Resampling methods for variance estimation in
the presence of missing survey data
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Abstract Resampling methods (e.g., jackknife and boostrap) are often used in sur-
veys. Unlike Taylor linearization procedures, these methods neither require separate
derivation for each particular estimator nor require the second-order inclusion prob-
abilities that may be difficult to obtain for complex designs. In the presence of im-
puted data, resampling methods have been adapted in order to take the nonresponse
variance into account (e.g., Rao and Shao, 1992 and Shao and Sitter, 1996). In this
paper, we review these methods and we describe some variance estimators of the
total variance that are asymptotically unbiased and consistent when the sampling
fraction is not negligible.
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1 Introduction

The problem of variance estimation in the presence of imputed data has been widely
treated in the literature. It is well known that treating the imputed values as if they
were real observations will typically result in estimated variances (or coefficients of
variation) that are usually too small because they fail to account for the variance due
to nonresponse and imputation. As a result, inferences are generally invalid. For
example, the coverage probability of 95% confidence intervals obtained by using
naive variance estimation methods may be considerably smaller than the nominal
level, especially if the nonresponse rate is high. This led researchers to develop
variance estimation methods that account for the variance due to nonresponse and

David Haziza
Département de mathématiques et de statistique, Université de Montréal, e-mail:
david.haziza@umontreal.ca



2 David Haziza
imputation.

Traditionally, the total variance of the imputed estimator has been expressed as
the sum of the sampling variance and the nonresponse variance. This decomposi-
tion of the total variance results from viewing nonresponse as a second-phase of
selection. For this reason, this framework is often called the two-phase framework;
see Rao (1990), Sarndal (1992) and Deville and Sédrndal (1994), among others. In
this paper, we consider an alternative framework, which we call the reverse frame-
work; see Fay (1991) and Shao and Steel (1999). It consists of viewing the situation
prevailing in the presence of nonresponse as follows: first, applying the nonresponse
mechanism, the finite population U is randomly divided into a population of respon-
dents U, and a population of nonrespondents U,,. Then, given (U,,U,,), a sample s,
containing both respondents and nonrespondents, is selected from U according to
the chosen sampling design. Unlike the two-phase framework, it helps to clarify and
to justify the properties of variance estimators obtained using replication methods
in the presence of imputed data. The reader is referred to Rao and Shao (1992),
Rao and Sitter (1995), Shao and Sitter (1996), Shao (2002) and Davison and Sardy
(2007) for a description of replication methods in the presence of imputed data.
In practice, replication methods are often used because, unlike Taylor linearization
procedures, they do not require separate derivation for each particular estimator nor
do they require second-order inclusion probabilities that may be difficult to obtain
for complex designs.

2 Set-up

Let U ={1,2,...,N} be a population of N elements. We are interested in estimating
apopulation mean ¥ = N~'Y,.,, yi, where y; denotes the i-th value of the variable of
interesty, i = 1,...,N. We select a sample, s, of size n, according to a given sampling
design p(s). Let d; = 1/m; denote the design weight attached to unit i, where 7
denote its first-order inclusion probability. In the absence of nonresponse, a design-

unbiased estimator of ¥ is the expansion estimator given by Y, = N~! ¥ d;y;. That
ics

is, E,,(f/ z) = Y, where the subscript p denotes the sampling design p(s). In the
presence of nonresponse to item y, only a subset of s, of size n,, respond to item y,
in which case we define an imputed estimator ¥; by

L1 .
Yi=5 Y diryi+ Y di(1=ri)yi |, ey

ics ics

where y; denotes the imputed value used to replace the missing value y; and r; = 1 if
unit i responds to item y and r; = 0, otherwise. For simplicity, we consider the case of
mean imputation. The extension to the more general case of regression imputation is
relatively straightforward. Under mean imputation, the imputed values y; are given
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by

yE = Licsdiriyi
l Yicsdiri

and the imputed estimator (1) reduces to

=7, 2

Y, Zd r,y,,Zdr,

i€s ics

In this paper, we assume that the sampled units respond to item y independently
of one another with probability p. This nonresponse mechanism is often called a
uniform nonresponse mechanism.

