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Abstract In this paper we address the question of “What is the Largest Jump at
Man’s reach, given today’s state of the art?” To answer that question it will be used
the best from the best, i.e. , the data will be collected from the best “jumpers” from
World Athletics Competitions – “Long Jump Men Outdoors” event. Our approach to
the problem is based on the probability theory of extreme values (EVT) and the cor-
responding statistical techniques. We shall only use the top performances of World
top lists. Our estimated ultimate record, i.e. , the right endpoint of the jumping event,
tells us what is possible to infer about the possible personal best mark, given today’s
knowledge, sports conditions and rules.

Key words: Extreme values in sports, extreme value theory, endpoint estimation in
Gumbel domain of attraction, semi-parametric approach to statistics of extremes.

1 Introduction

In this paper we address the question of
“What is the Largest Jump that Man can achieve, given today’s state of the art?”

For the purposes of our study we selected the following athletic jumping event:

• Long Jump Men Outdoors (LJ).

The best current mark is 8.95m from Mike Powell (USA) in Tokyo, 30/08/1991.
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2 How far can Man go?

Our estimated ultimate record, i.e. , the right endpoint of the jumping event, tells
us what is possible to infer about the possible personal best mark, given today’s
knowledge, sports conditions and rules.

In [2], Einmahl and Magnus studied a similar problem, but LJ event could not be
handled with the available methodology so far, not covering the estimation of the
right endpoint of a distribution in Gumbel domain of attraction.

Related contributions for this type of athletics data are [5] and [3].
This contribution constitutes a first approach to the estimation of the right end-

point for a distribution in the Gumbel max-domain of attraction, a subject not yet
addressed in the literature of extremes to our best knowledge. Asymptotic properties
of endpoint estimator are under study.

The paper is organized as follows. In the following section an overview of the
first and second order properties of the tail distribution and their relation to the
right endpoint; therein, a subsection is devoted to the special case of finite right
endpoint and Gumbel max-domain of attraction. In Section 3 the motivation for the
right endpoint estimator is presented, according to asymptotic theoretical relations
of Section 2. In Section 4 exact properties of the estimator will be illustrated in
Reversed Fréchet model. Finally, in Section 5 we apply the theory to the LJ-data.

2 EVT framework

Let X1,X2, · · · ,Xn be an independent, identically distributed (i.i.d.) sample from an
unknown distribution function (d.f.) F . If there exist normalizing constants an > 0,
bn ∈ R and a non-degenerate d.f. G such that, for all x,

lim
n→∞

P
{

a−1
n (max(X1, · · · ,Xn)−bn)≤ x

}
= G(x), (1)

then G is, up to scale and location, an Extreme Value d.f., dependent on a shape
parameter γ ∈ R, and given by

Gγ(x) :=
{

exp(−(1+ γ x)−1/γ), 1+ γ x > 0 if γ 6= 0
exp(−exp(−x)), x ∈ R if γ = 0

. (2)

The EV condition (1) is equivalent to say that F is in the max-domain of attraction
of the d.f. Gγ , i.e. , F ∈DM(Gγ). For γ < 0, γ = 0 and γ > 0, the Gγ d.f. reduces to
Weibull, Gumbel and Fréchet distribution functions, respectively.

Fréchet, Weibull and Gumbel max-Domains of Attraction The shape parameter
γ is closely related to the tail heaviness of the underlying distribution F : γ < 0 refers
to short tails which must have finite right endpoint xF := sup{x : F(x) < 1}, whereas
for γ > 0 the d.f. F is heavy tailed with polynomially decaying tails, for which the
right endpoint must be infinite. The intermediate case γ = 0, the Gumbel domain,
has been revealed very interesting for many applied sciences where extremes play
the major role, and include a great variety of distributions with finite right endpoint
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or not. Then it is assumed that the extreme value index γ of the underlying d.f.
equals 0, and statistical inference procedures concerning rare events on the tail of
F , such as the estimation of high quantiles, small exceedance probabilities or return
periods, bear on this assumption. The latter has been naturally imposed by the lack
of attention to the estimation of the right endpoint xF in the literature, under this
Gumbel max-domain setup.

