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Abstract We review a series of goodness-of-fit tests for the family of Skew Nor-
mal models when all parameters are unknown. As the null sample distributions of
the considered test statistics depend only on the asymmetryparameter, we use a
default, but proper, prior on skewness parameter to integrate it out. We thus obtain
prior predictive distributions of the test statistics in which the prior predictivep-
value, advocated by G. Box, is used to check the fit of the Skew Normal model.
Goodness-of-fit tests, here proposed, depend only on the sample size and exhibit
full agreement between nominal and actual size. We show alsothat they have good
power against local alternative models which also account for asymmetry in the
data. We exemplify how to use these tests in some anthropometric measures using
theGOFSN library in R.

Key words: Empirical distribution function test, Jeffreys’ prior, prior predictive
distribution, testing statistical hypotheses.

1 Introduction

In this paper we consider the univariate Skew Normal model (S N hereafter) de-
scribed in [1]. One of the main features of theS N distribution is the ability to
model the skewness through a shape parameter,λ . This model exhibits remarkable
properties in terms of mathematical tractability and it hasbeen applied, as a refer-
ence model, in several scientific disciplines as, for example: economics, epidemiol-

Stefano Cabras
Department of Mathematics and Informatics - University of Cagliari, Via Ospedale, 72 09124-
Cagliari (Italy), e-mail: s.cabras@unica.it
Maria Eugenia Castellanos
Department of Statistics and O.R. - Rey Juan Carlos University, C/Tulipan, sn 28938-Mostoles
(Spain), e-mail: maria.castellanos@urjc.es

1



2 S. Cabras and M. E. Castellanos

ogy and geology (i.e.: [4, 7, 14, 16]). In order to use a parametric model to make
inference it is first necessary to analyze its fit on observed data. In this context, we
approach model checking as a preliminary analysis in that ifthe assumed model is
compatible with observed data, then the full (and difficult)process of model elab-
oration and model selection (or averaging) can be avoided. Works on goodness of
fit (GOF hereafter) forS N model can be found in: [22] where normality is tested
within theS N class by showing that the coefficient of skewness is the locally most
powerful location and scale invariant statistic; [21] usedthe same test statistics for
testing departures from the half-normal distribution; [15] studied the Kolmogorov-
Smirnov test to assess GOF ofS N model assuming all parameters known; where
instead [20] derived the distribution of several test statistics when all unknown pa-
rameters are estimated with the maximum likelihood estimators (MLE). This last
work reports tables with critical values of GOF test for fixedvalues ofλ and differ-
ent sample sizes,n, obtaining an agreement between nominal and actual size of the
test only for largen (n> 400). [12] proposed a test based on the Anderson-Darling
test statistic (AD statistic, in the sequel) to analyze the fit of theS N model. In or-
der to avoid the dependence of the approximated quantiles from theλ parameter, in
[12] it is considered a polynomial regression on the quantiles of the AD statistic as
function of the skewness parameter. Unfortunately, in suchGOF test, there is a lack
of agreement between nominal and actual size of the test, at least, for the analyzed
sample sizes (n= 50 andn= 100, see Table 4 and 5 in [12]).

In this paper we follow, instead, the Bayesian methodology described in [10].
Such GOF tests are based on the prior predictivep-value of [9] and later exten-
sively discussed in [5, 6]. We describe the sampling distribution under theS N

model, (null distribution in the sequel), for some empirical distribution function test
statistics (EDF here after). This is achieved by integrating outλ with respect to the
Jeffreys’ prior distribution discussed in [18]. In this waywe can assess the com-
patibility of wholeS N class with data, moreover, the null distribution does not
depend on unknown parameters and the resulting GOF tests have full agreement
between nominal and actual size forn ≥ 3. The full agreement is assessed by the
fact that the sampling null distribution of associatedp-values are uniform. The key
point is that marginal prior predictive distributions of the used EDF test statistics:

i) do not depend on location and scale parameters when they areefficiently esti-
mated in the sense of ([13]) and

ii ) the Jeffreys’ prior onλ is a proper distribution for theS N model. Therefore,
the prior predictive distribution can be used to calculate thep-value, while this is
not possible in general.

