen in (6)
that determining the product starting with the lpair of elements and proceeding to
the first, the subsequent results are always foroyeeectors, that is:

Glang g =T(97 Viso Tig TT93 Goag Ty =Ty Wiy Ty =Ty (7)

(sx9)

(s)

where the subscripts are the dimensions of thereift matrices and vectors. Xsand

W are diagonal matrices and can be stored in vedtfanim, it can easily be seen how
the quantity of data to be memorized to obtaingtaluct (6) is significantly reduced.
In (7), however, the calculation of the produt ) remains a problem because of the
significant dimensions tha can reach. To resolve this problem it was obsethad
the accounting matrices often have a block condiion, so that it was possible to
reformulate the product3{ ) through a linear combination of suitable deconitpms

of 1 in blocks without having to determin@ (Nicolardi 1998, 2000). A simple
balancing scheme as defined below in {8ahere & b and g are respectively thig-

3 In fact, the matrix@VG’) can not be positive definite mainly in two casatienG has not full
row rank, and this means that two or more condtnditions are linearly dependent, and when
the variances and covariances of the elementg@meric equation are all equal to 0. If the later
not verified, it can be demonstrated that the m#&@VG’) is nonsingular whenank(V) = k. In all
cases, however, an appropriate reformulation ofylséem of equations can solve the problem.
“In (8a) and (8b) the balancing equations 2-4 keady implicit in the first equation, but they are
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th elements of the three generit X m) matrices of accounting dafs, B andC, can
easily be rewritten in a compact form (8b) as falo

&= G O] A-B-C=0

& =026 00 fAi ZBir -Ci! =0 0 s
Zia‘j =Zihj +Zic'j 0j (@) !"A._i”.B_.i"C.:O. ® ®
Zi,jau :zivjqj +zi,jcli i,Aip, =i Bi, -i Ci; =0

wherei, andi,, are vectors of ones of dimensinrandm respectively. In (8b) onlg
matrices, vectors and scalars are formed by irdéah, while the remainder come from
their transformations, e.@\ . It is now possible to calculate the vectbrandl" in
(7) without using explicitlyG by means of the formulation (8b). In particular,order
to compute the produ@'min the first of (7),t must be decomposed inkdlocks [
(matrices, vectors and scalars) equal to the numiberacro-equations of scheme (8b).
Each of thek blocks has the same dimensions as the data nsatrare their
transformations, which enter each macro-equatidwodgh the application of the
scheme (8b) = 4 blocks with dimensions, respectively{m), (n x 1), 1 xm) e (L x

1) are obtained. The solution of the above pro@ietis given by they blocks O; that
are calculated as a linear combination of the tdock, wherej corresponds to the
macro-equations in which each of the init@lmatrices of scheme (8b), ordered
according to the sequential position in the balaga@cheme and without repetition, is
present. For instance, when the scheme (8b) is, ased since the only matrices of
initial data areA, B andC, and the ordered vector of initial matrice€ is (A, B, C). If

a (@ x k) matrix A is specified, where each raveontains the identification numbers of
the macro-equations where théh matrix in ¢ is present, thé-th block O; can be
worked out by using the first of (9) below. In tHatmula, A; denotes thé-th row of
the matrix A and thesuperscriptel indicates that all the sums are to be computed
element by elemehtEach block(]; has to experience the same algebraic sign df the
th matrix in in eachk-th equation. The second and third of (9) show theimat and
the formulae to calculate each block , as follows:

@ 12 3 4] (0,=+0,+0,, +i,0,+0,,i,
Di:[ZDj] i=1...,0; A=|12 3 4;40,=-0,-0,i, —i,0,-04,i’, (9)
i, 1234 |0,=-0,-0,4 —i,0,-0,4,i"

The sequential vectorization of tigeblocks yieldsI'. To determind™ in the third of
(7), " must be decomposed ingdblocks [, with the same dimensions as tkf data
matrix in {. The solution of the produ@r’ is given by thek blocks O; as resulting
from the linear combination of the blocks; with the same position as the matriggs
in each macro-equation of (8b). If k X g) matrix A is specified, where each row
contains the position of eaghh data matrix inf in eachj-th equation in (8b), theth
block O; can be worked out by using the first of (10) beldw that formula,A;
denotes tha-th row of the matrixA, andthe superscriptr indicates that the same
transformation as thig¢-th element in the scheme (8b) is to be applied tdtbek O; .
Each block[; has to experience the same algebraic sign gttthenatrix in in each

normally used explicitly so as to be able to expré®e constraint conditions on the marginal
distributions of the accounting matrices.