First order properties for U Consider the left-continuous inverse of 1/(1−F),
defined by

U(t) := F←(1−1/t), for, t > 1, (3)

where F← denotes the generalized inverse function F←(x) = inf{y : F(y)≥ x}. The
following extended regular variation property (see [6], for instance), denoted ERVγ ,
is a well-known necessary and sufficient condition for F ∈DM

(
Gγ

)
:

lim
t→∞

U(tx)−U(t)
a(t)

=

{
xγ−1

γ if γ 6= 0
lnx if γ = 0

, (4)

for every x > 0 and some positive measurable function a.
For the three max-domains of attraction, the following properties on the tail of

the distribution hold:

DM(Gγ )γ>0 Heavy tails – Regularly Varying (RV ) tails . No finite right endpoint,
i.e. , xF := U(∞) = ∞.
U ∈ RVγ , i.e. , limt→∞

U(tx)
U(t) = xγ , for x > 0, with limt→∞

a(t)
U(t) = γ .

DM(Gγ )γ<0 Short Tails – Finite right endpoint, i.e. xF := U(∞) < ∞.
U(∞)−U ∈ RVγ , i.e. limt→∞

U(∞)−U(tx)
U(∞)−U(t) = xγ , for x > 0, with

limt→∞
a(t)

U(∞)−U(t) =−γ .

DM(Gγ )γ=0 Light Tails – U ∈Π -class, i.e. , limt→∞
U(tx)−U(t)

a(t) = lnx, for positive

a ∈ RV0. The right endpoint xF := U(∞) is finite or infinite.
U ∈ RV0, i.e. , limt→∞

U(tx)
U(t) = 1, with limt→∞

a(t)
U(t) = 0, for x > 0.

If the right endpoint is finite, i.e. xF := U(∞) < ∞, then
limt→∞

U(∞)−U(tx)
U(∞)−U(t) = 0, limt→∞

a(t)
U(∞)−U(t) = 0, with limt→∞ a(t) = 0.

Second order properties for U The rate of convergence in (4) is controlled by the
existence of a second order parameter ρ ≤ 0 and a function A, possibly not changing
in sign and tending to zero as t → ∞, with |A| ∈ RVρ , and such that for all x > 0
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lim
t→∞

U(tx)−U(t)
a(t) − xγ−1

γ

A(t)
= Hγ,ρ(x) :=

1
ρ

(
xγ+ρ −1

γ +ρ
− xγ −1

γ

)
. (5)

We then say that the function U is of second order extended regular variation, and
use the notation U ∈ 2ERVγ,ρ . In (5), the cases γ = 0 and/or ρ = 0 are obtained by
continuity arguments.

2.1 Gumbel Domain of Attraction and finite right endpoint

In the particular case of F ∈DM(G0) with a finite right endpoint xF , then ρ = 0 (see
Theorem B.3.6 in [6]); consequently, (5) becomes Hγ,ρ(x) = H0,0(x) = ln2 x

2 .

Moreover, in case ρ = γ = 0, there exists a function a0 asymptotically equivalent
to a, i.e. , a0(t)∼ a(t), as t → ∞, such that (see [6], pages 382-3)

U(t) = a0(t)+
∫ t

0

a0(s)
s

ds, with a0 ∈Π . (6)

Consequently, by (6)

U(∞)−U(t)∼
∫ ∞

t

a(s)
s

ds, as t → ∞,

which is slowly varying, since U(∞)−U(t) ∈ RV0. Then

U(∞) = U(t)+
∫ ∞

t

a(s)
s

ds+o(a(t)), as t → ∞,

and the following asymptotical representation holds for the right endpoint:

U(∞)∼U(t)+ ã(t), as t → ∞, (7)

where the positive function ã is defined by

ã(t) :=
∫ ∞

t

a(s)
s

ds

=
∫ ∞

1

a(ts)
s

ds

=
∫ 1

0

a(t/s)
s

ds.

Note that limt→∞ ã(t) = 0 and a(t) = o(ã(t)), as t → ∞. Moreover, for x > 0,

lim
t→∞

∫ ∞
t (U(sx)−U(s)) ds

s∫ ∞
t a(s) ds

s

= lim
t→∞

(U(tx)−U(t))/t
a(t)/t

= lnx,
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which makes possible to express ã(t) in terms of the quantile function U , which will
be revealed useful for estimation purposes.
This means that, as t → ∞ and for x > 0,

ã(t)∼ 1
lnx

∫ 1

0

(
U

( t
s

x
)
−U

( t
s

)) ds
s

. (8)

Example – Reversed Fréchet distribution

The Reversed Fréchet model is defined for x < xF := U(∞)∈R; for scale and shape
parameters δ ,α > 0 the d.f. F and f.d.p f , are given respectively by

F(x) ≡ F(x;xF ,α,δ ) = 1− exp

{
−

(
xF − x

δ

)−α}
, (9)

f (x) ≡ f (x;xF ,α,δ ) =
α
δ

(
xF − x

δ

)−α−1

exp

{
−

(
xF − x

δ

)−α}
.