The rest of the paper is organized as follows: Section 2 describes GOF test statis-
tics and derives their approximate null distributions. Section 4 illustrates the power
of the tests against local alternatives. Application to twodata sets is illustrated in
Section 5. Further remarks are contained in Section 6.
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2 Goodness-of-fit tests

A random variableX is distributed asS N if X has density

f (x | ξ ,η ,λ ) =
2
η

φ
(

x− ξ
η

)

Φ
(

λ
x− ξ

η

)

, −∞ < x< ∞,

whereφ(·) andΦ(·) are respectively density and cumulative distribution function
(cdf) of the standard normal distribution. Parameters−∞ < ξ < ∞ and 0< η < ∞
are location and scale, respectively. Parameter−∞ < λ < ∞ regulates the skewness.
The S N is exactly the normal model forλ = 0, while asλ → ±∞ the limiting
distribution is the half normal model. It is interesting to note that the coefficient
of skewness,γ, depends only onλ and varies in the interval(−0.99527,0.99527)
([21]). This fact may cause incompatibility with data in which the skewness is larger.

As reported in [18], maximum likelihood estimators (MLE) ofS N parameters
may be infinite with high probability for smalln and largeλ . It has been shown
that the Fisher information matrix, using the above parametrization, called “direct”
parametrization, is singular atλ = 0 (see [1]). Finally, another problem with this
model is that the profile-likelihood function forλ may have different stationary
points, with one atλ = 0 independently of the observed sample ([18]).

Papers [2], [21] and [18] analyze different estimation techniques in order to mit-
igate or avoid the mentioned problems. For our purposes, it is interesting to note
that singularity of the Fisher information matrix can be avoided by working with
the central parametrization ([1]), denoted byS N CP(µ ,σ ,γ), whereµ , σ andγ
represent mean, standard deviation and coefficient of skewness, respectively (see
equation (1) in [21]).

In order to mitigate the irregularities of the likelihood function, [18] proposes to
use the reference prior ([8]) onλ (or equivalently onγ). The reference prior equals
the Jeffreys’ prior for the case of a scalar parameter. The scalar parameter is the case
for our GOF tests as it will be illustrated in the next section.

For constructing a GOF test we need three elements:

1) a diagnostic test statistic,T, to quantify incompatibility with data, using the con-
vention that large observed values,tobs, indicate incompatibility;

2) a completely specified distribution forT, h(t), under the null sampling model;
3) a way to measure the conflict betweentobsandh(t) such as thep-value used here.

All these three elements are described in the sequel, while afull description can be
retrieved in [10].

EDF statistics measure the difference between the empirical cumulative distri-
bution function,Fn, and a theoretical one,F , that, in our case, is an element of the
S N class. We fixF using the following estimates: MLE ofγ, γ̂, sample mean,̃µ ,
and sample standard deviation,σ̃ , for µ andσ respectively. Therefore, the theoreti-
cal distribution used is

F ≡ S N CP(µ̃ , σ̃ , γ̂) .
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As it is commented in [2], even when using the central parameterization for moder-
ate sample sizes, there are still problems with the MLE estimator. In fact, the estima-
tion of λ can occur in the frontier ofλ ’s support, that iŝλ →±∞ (γ̂ →±0.99527).
For the samples in which this occurs we adopt the strategy mentioned in [2]: when
the maximization ofλ is diverging, we choose the smallestλ̂ whose likelihood is
not significantly smaller than the likelihood withλ = ∞ according to a likelihood
ratio test.

The EDF statistics we report, in this paper, are the Kolmogorov-Smirnov,D,

D+ = sup
x
{Fn(x)−F(x)}; D− = sup

x
{F(x)−Fn(x)};

D = max{D+,D−};

and the Cramér-von Mises,W2, statistics

W2 = n
∫ +∞

−∞
(Fn(x)−F(x))2dF(x);

Other EDF statistics, more than those mentioned here, can befound in [10].
However, the GOF tests, here mentioned, exhibit the largestpower in the analyzed
local alternative models.

The corresponding sample version of both statistics are obtained using the fol-
lowing formulas:

D+ = max
i

(

i
n
− zi

)

;D− = max
i

(

zi −
i −1

n

)

;

D = max{D+,D−}; (1)

W2 =
n

∑
i=1

(

zi −
2i −1

2n

)2

+
1

12n
;

wherezi = F(x(i)), z̄= ∑n
i=1zi/n andx(i) denotes thei order statistics (x(i) < x(i+1),

i = 1, . . . ,n).
When location-scale parameters, asµ andσ in our case, are unknown and re-

placed with efficient estimators in the sense of [13], such asµ̃ andσ̃ , then the null
sampling distributionh(t) of the EDF statistics does not depend on the true values
of µ andσ ([23], Section 4.3.2).

