Prior predictive p-values for assessing the
Goodness-of-fit of the Skew Normal model.
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Abstract We review a series of goodness-of-fit tests for the family kév& Nor-
mal models when all parameters are unknown. As the null sartiptributions of
the considered test statistics depend only on the asymrpatgmeter, we use a
default, but proper, prior on skewness parameter to integraut. We thus obtain
prior predictive distributions of the test statistics iniaththe prior predictivep-
value, advocated by G. Box, is used to check the fit of the Skewndl model.
Goodness-of-fit tests, here proposed, depend only on thplsaize and exhibit
full agreement between nominal and actual size. We showtladégdhey have good
power against local alternative models which also accoona$ymmetry in the
data. We exemplify how to use these tests in some anthropiemetasures using
the GOFSN library in R,

Key words: Empirical distribution function test, Jeffreys’ prior,ipr predictive
distribution, testing statistical hypotheses.

1 Introduction

In this paper we consider the univariate Skew Normal modél{ hereafter) de-
scribed in [1]. One of the main features of th¥é.4" distribution is the ability to
model the skewness through a shape parametdihis model exhibits remarkable
properties in terms of mathematical tractability and it baen applied, as a refer-
ence model, in several scientific disciplines as, for examggonomics, epidemiol-
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ogy and geology (i.e.: [4, 7, 14, 16]). In order to use a patammodel to make
inference it is first necessary to analyze its fit on obsenagd.dn this context, we
approach model checking as a preliminary analysis in thheifassumed model is
compatible with observed data, then the full (and difficpltpcess of model elab-
oration and model selection (or averaging) can be avoidexdk¥\bn goodness of
fit (GOF hereafter) for”.4# model can be found in: [22] where normality is tested
within the.” 4" class by showing that the coefficient of skewness is thellpoadst
powerful location and scale invariant statistic; [21] usieel same test statistics for
testing departures from the half-normal distribution;][&fudied the Kolmogorov-
Smirnov test to assess GOF.gf.4” model assuming all parameters known; where
instead [20] derived the distribution of several test stat$ when all unknown pa-
rameters are estimated with the maximum likelihood estinsafMLE). This last
work reports tables with critical values of GOF test for fixedues ofA and differ-
ent sample sizes), obtaining an agreement between nominal and actual sizeeof t
test only for largen (n > 400). [12] proposed a test based on the Anderson-Darling
test statistic (AD statistic, in the sequel) to analyze theffthe.”.4#” model. In or-
der to avoid the dependence of the approximated quantdestiieA parameter, in
[12] it is considered a polynomial regression on the quesitilf the AD statistic as
function of the skewness parameter. Unfortunately, in SBCHr test, there is a lack
of agreement between nominal and actual size of the tegtast, lfor the analyzed
sample sizesn(= 50 andn = 100, see Table 4 and 5 in [12]).

In this paper we follow, instead, the Bayesian methodologscdbed in [10].
Such GOF tests are based on the prior predigiwalue of [9] and later exten-
sively discussed in [5, 6]. We describe the sampling distidn under the” .+
model, (null distribution in the sequel), for some empiriiatribution function test
statistics (EDF here after). This is achieved by integoatintA with respect to the
Jeffreys’ prior distribution discussed in [18]. In this waye can assess the com-
patibility of whole .4 class with data, moreover, the null distribution does not
depend on unknown parameters and the resulting GOF testsfalbvagreement
between nominal and actual size for> 3. The full agreement is assessed by the
fact that the sampling null distribution of associafedlalues are uniform. The key
point is that marginal prior predictive distributions okthsed EDF test statistics:

i) do not depend on location and scale parameters when theffasiently esti-
mated in the sense of ([13]) and

ii) the Jeffreys’ prior om is a proper distribution for the”.4#” model. Therefore,
the prior predictive distribution can be used to calculbtgg-value, while this is
not possible in general.

The rest of the paper is organized as follows: Section 2 descGOF test statis-
tics and derives their approximate null distributions.t®ec4 illustrates the power
of the tests against local alternatives. Application to teda sets is illustrated in
Section 5. Further remarks are contained in Section 6.
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2 Goodness-of-fit tests

A random variable is distributed as” ./ if X has density

f(X|Ean7A):%(p(X;’—E)®(A¥)7 —00 I X< 0,

whereq(-) and @(-) are respectively density and cumulative distribution figrc
(cdf) of the standard normal distribution. Parametess < £ < 0 and 0< n < o
are location and scale, respectively. Parameter A < o regulates the skewness.
The .4 is exactly the normal model fox = 0, while asA — +oo the limiting
distribution is the half normal model. It is interesting tota that the coefficient
of skewnessy, depends only ol and varies in the intervd0.995270.99527)
([21]). This fact may cause incompatibility with data in whithe skewness is larger.