® The following are defined: 1) the sum element lyrent of a matriA and a column vectds

the matrixC = A + b i’; 2) the sum element by element of a mafixand a row vectob the
matrix C = A +i b; 3) the sum element by element of a ma#iand a scalar b, the matitx= A

+ b (i'); 4) the sum element by element of a veet@nd a scalar b the vectar=a + bi. The
definition of the sum element by element of two meas or two vectors are not given because
they are obvious,



Smultaneous |-O tables balancing at current and constant prices 5

i-th equation. The second and third of (10) show thé&rima and the formulae to
calculate each blockl; . The sequential vectorization of tkélocks yieldd™'.

12 3] (0,=+0,-0,-0,

_ vl a1 2 3. 0,=+0i, -0, -04,
Di_[%ﬂ B e e e
! 123 |O,=+0j, ~i'0,. -i'04.

3 A method for the simultaneous balancing of an accounting
system at current and constant prices

The main problem of simultaneously balancing anoanting system at current and
constant prices is related to the resolution ofoalinear system of simultaneous
equations. LeAA® indicate a generic matrix of accounting data atemt pricesAX the
same matrix at constant prices, axldhe corresponding deflator. It is now necessary to
add to the above system (8b) a set of equationghwpermit the simultaneous
balancing of all the matrices. Considering only fingt row in (8b), the simultaneous
system of equations is defined as follows:

A°-B°-C°=0

A¥-B¥-C*=0

(AcA’)-A*=0 (11)

(B°B')-B“=0

(cerc’)-c =0

Clearly, the above system cannot be resolved Withmethod described in Section
2 because it is nonlinear. Given a general accograystem like (8), its simultaneous
balancing at current and constant prices can b&eagoout by using a procedure based
on the predictor-corrector method. For the sakérefiity, only the system (11) is
considered and rewritten as follows:

log(A©) +log(A") - log(A*) =0
{AC -B°-C°=0; Iog(BC) + Iog(Bi ) - Iog(Bk) 0
Iog(CC) + Iog(Ci ) - Iog(Ck) 0
Sepl Sep2 Sep3
where each group of equations represents a lingstera. The general solution to the
problem, therefore, lies in applying a suitableatee method of estimation f&eps
1-3 until a balanced accounting system is obtainetp#t current and constant prices.
At each step, the starting values are the balaesgohates worked out in the previous
step. In the practical application of the iteratpmcedure Step 2 must be utilized
twice: the first time to obtain the estimates af flows at constant prices to useSep
3, the second to obtain the estimates of the flawesiaent prices to use Bepl of the
next iteration. A worthwhile aspect of this methedts ability to control the variations
induced in the price system by the balancing proedhrough the definition of an
suitable variance matrix for the deflators. Compgr{12) and (8b), it is clearly seen
how the block balancing procedure described ini@e@& of this paper can be utilized
to balance the accounting system at every singfeaftthe simultaneous procedure.

. Kk _pk _~k —
,{A B -C"=0 1
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4 An application to theltalian 2005 SIOT

The simultaneous balancing procedure at currentcandtant prices was tested on the
ltalian 2005 SIOT at basic pridesThis matrix, published by the Italian National
Institute of statistics (ISTAT hereafter), is comapli with the total flows of 59 branches
of production at current prices only and is, obgigualready balanced. The first step
was therefore to obtain a non-balanced matrix byifying the data with a random
algorithm. The modifications obtained were heldhivita maximum limit of 5%. Arad
hoc estimate of the 2005 SIOT with 2000 as price-ly&se was, then, worked out. For
this, where they were available, the flows at camsprices of the national accounts
were used, or the price indices of both input amghat also published by ISTAT. Table
1 shows the 2005 SIOT at current and constantgitcan aggregated form, according
to the A6 classification in 1995 ESA. The last entuof the table reports the vectex

of residuals.

Table 1: 2005 SIOT at current price (c) and price-base 2880 (k) . Unbalanced flows. Basic
prices. Billions of Eurd.

Branches Al A2 A3 A4 A5 A6 IUBP FCE GCF EFOB TUBP Res.