3 Variance estimation under the reverse framework

Under the reverse framework, the total variance of ¥;, denoted by V7, can be ex-
pressed as

Vi = E,V,(Yit) + V,E,(Y/|r) = Vi + V3, 3)

where the subscript g denotes the nonresponse mechanism and r = (rq,...,ry)’ is
the vector of response indicators. To estimate the term Vi, it suffices to estimate
V,,(f/ 7|r), which represents the variance due to sampling conditional on the vector
of response indicators r. Because the response indicator r; can now be viewed as a
characteristic of unit i, the problem of estimating V; reduces to that of estimating the
sampling variance of a smooth function (namely, y/(.)) of estimated totals, which
is a standard problem in design-based variance estimation. An estimator of Vj is
readily obtained by using any standard variance estimation technique available in
the complete data case. For example, Taylor linearization procedures or replication
methods such as the jackknife or the bootstrap can be used. Estimating the term
V, requires the specification of a nonresponse model and can be obtained using a
Taylor linearization procedure.

Under mild regularity conditions, the term V; is of order O(n_l), whereas the
term V; is of order O(N -1 ). Therefore, the contribution of V; to the total variance,
is of order O (ﬂ) and it follows that the contribution of V; is negligible when

Va
Vi+V2
the sampling fraction, f = n/N, is negligible. In this case, the term V, may be omit-
ted from the calculations and an estimator of the total variance is given by Vz = V;.
Under mild regularity conditions, the estimator V; is asymptotically unbiased and
consistent for V; even if the underlying assumptions about the nonresponse mecha-
nism are not verified. For example, suppose that the sample s was selected according
to simple random sampling without replacement, in which case d; = N/n for all i.
A first-order Taylor expansion leads to
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A \2
where s2 = (n, — 1) Y, 1y (yi -Y ,) . When the sampling fraction is not negligi-

ble, we must take the term V; into account. Noting that E,(Y|r) & ¥;cy rivi/ Licy i =
Y,, we approximate V> under uniform nonresponse (in which case E,(r;) = p and

V,(ri) = p(1—p)) by

V2%< N )2P(1—P)Zri(yi—5_’r)2- 5
YieuTi

ieU

Under simple random sampling without replacement, an estimator of V,, denoted
by V>, is obtained by estimating the unknown quantities in (5), which leads to

2
A Ny S
Vo= —-=2L, 6
2 N n, ©

where n,, = n — n, denotes the number of nonrespondents. The estimator v is
asymptotically unbiased for V> under uniform nonresponse; that is E,E, (V2|r) ~ V5.
Finally, under simple random sampling without replacement, an estimator of Vr is
given by

Pr =00y = (1= "y (7)
T—V1 2 = N nr7

where V; and V5 are given by (4) and (6), respectively. The estimator Vr is the so-
called linearization variance estimator of V.

4 Resampling methods under complete response

In this section, we briefly describe two resampling methods in the complete data
case: the jackknife and the Rao-Wu bootsrap. We assume that the sample s is se-
lected according to simple random sampling without replacement, in which case

Yﬂ,’ = nil Ziesyi =J.

4.1 The jackknife

In the absence of nonresponse, a jackknife variance estimator is obtained as follows:

(i) remove the unit j = 1 from the sample;
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(i) adjust the design weights d; = N /n to obtain the so-called jackknife weights dN,»( j)
where d~,~( j) 18 given by
N N g .
Joolair=aaifi#]
i) ifi=j
(iii) compute the estimator y(;) which is calculated the same way as y but using the

adjusted weights Ji(j) instead of the design weights d;;
(iv) insert back unit j = 1 deleted in step (i);
(v) repeat the steps (i)-(iv) for j =2,...,n.

A jackknife variance estimator of y is then given by

. -1\ &
V= (”n ) Zl(y‘m—y‘)z. (8)
P

It is well known that V; in (8) reduces to V; = s%/n, where s§ =(n—1)"" Y, i — 7).
That is, V; corresponds to the textbook variance estimator under simple random
sampling with replacement. A trivial modification of v; consists of incorporating
the finite population correction, 1 — f, to obtain Vj‘ = (1 — f)V; which corresponds
to the textbook variance estimator under simple random sampling without replace-

ment.