The following results are easily checked:

• F←(x) = xF −δ [− ln(1− x)]−1/α , for x ∈ (0,1);

• U(t) = xF −δ (ln t)−1/α , for t > 1;

• U ∈Π(a), with a(t) = δ
α (ln t)−1/α−1 , t > 1;

• a ∈ RV0, limt→∞ a(t) = 0 and limt→∞
a(t)

U(∞)−U(t) = 0.

We conclude that F ∈DM(G0), i.e. , the Reversed Fréchet d.f. belongs to Gumbel
max-domain of attraction with finite right endpoint xF .

Moreover, the function ã can be chosen as ã(t) = δ (ln t)−1/α , t > 1, and the
equality xF = U(t)+ ã(t) holds.

3 Estimation of the right endpoint in Gumbel Domain

Consider a random sample X1,X2, . . . ,Xn of i.i.d. random variables with common
d.f. F ∈ DM(G0), such that the right endpoint xF is finite. Let X1,n ≤ X2,n ≤ . . . ≤
Xn,n be the associated ascending order statistics (o.s.). The following distributional
identification will be the starting point for the estimation development:

{Xi,n}n
i=1

d={U(Yi,n)}n
i=1, (10)
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denoting by {Yi,n}n
i=1 the o.s. pertaining to the independent random variables (r.v.)

{Yi}n
i=1 with common standard Pareto d.f. F(y) = 1− y−1, y≥ 1.

Let k = kn be an intermediate sequence, i.e. , a sequence of positive integers such
that

kn → ∞ with kn = o(n), as n→ ∞. (11)

Then, as the sample size n → ∞, the intermediate sequence Yn−k,n converges in

probability to infinity with the same rate as the ratio n/k, i.e. , (k/n)Yn−k,n
P−→

n→∞
1,

which is also equivalently denoted by the

Yn−k,n
p∼ n

k
, as n→ ∞. (12)

3.1 Motivation for the estimator

Consider at this step the asymptotical relation (7), with n/k playing the role of t, ac-
cording to (11); the estimator of the right endpoint xF = U(∞) will be motivated by
(7), through its empirical counterpart, for convenient estimators of the components:

Û(∞) :=
̂

U
(n

k

)
+
̂
ã
(n

k

)
. (13)

From representation (10) together with (12), the estimation of the first component
is immediately suggested as

̂
U

(n
k

)
:= Xn−k,n .

For the estimation of ã(n/k), the asymptotic result (8) will be considered for the
particular value x = 1/2,

ã
(n

k

)
∼ 1
− ln2

∫ 1

0

(
U

( n
2ks

)
−U

( n
ks

)) ds
s

. (14)

This suggests for the estimator of ã
( n

k

)
the empirical counterpart of (14)

̂
ã
(n

k

)
:=

1
− ln2

∫ 1

0

(
Xn−[2ks],n−Xn−[ks],n

) ds
s

, (15)

where [z] denotes the integer part of z.

Since Xn−[ks],n and Xn−[2ks],n are identical to Xn,n when s∈ (0,(2k)−1], the integral

I0 :=
∫ 1/(2k)

0

(
Xn−[2ks],n−Xn−[ks],n

) ds
s = 0 and is possible to rewrite the integral in

(15) as the sum of 2k−1 integrals
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2k−1

∑
i=1

Ii :=
2k−1

∑
i=1

∫ (i+1)/(2k)

i/(2k)

(
Xn−[2ks],n−Xn−[ks],n

) ds
s

.

After integrating (15) all over
( i

2k ,
i+1
2k

]
, i = 1, · · · ,2k−1 the estimator for ã

( n
k

)
is finally obtained as

̂
ã
(n

k

)
=

1
ln2

k−1

∑
i=0

(Xn−2i,n−Xn−2i−1,n) ln
(

1+
1

2i+1

)

+
1

ln2

k−1

∑
i=1

(Xn−i,n−Xn−2i,n) ln
(

1+
1
i

)
, (16)

which together with (13) leads to the endpoint estimator

x̂F := Xn−k,n +
1

ln2

k−1

∑
i=0

(Xn−2i,n−Xn−2i−1,n) ln
(

1+
1

2i+1

)

+
1

ln2

k−1

∑
i=1

(Xn−i,n−Xn−2i,n) ln
(

1+
1
i

)
. (17)

Denoting the descending j− th order statistics by
{

X( j) := Xn− j+1,n
}n

j=1,

x̂F := X(k+1) +
1

ln2

k

∑
i=1

(
X(2i−1)−X(2i)

)
ln

(
1+

1
2i−1

)

+
1

ln2

k−1

∑
i=1

(
X(i+1)−X(2i+1)

)
ln

(
1+

1
i

)
, (18)

and note that 2k top observations are involved in the estimation of ã
( n

k

)
.