Al c 53 286 01 64 05 05 412 113 02 43 576 1.2
k 50 271 01 60 04 05 399 100 02 39 532 -15
A2 c 8.2 442.0 49.1 112.6 22.3 28.6 663.6 220.3 98.7 265.31245.9 5.7
k 7.4 401.6 43.6 102.3 19.5 25.4 605.0 193.0 87.2 238.81115.9-33.8
A3 c 02 87 170 127 82 46 521 731281 1.0 187.1 3.8
k 02 75 146 114 69 39 437 6.4 1131 09 1604 3.9
Al c 3.3 1244 215 132.1 31.8 18.9 328.0 316.6 29.8 49.2 720.3 -6.0
k 2.9 113.8 19.2 120.6 28.3 17.0 300.5 280.0 26.3 44.3 641.4 -9.0
A5 c 1.3 68.1 16.9 109.3 101.6 36.0 333.0 164.7 24,5 19.8 5509 7.4
k 1.1 605 14.7 96.4 86.7 31.2 2843 146.1 21.6 17.8 472.6 11.8
A6 c 02 102 19 94 42 235 497 3417 11 12 3949 59
k 02 89 17 83 35 202 4203013 1.0 1.1 3415 83
icep C 1836821 107.8 385.6 169.7 111.31499.81084.1 280.5 343.53209.4-14.4
k 16.6 629.1 94.7 345.6 142.4 97.31320.5 945.2 247.7 309.12818.1-37.8
NT c 05 100 16 102 65 95 381
k 05 90 14 89 54 82 331
VABp C 284 2703 77.4 298.1 347.9 268.51314.7
k 29.8 248.2 61.1 263.0 292.5 226.31139.5
IclE © 9.8 290.7 1.1 344 241 22 3623
k 9.0 2669 1.0 316 221 20 332.6
Tsgp C 56.41240.2 183.3 726.3 543.6 388.93223.8
k 54.71149.6 156.5 650.4 460.8 333.22855.9

The balancing procedure for the SIOT at current@mtbtant prices was divided in
3 steps, as in (12), in each of which the bloclabeihg method was used. The system
of balancing equations was defined in a very ai@@ytvay, using a scheme similar to
that described by Nicolardi (2000). F8eps 1 and 3, 7458 equations were utilized,
with a vector X of 11464 elements, while fd®tep 2 the number of equations was
11464 with a vectoix of 34392 elemenfisin order to ensure the convergence of the
entire system, a very complex scheme was adoptatdaletermination of the estimate

® All the data used in this work are taken from dhnéine database of ISTAT.

" A1-A6 Branches of productiod,CBP - Intermediate consumption at basic priced: — Net
taxes;VABP Value added at basic pricé€IF — Imports cif;TSBP — Total supply at basic prices;
IUBP — Intermediate uses at basic pricESE — Final consumption expenditur8CF — Gross
capital formationEF OB — Exports fob;TUBP — Total uses at basic prices.

8 The complete balancing scheme is available onesidtom the author.
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variances of the different accounting flows. Inddderms, variable weights between 0
and 1 were attributed to the initial values andssgjoently the variances were obtained
through the product of each estimate for the respeaveight (Nicolardi, 2000).
Specifically, the different significance of the iesdtes obtained directly from the
national accounts and of those obtained with imtlineethods was taken into account in
determining the variances of the values at congieoes and those of the deflators. It
should also be recalled that as the starting veaftdine estimates in every iteration is
the final vector of the preceding one, it is neaegso recalculate the variance matrix at
each iteration. In this work, the criterion adopteds to leave the matrices of initial
weights unchanged and to recalculate the new waiamatrices multiplying them by
the new estimates. One of the critical points ef¢bnvergence process is certaiftigp