4.2 The Rao-Wu boostrap

Rao and Wu (1988) proposed a rescaling bootsrap method in order to estimate the
variance of )ﬁ’ﬂ Their method draws bootstrap samples of size n’ with replacement
from the rescaled sample s. Note that n’ may be different from n. The rescaling
factor, denoted by C, is chosen so that the variance under resampling matches the
usual variance estimator of the population mean. The Rao-Wu boostrap may be
described as follows:
(i) Let #’ be the bootstrap sample size. Let z; = §++/C(y; — ), i = 1,...,n, where
C=n'(1=f)/(n—1).
(i) Draw a simple random sample {z;}" | with replacement from {z;}"_. Let 7* =
i/
(iii) Repeat (ii) a large number of times, B, to get Zz‘w, e ,Z}‘B).

The Rao-Wu bootstrap variance estimator is given by

> 1 5 —k = \2
Viw = 7 LG = 70)%
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where () = Y2, ) /B. The estimator Vg is a consistent estimator of (1 — f )s}2 /n,
which corresponds to the textbook variance estimator under simple random sam-
pling without replacement.

5 Resampling methods in the presence of imputed data

Resampling methods have been adapted to take the nonresponse into account. In
the presence of imputed data, Rao and Shao (1992) proposed a jackknife variance
estimator and Shao and Sitter (1996) proposed a boostrap variance estimator. As we
argue in sections 5.1 and 5.2, both variance estimators can be justified by the reverse
framework as they provided an estimator of V; (see section 3).

5.1 The Rao-Shao jackknife

In the presence of nonresponse to item y, the use of (8) may lead to serious un-
derestimation of the variance of the estimator, especially if the nonresponse rate is
important. Rao and Shao (1992) proposed an adjusted jackknife method that is cal-
culated in a similar fashion as (8) except that, whenever a responding unit is deleted,
the imputed values are adjusted. The imputed values are unchanged if a nonrespond-

ing unit is deleted. Let yl?"(’;) denote the adjusted imputed value for unit i when unit
J was deleted. For mean imputation, we have y?(;.) =Y if rj=1and yf(*j) =¥,
if r; =0, where y,(;) denotes the mean of the respondents excluding unit j. The
Rao-Shao jackknife variance estimator is then given by

N n—1\ & /za 2\2 s
VJRS = < n > Z (YI(]) 7Y1) ~
J

2
r
= n,

. (€))

assuming that n/n —1 =1 and n,/n, — 1 = 1, where }Q’Z j) is computed the same

way as Y 7 but with the adjusted imputed values y?@ instead of the original imputed

values y;. That is, V)rs is asymptotically equivalent to V; in (4) if we neglect the
finite population correction, (1 — f). In fact Virs is an estimator of Vo (f’[|r) that

we would have obtained had the sampling been performed using simple random
sampling with replacement. Hence, V;zs is asymptotically unbiased and consistent
for V| under simple random sampling with replacement, or equivalently, if the sam-
pling fraction f is negligible. Note that the second term, V>, is not accounted for.
Intuitively, this can be explained by the fact that once an unit is deleted, nonre-
sponse is not generated in each jackknife replicate before the imputation process is
performed. In other words, the Rao-Shao adjusted jackknife simulates the effect of
(with replacement) sampling conditional only on the vector of response indicators
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r. Now, since the contribution of the term V; to the total variance is negligible when
the sampling fraction f is negligible, V;zs is asymptotically unbiased and consistent
for the total variance of Y;. This is not true anymore if f is appreciable. In this case,
it is important to take the term V, into account. An estimator of the total variance is
given by
Vi=(1~f)Virs+Va,

where V5 is given by (6); see Haziza and Picard (2009). Since V)gs is an estimator of
Vp (17,|r), and Y; = v (e, dirivi, Yics diri), where y(.) is a smooth function of es-

timated totals (see section 2), V;gs can alternatively be obtained by using a standard
(complete-data) jackknife procedure designed for estimating the variance of smooth
functions of totals. Therefore, under deterministic imputation, no adjustment of the
imputed values is necessary if an appropriate standard jackknife procedure is ap-
plied. As a result, the Rao-Shao jackknife variance estimator can be obtained using
software designed for complete data jackknife variance estimation. This is an attrac-
tive property from a practical point of view.