As reported in [18], maximum likelihood estimators (MLE).gf 4" parameters
may be infinite with high probability for smat and largeA. It has been shown
that the Fisher information matrix, using the above paraaadton, called “direct”
parametrization, is singular at= 0 (see [1]). Finally, another problem with this
model is that the profile-likelihood function for may have different stationary
points, with one ad = 0 independently of the observed sample ([18]).

Papers [2], [21] and [18] analyze different estimation téghes in order to mit-
igate or avoid the mentioned problems. For our purposes,iitteresting to note
that singularity of the Fisher information matrix can be idea by working with
the central parametrization ([1]), denoted B§.4 cp(U, 0,y), whereu, o andy
represent mean, standard deviation and coefficient of skesymespectively (see
equation (1) in [21]).

In order to mitigate the irregularities of the likelihoodhietion, [18] proposes to
use the reference prior ([8]) oh (or equivalently ory). The reference prior equals
the Jeffreys’ prior for the case of a scalar parameter. TAkasparameter is the case
for our GOF tests as it will be illustrated in the next section

For constructing a GOF test we need three elements:

1) a diagnostic test statisti€, to quantify incompatibility with data, using the con-
vention that large observed valuég, indicate incompatibility;

2) a completely specified distribution far, h(t), under the null sampling model;

3) away to measure the conflict betweggandh(t) such as the@-value used here.

All these three elements are described in the sequel, whiilk description can be
retrieved in [10].

EDF statistics measure the difference between the embpaicaulative distri-
bution function,F,, and a theoretical on&,, that, in our case, is an element of the
N class. We fixF using the following estimates: MLE of, y, sample mearjj,
and sample standard deviati@n,for 4 ando respectively. Therefore, the theoreti-
cal distribution used is

F=YAcp(f1,0,y).
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As it is commented in [2], even when using the central parangtion for moder-
ate sample sizes, there are still problems with the MLE estimin fact, the estima-
tion of A can occur in the frontier of’s support, that i\ — oo (y — +£0.99527).
For the samples in which this occurs we adopt the strategyiamed in [2]: when
the maximization ofA is diverging, we choose the smalléstwhose likelihood is
not significantly smaller than the likelihood with = o according to a likelihood
ratio test.
The EDF statistics we report, in this paper, are the Kolmog&mirnov,D,

D" =sup{Fn(X) —F(X)}; D~ =sup(F(X) —Fn(X)};
D=maxD",D };

and the Cramér-von Mised/?, statistics

W2 = n /w(Fn(x) _F(X)2dF(0);

J —00

Other EDF statistics, more than those mentioned here, caouma in [10].
However, the GOF tests, here mentioned, exhibit the lagg®ser in the analyzed
local alternative models.

The corresponding sample version of both statistics arairdd using the fol-
lowing formulas:

. i_,. e _7i 1\
D miax<n z.),D miax(z| e )

D = max{D",D"}; 1)

n 2i—1\? 1
W? = (z ) +=
i; 2n 12n

wherez = F(x)), Z= Stiz/n andxjy denotes thé order statisticsXj) < Xi;1),
i=1,...,n).

When location-scale parameters,agnd o in our case, are unknown and re-
placed with efficient estimators in the sense of [13], suchi andd, then the null
sampling distributiorh(t) of the EDF statistics does not depend on the true values
of y ando ([23], Section 4.3.2).

However h(t) still depends ory since it is a shape parameter. In the frequentist
paradigmh(t) is usually obtained by plugging in a point estimator of th&nown
parameter (i.ey), obtaining the corresponding plug-pvalue, ppjyg. It is known
([5, 6]) that this type ofp-value is conservative in small samples because of the
double use of the data: first to estimédii) and second to calculate ttevalue
using again the data through the observed statidtjgs,In [20] ppiug is used, and
because of the double use of data, it results in less powetliegproposal reported
in this work.