2. Indeed, without any restriction on the partiaheergence process of the step, there is
a possibility that the system may not convergehat it may converge very slowly. To
avoid this, a general criterion of calibration foe variances of the different flows for
Sep 2 only was adopted. Therefore, the variances of #ie dt current prices were
significantly reduced, while those of the deflatorsderwent a lower reduction. The
variances of the data at constant prices wereuleditered. The different calibration
depicted above focuses much more on the balandirtgeoflows at current prices
compared to that of flows at constant prices. Thater estimates, in fact, represent a
“residual” output with respect to the calculatiohflows at current prices and of the
deflators. Moreover, as the variances have the sagasurement unit as the flows, it
was necessary to normalize then8igp 2 so as to permit a distribution of the residuals
among the non-balanced estimates according tofarmmcriterion. To obtain a more
rapid convergence of the method, the solution abptas to reduce gradually the
weights for the recalculation of the variance ntaiof the flows at current prices at
each iteration. A further problem Biep 2 is related to the necessity of calculating the
logarithms of the estimates ¥n The problem is due to the fact that there may be
negative values in the SIOT (e.g. change in invéegd, for which it is not possible to
calculate the value of the logarithm. In this wdte criterion adopted is to consider the
absolute value of those negative values and theertinhe operation in the relative
balancing equation. The conditionex(lg]) < 0.1 was placed as a stop criterion of the
iterative procedure for the accounting system & lcarrent and constant prices in the
same iteration. Table 2 reports the 2005 SIOT asEmt prices.

5 Conclusions

In this paper, a balancing procedure for I-O talblas been introduced to permit their
simultaneous balancing at current and constanegricomparison of the balanced and
non-balanced 59 branch SIOT matrices shows that sihaultaneous balancing
procedure yields “reasonable” changes in the indsimates from an economic and
accounting point of view. In fact, the balancingteyn re-valued the flows at current
prices by an average ©f3%. The balancing process also yielded greateifioations

to the deflators and to the flows at constant gri@s was to be expected given the
indirect methods used for determining the initisti|mates. Nevertheless, by analyzing
in detail the variations yielded by the balancinggedure, it can be noted that the
greatest relative variations involve the flows witlegligible values, mainly in the
matrix of intermediate consumption and the vectothe change in inventories. In all
the other cases, the relative variation is less ft@®6. Furthermore, the convergence of
the balancing procedure was very rapid: 43 itenatizvere sufficient to obtain the
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balancing of the accounting system. These resuf@igest that the procedure proposed
in this paper is suitable to solve the still relevaroblem of simultaneous balancing at
current and constant prices of the national acdognsystems. Further future
developments could emerge mainly from the searchstfimnger conditions for the
convergence of the iterative process, and alsanfe efficient criteria of recalculation
and management of the variance matrices in therdiit steps of the procedure.

Table2: 2005 SIOT at current price (c) and price base 2680 (k). Balanced flows. Basic
prices. Billions of Euro.

Branches Al A2 A3 A4 A5 A6 IUBP FCE GCF EFOB UBP
53 287 01 64 05 05 413 114 02 43 573

C
Al k 50 27.8 0.1 6.3 0.5 0.5 40.2 104 0.2 40 547
A2 c 8.3 4447 49.2114.0 225 28.7 667.5 222.0 98.9266.31254.6
k 7.3 408.4 44.5104.8 20.0 26.2 611.3 197.5 90.2240.81139.8
A3 c 0.2 8.8 17.3 13.0 84 47 524 75 1252 1.0 186.1
k 0.2 7.1 14.3 10.7 6.5 3.7 425 6.5 108.9 0.9 158.7
Al c 3.3 1243 21.3133.0 32.0 18.9 332.8 316.7 29.4 49.6 728.6
k 2.8 1124 19.2119.8 27.8 16.8 298.8 278.4 26.3 43.9 647.4
A5 c 1.3 68.9 17.0111.3 102.9 36.5 338.0 167.8 24.1 19.8 549.7
k 1.0 58.8 14.7 93.4 84.7 31.1 283.7 145.7 21.0 17.4 468.0
A6 c 0.2 10.3 1.9 95 4.3 23.4 49.6 3425 1.1 1.3 3945
k 0.1 8.4 1.6 7.9 3.2 19.6 409 297.3 1.0 1.1 340.3
|CBP c 18.5 685.8 106.7387.1 170.6 112.81481.51067.9 279.0342.23170.8
k 16.4 622.9 94.4342.9 142.7 98.01317.3 935.8 247.6308.12808.8
NT c 0.5 9.8 1.6 10.0 6.4 9.4 37.7
k 04 8.8 1.4 8.6 53 8.2 32.7
VABP c 28.4 270.2 76.7297.3 348.9 270.21291.7
k 29.3 2454 61.8264.1 297.8 232.01130.4
ICIE c 9.8 288.8 1.0 34.1 238 2.2 359.8
k 8.5 262.8 1.0 319 222 2.1 328.4
TSBP c 57.31254.6 186.1728.6 549.7 394.53170.8
k 54,7 1139.8 158.7647.4 468.0 340.32808.8
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