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Abstract We give a brief overview of some basic concepts of Extrema&@heory
in Infinite Dimensional Space, and present a limiting tadhability result for the
integral of a stochastic process. This result leads to whgstonating high quantiles
(or similarly return periods, or tail probabilities) redatto that integral. The theory
is applied to daily rainfall data over the Venice lagoon oeg(ltaly). We estimate
the 100-year quantile pertaining to the daily total amodmam for that region.
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1 Introduction

Let X := {X(s)}scs be some stochastic process on C(S), the space of continuous
functions onS, with S some compact subset B¢ (d > 1). For example the pro-
cessX may represent daily rainfall over the spa@eA quantity of interest is then
the daily total amount of rain over that regiofgX(s)ds and we are interested in
studying extremes related to it. For example in studyinggh lgjuantile, i.e. the

quantityx such that,
p=P (/X(s)ds> x) ,
Js

for a given small valug. Or, similarly one definep as the tail probability associated
to a given high value. Note that in applications in extreme value theory, we are
dealing with a valuex such that none or very few of the observed processes
verify the requiremenggX(s)ds> x . Since we want to keep this feature in the
asymptotic analysis, we impose conditions such that thidshio the model. This
leads us to assume that= p, andp, = O(1/n), wheren is the number of available
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observations or, similarly, that= x, andx, converges to the right endpoint of the
distribution of [sX(s)ds.

In this paper we start by giving some basic concepts of Ex@ér¥alue Theory
in Infinite Dimensional Space and, afterwards, present @itigitail probability for
JsX(s)ds(Section 2). From this result one obtains estimators foh lojgantiles or
tail probabilities related tggX(s)ds (Section 3). Finally we apply the results to
daily rainfall data over the Venice lagoon region, Italy ¢&en 4). The rainfall data
is available at some fixed locations in space, the monitastagons. Based on this
observations we estimate the 100-year quantile relateuetdaily total amount of
rain for that region.

Original ideas for aggregating the original procesare from Coles and Tawn
(1996), with recent developments from Ferreira, Chen andatn (2010).

2 Some Theory: Max-Stable Processes, Domain of Attraction
and Tail Probability of [sX(s)ds

M ax-Stable Processes

A processY := {Y(s) }s.ra With non-degenerate marginals is call®dx-stablef,
there are continuous functioreg(n) positive andds(n) real and ifYy,Ys,..., are
independent and identically distributed (i.i.d.) copié¥ pthen

n -
Yimhdy  h_12. (1)
Cn

i=1

Of course that if (1) holds, then it holds marginally, and wmalkcall a process
simplemax-stable when its marginal distributions are standaggtfet.

A max-stable procesg can be represented viasanple max-stablerocess)
say (hencd(n(s) < x) = exp(—1/x), x> 0, for all s), by

_[nero-1
{Y(S)}SE]Rd - { Y(S) }SERd ’ (2)

with y(s) € R, the extreme value index function, known to be a continuaastion.

Different ways to characterize and represent max-stalmeegsses are known,
some more abstract or more developed than others, a subget current investi-
gation, though it can go back to e.g. de Haan (1984), de HadP@mkands (1986),
Smith (1990) and Resnick and Roy (1991).

Just to give an example, a subclass of stationary max-gtabtesses with a suf-
ficiently simple representation (at least for applicat)dasghe class ofnoving max-
ima processege.g. de Haan and Pereira (2006) and note that this incluchith’S
(1990) model)
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with ¢ a unimodal continuous probability density afdi,U;)}” ; a realization of
a homogeneous Poisson proces®Rank R, .

Domain of Attraction Condition

Let Sbe some compact setBf (d > 1), andC(S) the space of continuous functions
on S, equipped with the supremum norifij. = Sup.g|f(s)|. Let X := {X(S)}scs
be a stochastic process 64S) with non-degenerate marginals.

The following condition means that is in the domain of attraction of the max-
stable process Mif for Xy, Xz, ..., i.i.d. copies 0fX and continuous functiores(n)
positive andos(n) real,

{ o Xils)~ by(n)

1<i<n  ag(n)

} Al o ©)

for some limiting stochastic proce¥s:= {Y(s) }scs, in theC(S) space. Of course
that if (1) holds, then it holds marginally, i.e. the maximulomain of attraction
condition holds in the finite dimensional framework.