5.2 The Shao-Sitter boostrap

Applying the Rao-Wu bootstrap in the presence of missing responses and treat-
ing the missing values as true values, may lead to serious underestimation of the
variance of the estimator. In the presence of imputed data, Shao and Sitter (1996)
proposed a bootstrap procedure for imputed survey data that may be described as
follows:

(i) Letz; =y +C(! —3"), fori=1,---,n, where C =n'(1— f)/(n—1).

(i) Draw a simple random sample of size n’, {(z],r}) :’/:l with replacement from
{(ziri) Yy

(i) Letz! = z;-k/if rf=1landz/! =z if rf =0, where Z: = Y1 | rizi /YL, r}. Also,
letz ! =Y" 2 /n.

(iv) Repeat (ii)-(iii) a large number of times, B, to get ZZ‘{ yr ,ZZ}I;).

The Shao-Sitter bootstrap variance estimator is then given by

1 B

(7 _ =kl =k \2
VBss = (B—l)b;(z(b)iz(')) ;

where ZTI) =5, Z’(*é) /B. The estimator Vpgs estimates (1 — f)s2/r consistently,

which is identical to V; in (4). Thus, as for Vjzs, Vass, is an estimator of Vy (f/ 1\r>

under simple random sampling without replacement. As for the Rao-Shao jack-
knife variance estimator, the term V, is not accounted for. Intuitively, this can be
explained by the fact nonresponse is not generated in each bootstrap sample before
the imputation process is performed. In other words, a respondent in the original
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sample is automatically a respondent in the bootstrap samples and the same is true
for a nonrespondent. Therefore, the rescaling Shao-Sitter bootstrap variance esti-
mator simulates the effect of (without replacement) sampling conditional only on
the vector of response indicators r. As for the Rao-Shao jackknife variance estima-
tor, Vzss can alternatively be obtained by using a standard (complete-data) Rao-Wu
bootstrap procedure to a smooth function of means. Therefore, under determinis-
tic imputation, there is no need to re-impute within each bootstrap sample and the
Shao-Sitter bootstrap variance estimator can be obtained using software designed
for complete data bootstrap variance estimation.

Now, since the contribution of the term V; to the total variance is negligible when
the sampling fraction f is negligible, Vs is asymptotically unbiased and consistent
for the total variance of ¥ 1- Once again, this is not true anymore if f is appreciable.
In this case, an estimator of the total variance is given by

Vi = Vpss + Va,

Alternatively, it is possible to use a bootstrap procedure, which tracks the total vari-
ance Vr =V + V>, in the case of nonnegligible f. It is presented in the next section.

5.3 Boostrap procedure for estimating the total variance

Haziza, Léger and Mashreghi (2010) proposed a bootstrap procedure, which leads
to an asymptotically unbiased and consistent estimator of the total variance, Vr =
Vi + Va, even if the sampling fraction f is not negligible. It can be described as
follows:

(i) Letz; =3 +/C(y} —3), fori = 1,---,n, where C = n'[1 — (n,/N)]/(n, — 1).
(i) Draw a simple random sample of size ', {z; ;il , with replacement from {z;}7_,
and then independently, draw a bootstrap sample of response indicator of size 7',
/ .. . .
{rf},, with replacement from the original response 1ndlclators {r,'}:%l.
(iii) Letz! = z,’f/if ri=1landz! =z if rf =0, where Z; = Y1 rizf /X1, r}. Also,
letz/ =y 2 /n.
(v) Repeat Steps (ii)-(iii) a large number of times, B, to get Z’(*ll), e ’Z>(kl[?)‘
The resulting bootstrap variance estimator is then given by

1 B

=kl =kl \2
(B— 1) ;(Zu}) *Z(,)) .

Vg =

The estimator V3 estimates (1 —n,/N)s2/n, consistently, which coincides with the
linearization variance estimator given by (7).
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