However,h(t) still depends onγ since it is a shape parameter. In the frequentist
paradigm, h(t) is usually obtained by plugging in a point estimator of the unknown
parameter (i.e.̂γ), obtaining the corresponding plug-inp-value,pplug. It is known
([5, 6]) that this type ofp-value is conservative in small samples because of the
double use of the data: first to estimateh(t) and second to calculate thep-value
using again the data through the observed statistics,tobs. In [20] pplug is used, and
because of the double use of data, it results in less power than the proposal reported
in this work.
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Our proposal is to use, as null sampling distributionh(t), the marginal prior pre-
dictive distribution ofT obtained by integratingγ with respect to the Jeffreys’ prior.
In general, it is not possible to use this procedure because non-informative priors,
as the Jeffreys’ prior or the reference prior, are usually improper. In the case of the
S N model, the Jeffreys’ prior, that equals the reference prior, is a proper density
([18]).

The Jeffreys’ prior forγ is given by

π(γ) ∝ π(λ )
∣

∣

∣

∣

dλ
dγ

∣

∣

∣

∣

, π(λ ) = K−1

√

∫ ∞

−∞
2z2φ(z)

φ2(λz)
Φ(λz)

dz, (2)

where the constantK is obtained numerically using adaptive quadrature integration
for the integrals with respect tozandλ .

The marginal prior predictive distribution ofT, m(t), is defined by averaging in
the conditional distributionh(t | γ) with respect to the priorπ(γ):

m(t) =
∫

h(t | γ)π(γ)dγ, (3)

Priorπ(λ ) plays an important rule in this model checking procedure andit shows
useful properties for GOF:

i) m(t) always exists;
ii ) it is invariant under reparameterization allowing to easily switch between central

and direct parametrization.

For any statisticT we have approximatedh(t) for a particularn (in our case this
distribution only depend onn) using the following algorithm:

Algorithm 1-.

1. Drawγ(1,...,m,...,M) ∼ π(γ), for M = 106;
2. for eachγ(m) generate a random sample of size n from theS N model with

µ = 0, σ = 1 (h(t) does not depend onµ ,σ ) andγ = γ(m);
3. for the m-th sample calculate the EDF statistic on the random sample following

the definition in(1).

Critical quantiles of the prior predictive distribution (3) approximated by algo-
rithm 1 forW2 and

√
nD statistics with differentn appear in Table 1. Critical quan-

tiles for other EDF statistics can be found in [10].

3 Size of the proposal tests

In order to assess the GOF of theS N model for a data set, we can use the critical
values reported in Table 1 or we can calculate the prior predictive p-value associated
with the observed data. The prior predictivep-value is defined as
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Table 1 Critical quantiles ofm(t)(=h(t)) forW2 and
√

nD test statistics. (Source: [10])

Sample size (n)
Probability 5 10 20 30 50 100 150 200 300 400 500

W2

0.100 0.073 0.079 0.087 0.092 0.095 0.095 0.095 0.096 0.096 0.096 0.096
0.050 0.089 0.098 0.106 0.113 0.118 0.120 0.120 0.121 0.120 0.121 0.120
0.025 0.105 0.118 0.128 0.134 0.142 0.147 0.147 0.147 0.147 0.148 0.147
0.010 0.128 0.148 0.161 0.166 0.176 0.187 0.186 0.187 0.186 0.186 0.183√

nD
0.100 0.608 0.679 0.723 0.745 0.762 0.775 0.781 0.783 0.787 0.790 0.789
0.050 0.658 0.734 0.784 0.812 0.831 0.847 0.850 0.858 0.857 0.863 0.860
0.025 0.702 0.785 0.845 0.870 0.892 0.915 0.922 0.926 0.923 0.930 0.930
0.010 0.753 0.853 0.915 0.945 0.971 1.000 1.010 1.013 1.021 1.018 1.015

Prm(t)(T ≥ tobs). (4)

To calculate (4) we use the approximated distribution obtained by algorithm 1 for a
sample sizen.

We have simulated data for different values ofn from the S N model with
µ = 0 σ = 1 andγ values generated from prior in (2). For each sample size,n, we
have simulated 1000 data sets, and for each data set (4) has been approximated.
Figure 1 shows that prior predictivep-values are uniformly distributed forn = 3.
The uniformity of the prior predictivep-value assures that the size of the GOF tests
equals the nominal one.

4 A power study under local alternatives

We study the power of GOF tests, here proposed, against alternative distributions to
theS N that account for asymmetry in the data. Figure 2 reports the power for a
test of size 95% against the following models:

Lognormal. Lognormal(µ = 0,σ) with locationµ and shape parameterσ (see
[17], p. 208). We considerσ equals 0.3 as small values ofσ makes Log-normal
distribution similar toS N .

Gamma. Gamma(α,β ) with shapeα and rateβ . Large values ofα makes this
model similar toS N . For seek of comparison with [20] we consider these
special cases: exponential distribution and theχ2 distribution with 4 degrees of
freedom.