Some implications of (3) which will be useful in the sequed #re following:

1. The existence of thexponent measure say, on the space
C (9 :={feC(9:f>0}

It is such that, for each Borel sub€etf C* (S) with inf{|f|. : f €E} > 0and
V(JE) =0,

: X(s) — bs(t) \ V" B
tIg‘rc]c)tP({(ler(s)as(t)>+ SgseE =v(E), 4)

the limit being finite (notatiorx; := max0, x)).
2. The existence of thgpectral measuregp say, on the space

Cl(9:={geC"(9:lgl==1}.

Itis such that,

v(E) _// fzdp and /_ g(s)dp(g) =1, forallscS. (5)
rgeg I cl (s

A more comprehensive exposition of these results may bedfgude Haan and
Lin (2001) and de Haan and Ferreira (2006).
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Tail Probability of [X(s)ds

Next we give the main result characterizing the tail disttidn of [sX(s) ds which
will be the basis for the estimation procedure to analyseeex aggregated rainfall
over the entire region.

We need two kinds of homogeneity over the space, in ordethleatesult holds:

1. On the shape function: the max-domain of attraction damdmust hold with a
constant index function, i.g(s) =y Rforallse S
2. The scaling functiomag(t) must verify: for some positive functiorsgt) andA(s),

as(t)
a(t)

Recall:Sis a compact set d® (d > 1), C(S) the space of continuous functions
onSandX := {X(s)}scs 0nC(S) has non-degenerate marginals.

sup
S

—A(s)

—0, as t— oo (6)

Theorem 1 (Ferreira, de Haan and Chen (2010)). Let the stochastic process X
satisfy the basic convergen(® with y(s) = y € R and a&(t) verifying(6). Require:
for y =0, as(t) = a(t)A(s) for all t and s; fory < 0, p{g € C{ (9 : infscsg(s) =
0} =0; for y > 0, that X is non-negative.

Then,
e () i dewe0 @
with 1y
6 = /<;‘1+<s> ( [S A(s)gV(S)dS) dp(9); (8)

for y = O the right-hand side of7) should be read aépe * and the right-hand side
of (8) asfq(& exp( JsA(s) logg(s)ds)dp(g). We haved, > O for all y.

Note the resemblance between (7) and the max-domain o€tabimacondition
on the one dimensional extreme value framework in the GénedaPareto form
(in the followingW is a random variable): if for some real functioag&) > 0 and
b(t)

lim tP (W;(tt;(t) >x) = (14+yx)~YY, forallxwith1+yx>0, yeR. (9)

The extra facto, that appears in (7) was named in Coles and Tawn (1996), the
areal coefficienand interpreted as the effect of spatial dependence.
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3 High Quantile and Tail Probability Estimation

On the basis of an i.i.d. sample of siz&om X, we suggest the following estimators
for a high quantilex, (given p = p,) and for a tail probabilityp, (givenx = X):

- n o (B)7-
%o = [Ba(@)ds+ [ A ds 05— (10)
. =y
" _L(” AXn*beS(E)dS
e n9<”y sas(P)ds ) )
with "
o~ [ ([Aodus) doa), 12)

andk = k(n) an intermediate sequence, ile—+ « andk/n — 0, asn — «. The
‘intermediate’ estimatoras(y ) andbs( ) come from marginal estimation angland
A(s) are obtained by combining appropriately over the space imergstimation of
shape and scale respectively, as explained nextpRee use an ‘empirical-type’

estimator,

n+1-R(X; (s)

,\ 10
A=->31 il .
p( ) k|; {SugesR(Xi(S))>n+lfkand{M}S&S€Ay}

whereR(X;(s)) is the rank ofX;(s) among(Xy(s),...,Xa(S)).