GOF Skew Normal 5

Our proposal is to use, as null sampling distributigt), the marginal prior pre-
dictive distribution ofT obtained by integrating with respect to the Jeffreys’ prior.
In general, it is not possible to use this procedure becaosanformative priors,
as the Jeffreys’ prior or the reference prior, are usuallgrivper. In the case of the
</ model, the Jeffreys’ prior, that equals the reference pisoa proper density
([18]).

The Jeffreys’ prior fory is given by

2)

where the constart is obtained numerically using adaptive quadrature intémra
for the integrals with respect toandA .

The marginal prior predictive distribution df, m(t), is defined by averaging in
the conditional distributioh(t | y) with respect to the prior(y):

i) )| |- ) = Kl\/ [ 22008 Dar @

m(t) = [t | y)m(y)dy. ©)

Prior ri(A) plays an important rule in this model checking procedureiesttbws
useful properties for GOF:

i) m(t) always exists;
i) itis invariant under reparameterization allowing to gesivitch between central
and direct parametrization.

For any statisticT we have approximatek(t) for a particulam (in our case this
distribution only depend on) using the following algorithm:

Algorithm 1-.

. Draw y{L-m-M) o q(y), for M = 105;

2. for eachy!™ generate a random sample of size n from #e4” model with
u =0, 0 =1 (h(t) does not depend am,a) andy = y{™;

3. for the m-th sample calculate the EDF statistic on the mmdsample following

the definition in(1).

=

Critical quantiles of the prior predictive distribution)(&8pproximated by algo-
rithm 1 forw? and/nD statistics with differenh appear in Table 1. Critical quan-
tiles for other EDF statistics can be found in [10].

3 Size of the proposal tests

In order to assess the GOF of tl¥& /" model for a data set, we can use the critical
values reported in Table 1 or we can calculate the prior ptizdip-value associated
with the observed data. The prior predictipvalue is defined as
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Table 1 Critical quantiles ofn(t)(=h(t)) for W2 and/nD test statistics. (Source: [10])

Sample sizen)
Probability 5 10 20 30 50 100 150 200 300 400 500
W2
0.100 0.073 0.079 0.087 0.092 0.095 0.095 0.095 0.096 O.@¥HH ®.096
0.050 0.089 0.098 0.106 0.113 0.118 0.120 0.120 0.121 0.2 ®.120
0.025 0.105 0.118 0.128 0.134 0.142 0.147 0.147 0.147 0.1B®.147
0.010 0.128 0.148 0.161 0.166 0.176 0.187 0.186 0.187 0.1BH M.183
v/nD
0.100 0.608 0.679 0.723 0.745 0.762 0.775 0.781 0.783 0.780®.789
0.050 0.658 0.734 0.784 0.812 0.831 0.847 0.850 0.858 0.&FHB®.860
0.025 0.702 0.785 0.845 0.870 0.892 0.915 0.922 0.926 0.9 ®M.930
0.010 0.753 0.853 0.915 0.945 0.971 1.000 1.010 1.013 1.@MB11.015

P (T > tope). (4)

To calculate (4) we use the approximated distribution ofg@iby algorithm 1 for a
sample size.

We have simulated data for different valuesrmofrom the .4~ model with
U =00 =1 andy values generated from prior in (2). For each sample sizee
have simulated 1000 data sets, and for each data set (4) basapproximated.
Figure 1 shows that prior predictiyevalues are uniformly distributed for = 3.
The uniformity of the prior predictive-value assures that the size of the GOF tests
equals the nominal one.

4 A power study under local alternatives

We study the power of GOF tests, here proposed, againstaties distributions to
the . .4 that account for asymmetry in the data. Figure 2 reports thveep for a
test of size 95% against the following models:

Lognormal. Lognormalu = 0, 0) with locationu and shape parameter(see
[17], p. 208). We consider equals 0.3 as small values afmakes Log-normal
distribution similar ta”.4".

Gamma. Gammda, 3) with shapea and rateB. Large values ofr makes this
model similar to..4". For seek of comparison with [20] we consider these
special cases: exponential distribution and xRedistribution with 4 degrees of
freedom.

Skew-T. ST(u =0,0=1,y=0.5df) whereu, o andy are location, scale
and shape parameter respectively, difidndicates the degrees of freedom. This
model, introduced by [3], encompasses tie4” one throughd f parameter:
ST(u,o,y,df) - LA (u,0,y) asdf — co. We consider Skew- model with
1,3 and 1Gdf.
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Weibull.  Weibulllc=2,a = 1) wherec anda are shape and scale parameters,
respectively (see [17], p. 641). Large values afakes the Weibull model similar
to the.” 1.