Skew-T. ST(µ = 0,σ = 1,γ = 0.5,d f) whereµ , σ and γ are location, scale
and shape parameter respectively, andd f indicates the degrees of freedom. This
model, introduced by [3], encompasses theS N one throughd f parameter:
ST(µ ,σ ,γ,d f) → S N (µ ,σ ,γ) asd f → ∞. We consider Skew-T model with
1, 3 and 10d f .
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Weibull. Weibull(c = 2,α = 1) wherec andα are shape and scale parameters,
respectively (see [17], p. 641). Large values ofc makes the Weibull model similar
to theS N .

StatisticW2 is the most powerful test, also it results the most powerful between
all the EDF test considered in [10]. When the alternative models are closed to the
S N one, the power decreases, it is the case for theS T with d f ≥ 10, Gamma
model withα ≥ 4,Weibullmodel and for the Log-Normal model. The power of the
tests presented in this paper are, in general, greater than the best tests reported in
previous works [20] and [12] as it is pointed out in [10].

5 Application with the GOFSN library

We illustrate the proposed GOF procedure on two datasets showing how to use the
GOFSN library (http://cran.r-project.org/web/packages/GOFSN/GOFSN.pdf) from
R to make the tests.

First we consider the well known Frontier dataset used in [1]to show a case
when MLE ofλ does not exist. The moment estimators ofµ andσ are respectively
0.88 and 0.76, while as estimation ofγ we take the limit value 0.99527. Substituting
the parameters by these estimations and computing the statistics as mentioned in
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Fig. 1 Quantile-Quantile plot ofp-value distribution (1000 samples) under the null modelSN(x |
λ ),λ ∼ π(λ ) againstU(0,1) for n= 3. and different test statistics. (Source: [10])
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equations (1), we getW2 = 0.025 and
√

nD= 0.407, both values are well below the
quantile 90% showing that the Frontier data are compatible with theS N model.
These calculations are automatically done using the following code inR:

>library(GOFSN)
>data(frontier)
>W2(frontier)
>D(frontier)

It is possible make directly the test using the commands:
>W2.sn(frontier)
>D.sn(frontier)

The second dataset is a subset of metric traits from an observational study con-
ducted for anthropologists on around 100 male and 100 femaleindividuals from an
homogeneous population, 20 to 25 years old people in Sardinia ([11, 19]). The aim
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of the study is to analyze the sexual dimorphism through the comparison of asym-
metry in males and females metric traits.S N seems a flexible model to fit each
metric trait, but before using this model to make inference,we have to study the
GOF ofS N in each metric trait. We consider three metric traits: stature, triceps
skin fold and mid-thigh skin fold. Figure 3 shows a kernel density estimator of each
metric treat for each sex. It can be seen that most of the distributions are asymmetric.

Table 2 shows parameter estimations for each variable and sex, the value ofW2

(the most powerful EDF statistic), the 95% quantile forW2 for n = 100, and the
conclusion about the fitting of theS N . Table 2 shows thatS N results to be
compatible for all measurements but the triceps and mid-thigh skin folds in males.
The bad fit of theS N model in these data set could be related with the limited
skewness allowed by theS N , about 0.99527. To avoid this, in [11, 19] theS N

and Skew-t models have been compared through Bayes factors selecting the best
model for each metric trait.

6 Remarks

In this paper we review the GOF approach for theS N discussed in [10]. This ap-
proach proposes several GOF tests which depend only on sample size. This proce-
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Table 2 Estimations and test statisticW2 for metric traits in Sardinian young people.

Variables Sex µ̃ σ̃ γ̂ W2 0.95-QS N fit
Stature F 156.7 6.14 0.41 0.06 0.12 yes

M 169.9 6.36 -0.23 0.08 0.12 yes
Triceps Skin. F 13.33 4.78 0.83 0.02 0.12 yes

M 7.76 3.76 0.98 0.21 0.12 no
Mid-thigh Skin. F 24.65 7.33 0.02 0.03 0.12 yes

M 12.35 6.09 0.95 0.19 0.12 no

dure, based onm(t), fully agrees with the Neymann hypothesis testing, as rejection
regions are fixed prior to observe the data. The tests are based on the Jeffreys’ prior
(2) which is used to eliminate the nuisance parameterγ present in the distribution
of the test statistics. This may be viewed in contrast to the methodology in [12],
where the dependence fromγ is avoided using a post-processing of the quantiles of
the null distribution of test statistics. Other GOF tests, that we used as benchmarks,
are less powerful ([20, 12]) because they are based on a double use of the data: de-
termination ofh(t), and calculus ofp-value on observedtobs. Another open field of
research could be the assessing of the GOF for the Skew-T model. There, degrees
of freedom represents another nuisance parameter for the null distribution of the test
statistic.
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