Under univariate extreme value theory, many estimatore baen proposed for
the scale, location and shape parameters, with somehowecative properties. In
the application we will have to estimate these parametaeract monitoring station,
on the basis of each data set of each station. Recall thaj tiqlgls then it also
holds marginally. In the application we use the well-knowoment-type estimators
(Dekkers, Einmahl and de Haan (1989) and more recently Hihara Lin (2006)
under the infinite dimensional setting):

g = 1_(“’“(‘1)(5))2

y()=Mn"(s)+1- > (13)

whereM{(s) = k1 53 (logXn—in(s) — Ioan,k‘n(s))j, j = 1,2, with X; , repre-
senting the order statistics,
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n
S(R) = xnfk.n(s)~
For the "global” scale and shape parameters we use

Vo =¥ )dS/\SI, (14)
Als) = as()/ Jsa (15)

with |§ representing the total area.

The estimatop, in (11) is known to be consistent in the sense fhdtp, — 1, as
n — oo, under some conditions (cf. Ferreira, de Haan and Chen [20d@articular
under the conditions of Theorem > —0.5 and the ‘usual’ growth conditions on
the sequenck from the univariate estimation of high quantiles.

4 Application to Rainfall Data

The estimators will be applied to high quantile estimatient@ining to aggregated
daily rainfall over the drainage basin of the Venice lagoBig(re 1). The analisys
is based on daily rainfall data at 24 monitoring stationsrirthhat region, over a
time period of 55 years (1940-1994), from the months SepteaNovember, i.e.
91 days over 55 years giving a total of 5005 observationsdchestation (though
still with missing values). We shall estimate the 100-yagrgile i.e., that value that
is exceeded once in 100 years. As we have 91 observationgpeityorresponds
to a given value of, = 1/9100.

The considered stations are (with the respective numb&f)Bptti Barbarighe,
(49)Cavanella Motte, (50)Chioggia, (53)Stanghella, (B@gnili di Sopra, (57)
Battaglia Terme, (59) Este, (63) Bovolenta, (67) S.Marigaeati Codevigo, (69)
Curtarolo, (70) Gambarare, (71) Mirano, (72) Padova, (923t€franco Veneto,
(93) Cittadella, (97) Massanzago, (98) Mestre, (99) Magligeneto, (100) Piom-
bino Dese, (101) San Nicolo’ di Lido, (102) Stra, (106) Psirie, (107) Treviso,
(108) Zuccarello.

Since we only have observations of the process at some fireldiate) points in
the space (the monitoring stations), for the overall edionaone has to extrapolate
‘information’ over the space. In the calculations, theistat are connected with
lines, the area is partitioned in triangles, and ‘inforroatiis extrapolated linearly
over the space (for more details see the Application’s @edéti Ferreira, de Haan
and Chen (2010)).

One has first to proceed with marginal data analysis. Thateasfirst perform
‘standard’ univariate extreme value analysis at eachosta@parately. A typical is-
sue then is the choice of the threshold, above which gemethlareto distributions
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Fig. 1 Venice lagoon with the 24 monitoring stations

are reasonably fitted to the data. After an ad-hoc graphiciatian for all stations
we decided for a generic value kf= 100 (recall from the theory that this corre-
sponds to a threshold &, » for each station). As itis typical for this kind of data,
a GP fit goes well, and a typical estimation fit and diagnossicgven in Figure 2.
In Figure 3 are represented all the marginal estimateddr.@ll the stations) of the
shape parameter, now with moments estimator (cf. (13)).

Proceeding with the estimation, the intermediate restfikstiimates of the global
shape (cf. 14) and of the dependence coeffiofe(df. (15)) are shown respectively
in Figures 4 and 5.

Finally, in Figure 6 are the 100-year quantile estimate$eftotal daily rainfall
over the entire region. Note that the value is scaled downhbkytdtal area. For
instance, tk = 250 corresponds an estimate of 92.35 ankl+0300 an estimate of
94.73, values that looks to be in a stable region of the gieagsgtimates.

Acknowledgements | thank Chen Zhou for provinding me part of the R-code for thgliaption.
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Fig. 2 Standard Generalized Pareto fit to the data from Station 48gilla Motte), with a thresh-
old of 26.6 k = 100); maximum likelihood estimation from the package ismev frosoRware
gives the marginal estimates: for the scale 14.32 (s.e.=2.10)patitef shape 0.01 (s.e.=0.11)
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