StatisticW? is the most powerful test, also it results the most poweréheen
all the EDF test considered in [10]. When the alternative et®dre closed to the
./ one, the power decreases, it is the case forth& with d f > 10, Gamma
model witha > 4, Weibullmodel and for the Log-Normal model. The power of the
tests presented in this paper are, in general, greater ligabetst tests reported in
previous works [20] and [12] as it is pointed out in [10].

5 Application with the GOFSN library

We illustrate the proposed GOF procedure on two datasetgishmow to use the
GOFSN library (http://cran.r-project.org/web/packages/GOFSOFSN.pdf) from
Rto make the tests.

First we consider the well known Frontier dataset used int¢1$how a case
when MLE of A does not exist. The moment estimatorgicdindo are respectively
0.88 and 0.76, while as estimationjoive take the limit value @9527. Substituting
the parameters by these estimations and computing thetistsitas mentioned in

QQ-plot for W2 ,n=3 QQ-plot for D ,n=3
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Fig. 1 Quantile-Quantile plot op-value distribution (1000 samples) under the null madshs(x |
A),A ~ m(A) againsU (0, 1) for n = 3. and different test statistics. (Source: [10])
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equations (1), we g&v? = 0.025 andy/nD = 0.407, both values are well below the
quantile 90% showing that the Frontier data are compatilitle the .. 4" model.
These calculations are automatically done using the fafigwode inR:

>| i brary( GOFSN)

>dat a(frontier)

>W2(frontier)

>D(frontier)

It is possible make directly the test using the commands:
>W2. sn(frontier)
>D. sn(frontier)

The second dataset is a subset of metric traits from an cditsemal study con-
ducted for anthropologists on around 100 male and 100 feimdieiduals from an
homogeneous population, 20 to 25 years old people in Saritil, 19]). The aim
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Fig. 2 Power functions for the alternative models. (Source: [10])
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of the study is to analyze the sexual dimorphism through g@meparison of asym-
metry in males and females metric traitg. 4/~ seems a flexible model to fit each
metric trait, but before using this model to make inferervee,have to study the
GOF of .4 in each metric trait. We consider three metric traits: stttriceps
skin fold and mid-thigh skin fold. Figure 3 shows a kernelsignestimator of each
metric treat for each sex. It can be seen that most of theliliibns are asymmetric.

Table 2 shows parameter estimations for each variable andreevalue ofv2
(the most powerful EDF statistic), the 95% quantile Ygf for n = 100, and the
conclusion about the fitting of the”.4". Table 2 shows that”.4" results to be
compatible for all measurements but the triceps and mightkkin folds in males.
The bad fit of the”.4# model in these data set could be related with the limited
skewness allowed by the’.4", about 0.99527. To avoid this, in [11, 19] thé_+"
and Skew-t models have been compared through Bayes faefertisg the best
model for each metric trait.

6 Remarks

In this paper we review the GOF approach for tHe4” discussed in [10]. This ap-
proach proposes several GOF tests which depend only on saiapl This proce-

Stature
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Fig. 3 Kernel density estimation for several metric traits in mathel female populations.
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Table 2 Estimations and test statisti¢? for metric traits in Sardinian young people.

Variables Sex it 6 y W? 0.95-Q.7. fit
Stature F 156.7 6.14 0.41 0.06 0.12 yes
M 169.9 6.36 -0.23 0.08 0.12  yes
Triceps Skin. F 13.334.78 0.83 0.02 0.12 yes
M 7.76 3.76 0.98 0.21 0.12 no
Mid-thigh Skin. F 24.65 7.33 0.02 0.03 0.12 yes
M 12.35 6.09 0.95 0.19 0.12 no

dure, based om(t), fully agrees with the Neymann hypothesis testing, as tiejec
regions are fixed prior to observe the data. The tests arel loastne Jeffreys’ prior
(2) which is used to eliminate the nuisance paramgfaresent in the distribution
of the test statistics. This may be viewed in contrast to tk¢hodology in [12],
where the dependence fronis avoided using a post-processing of the quantiles of
the null distribution of test statistics. Other GOF tedtattwve used as benchmarks,
are less powerful ([20, 12]) because they are based on aelaablof the data: de-
termination ofh(t), and calculus op-value on observe,s Another open field of
research could be the assessing of the GOF for the Skevedel. There, degrees
of freedom represents another nuisance parameter for thaistribution of the test
statistic.
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