4 Simulations – Reversed Fréchet Model

In order to illustrate distributional properties of the estimators in (13) and (15), it was
performed a simulation study for samples from the Reversed Fréchet distribution
defined in (9); for the particular values of α = δ = 0.5 and xF = 10, with 1000 runs

of samples of size n = 1000, the exact properties of ̂̃a
( n

k

)
and x̂F defined in (16) and

(17), respectively, are depicted in Fig.1 and Fig.2, against the top k order statistics
involved, k ≤ 500.

In the graphics the gray lines represent the empirical bandwidths for the mean
value of the estimators depicted in black, together with the target true values, in red.
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Fig. 1 Estimation of ã
( n

k

)
: N = 1000 replicas with sample size n = 1000 from Reversed Fréchet

d.f. F(x;xF ,α,δ ), α = δ = 0.5 and xF = 10.

Fig. 2 Estimation of xF : N = 1000 replicas with sample size n = 1000 from Reversed Fréchet d.f.
F(x;xF ,α,δ ), α = δ = 0.5 and xF = 10.

Note that since the asymptotic results require the intermediate condition (11) for
k along with n, and for a sample size the n is fixed, the best behaviour is clearly for
the top k observations, with k small, as it is expected beforehand.

5 Long Jump Men Outdoors – How far?

For the purposes of our study we selected the following athletic jumping event:

• Long Jump Men Outdoors (LJ).

The best current mark is 8.95m from Mike Powell (USA) in Tokyo, 30/08/1991.
Our estimated ultimate record, i.e. , the right endpoint of the jumping event, tells

us what is possible to infer about the possible personal best mark, given today’s
knowledge, sports conditions and rules.

LJ-Data
For the LJ event the collected data has been of “the personal best” of as many
of the top athletes in LJ event as it was possible. Each athlete appears only once
in the data set, namely with his best own mark. Our observation period ends
on December 31, 2009. The LJ data are obtained from two websites, namely a
Swedish website compiled by Hans-Erik Pettersson, for the period up to August
2001 (source:http://hem.bredband.net/athletics/atb-m27.htm),
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which has been merged with the data for the period 1999-2009, from the official
website of the International Association of Athletics Federations (IAAF) (source:
http://www.iaaf.org/statistics/toplists/). Similar to [2], only
marks greater than 8m have been collected, with an obtained top list of 720 best
personal marks.

These 720 personal bests are considered as i.i.d. observations Xi from some
distribution function F . Let X1,X2, . . . ,Xn be an iid sample F and Xn−720+1,n ≤
. . .Xn−k,n ≤ Xn−k+1,n ≤ . . . ≤ Xn,n be the associated top retained 720 order statis-
tics, so that xn−720+1,n = 8 and xn,n denotes the world record of 8.95, obtained by
Powell.

This athletics event has been previously detected by Einmahl and Magnus in[2],
as a case where the Weibull Domain of attraction is questionable, since the estimated
γ achieved was not clearly negative.

LJ-Data Analysis
Similar to the endpoint estimation the inference semi-parametric procedures con-
sidered in LJ-Data Analysis do not involve the explicitly the value n and depend on
the number k of top o.s.’s.

The first LJ-Data Analysis involved the estimation of γ , which has been done
according to three specific estimators, namely the Pickands, Moment and Mixed
Moment estimators:

γ̂P := (ln2)−1 ln
Xn−k,n−Xn−2k,n

Xn−2k,n−Xn−4k,n
; (19)

γ̂M := M(1) +
1
2



1−

(
M(2)

[M(1)]2
−1

)−1


 , (20)

with M( j) := 1
k ∑k

i=1{lnXn− j+1,n− lnXn−k,n} j, j = 1,2;

γ̂MM :=
ϕ̂−1

1+2min(ϕ̂−1,0)
, (21)

with ϕ̂ := M(1)−L(1)

(L(1))2 , where L(1) := 1
k ∑k

i=1{1−Xn−k,n/Xn− j+1,n}.
For details about these estimation procedures see [11], [1] and [4].

In Fig.3 are depicted the sample paths of the three γ-estimators, γ̂P, γ̂M and γ̂MM ,
associated with the LJ-Data against the same number k of o.s.’s involved in the
estimation.

The second LJ-Data analysis consisted in performing the test for max-Gumbel
domain of attraction, i.e. ,

H0 : F ∈DM(G0) versus H1 : F ∈DM(Gγ)γ 6=0 . (22)
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Fig. 3 Long Jump Men Outdoors (till 2009, over 8m) – γ – Estimation. Sample path of γ-estimators
against k ≤ 720, k the number of top o.s.’s involved.

For testing (22) three complementary tests statistics have been used: G (Green-
wood), HW (Hasofer&Wang), and R(Ratio), which have been studied under semi-
parametric approach in [8] and [7]:

G :=
M2

(M1)
2 HW :=

1
k(G−1)

R :=
Xn,n−Xn−k,n

M1
, (23)

with M j := 1
k ∑k

i=1
(
Xn−i+1,n−Xn−k,n

) j
, j = 1,2. Under the null hypothesis, the

standardized versions of (23), G∗ :=
√

k/4(G−2), HW ∗ :=
√

k/4(kHW −1) have
asymptotic Standard Normal distribution, whereas R∗ := R− lnk converges to the
Gumbel distribution. An overview about EV-testing is available in [9]. In Fig.4 are
pictured the sample paths of the three test statistics G∗, HW ∗ and R∗ associated with
the LJ-Data, together with the respective Normal and Gumbel (0.05,0.95)-quantiles.

Fig. 4 Long Jump Men Outdoors (till 2009, over 8m) – DM(G0) – Testing. Sample path of the
Tests Statistics against k ≤ 720, k the number of top o.s.’s involved.

Altogether, from Fig.3 and Fig.4, it is seems reasonable to conclude that the dis-
tribution underlying the LJ-Data belongs to the Gumbel domain of attraction and
not to the Weibull domain, which confirms the guess predicted in [2].
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The third LJ-Data analysis has been testing the finiteness of the endpoint, in the
same sense of Neves and Pereira in [10], i.e. ,

H0 : F ∈DM(G0), xF = ∞ versus H1 : F ∈DM(Gγ)γ≤0, xF < ∞ . (24)

through the test statistic

T1 :=
1
k

k

∑
i=1

Xn−i,n−Xn−k,n−T
Xn,n−Xn−k,n

, with T := Xn−k,n
M(1)

2


1−

[
M(1)

]2

M(2)




−1

. (25)

Under the null hypothesis, the standardized version of (25), T ∗1 :=
√

k lnk T1, has
asymptotic Standard Normal distribution. In Fig.5 is pictured the sample path of the
test statistic T ∗1 associated with the LJ-Data, together with the respective Normal
(0.05,0.95)-quantiles.

Fig. 5 Long Jump Men Outdoors (till 2009, over 8m) – Testing finiteness of right endpoint. Sample
path of the Test Statistic T ∗1 against k ≤ 720, k the number of top o.s.’s involved.

From Fig.5 it is not so clear that the right endpoint is finite. This is not unex-
pected as T ∗1 -test is conservative, as remarked in [10]. However, it yields a sample
path near the lower the critical point, the normal 0.05-quantile, for several values
of k lying in the most stable region of the graph that can be taken as intermediate.
Moreover, it seems reasonable to consider the finiteness of the ultimate record in
Long Jump Men outdoors event, by the nature of the event itself, since clearly Man
has a finite limit length to attain in Jumping sports.

Finally, in Fig.6 are depicted the estimates of the right endpoint of the distribu-
tion underlying the LJ-data, against k, the number of observations required in the
estimation. Note that in Fig. 6 the sample path of endpoint estimator touches insis-
tently the 9m.

From the LJ-Analysis we conclude that there is some space to improve the cur-
rent Powell’s record of 8.95m, who also holds the longest non-legal jump of 8.99m
set in 1992. In fact, from this preliminary study it seems possible to attain an ulti-
mate record of 9m for the Long Jump Men outdoors.



12 How far can Man go?

Fig. 6 Long Jump Men Outdoors (till 2009, over 8m) – x̂F – Right Endpoint Estimation, i.e.
”ultimate record” (different thresholds, X(k/2+1) and X(k) for estimating the first and second components in (13)).
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