





Dependence of Stock Returnsin
Bull and Bear Markets

Jadran Dobri¢, Gabriel Frahm, and Friedrich Schmid

Abstract Despite of its many shortcomings, Pearson’s rho is typicadled in fi-
nance literature for measuring the dependence structis®ok returns. A condi-
tional version of Spearman’s rho is suggested as an alteerd#@pendence measure.
This approach is purely nonparametric and avoids any kindadel misspecifica-
tion. Hypothesis tests for the conditional rank-correlatoefficient in bull and bear
markets are derived and their finite-sample performanceidiesd by Monte Carlo
simulation. Further, the daily returns of stocks contaimethe German stock in-
dex DAX 30 are analyzed. The empirical study reveals sicanificlifferences in the
dependence of stock returns in bull and bear markets.
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1 Introduction

The standard estimator for the linear correlation coefficgEcording to Karl Pear-
son still seems to be the most commonly used measure of depeadf two random
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variablesX andY though its many shortcomings have been often documented (se
e.g., Embrechts et al., 2002). Pearson’s rho is strongictdtl by the marginal dis-
tributions of X andY and its estimates are sensitive to outliers (Embrechts et al
2002). Further, it only quantifies linear dependence thaughotone dependence
is often much more relevant. The random variateandY are said to possess a
strong monotone dependence if there exist two real-valnddstictly increasing
functionsf andg such thajCorr(f (X),g(Y))| is large.

It is easy to construct dependence structures where thar lawerelation coeffi-
cient ofX andY is close to 0 but even so one can find two monotone transfoomsti
f andg such thatCorr(f(X),g(Y)) = 1. Consider for instance the random variables
X = € andY = € with ¢ > 0 andZ ~ .#/(0,1) (McNeil et al., 2005, p. 205).
SinceCorr(logX,logY) = 1 they possessperfectmonotone dependence structure,
i.e. X andY arecomonotonidNelsen, 2006, p. 32). Neverthele§mrr(X,Y) is a
function of o and can take any value betweend®-¢ ) and 1 g = 1).

Copula theory and the dependence measures derived thezen€anvincing al-
ternative to the linear correlation coefficient. Due to $kléheorem (Sklar, 1959)
it is known that a joint distribution function can be split ugo its copula(i.e.
its dependence structure) and its marginal distributiBnsieaningful dependence
measure should be invariant under monotone transformgtibithe correspond-
ing random variables. Examples of such measures are Spearrha, Kendall's
tau, Gini's gamma, and Blomquist’s beta. In this paper wefioerourselves to the
rank-correlation coefficient or its corresponding estiongte. Spearman’s rho. For
surveys on copulas and dependence measures see, e.ghiGharal. (2004), Joe
(1997), and Nelsen (2006).

We investigate the contemporaneous dependence of two igaakisX andY.

In particular, we concentrate on the question whether dégeece is significantly

differentin bull and bear markets, i.e. in case of a jointwipg or downswing. This

question and related problems have been already investigatfinance literature
(see, e.g., Ang and Chen, 2002, Erb et al., 1994, Fortin arminkas, 2002, Junker
and May, 2005, Patton, 2004, Silvapulle and Granger, 2082 ,dé Melo Mendes,
2005). But we think that the statistical methods, in patéicthe use of Pearson’s
rho is unsatisfactory. Hence, there is space for furthetrifrtions.

Bear and bull markets are characterized as follows. A begkehis present if the
two stock returnX andY contemporaneously fall short of the 1 quantiles of
their corresponding cumulative distribution functionsiadogously, a bull market
is given whenever-X and —Y fall short of the corresponding 1§% quantiles.
Here p andq have to be pre-determined. The lowgiquantile of the cumulative
distribution function (c.d.f.) of a stock return is commgkhown as thevalue-at-
risk where p is the so-calledshortfall probability The value-at-risk is frequently
used in risk management. So it seems to be a natural choichdoacterizing bull
and bear markets.

Our approach is purely nonparametric. Contrary to Patt@942 and Vaz de
Melo Mendes (2005) we do not fit specific copulas to the dataciBpng the copula
by some parametric model can lead to erroneous conclugitreséchosen model is
wrong. From our point of view it is not necessary to rely onpaeametric approach
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if the sample size is large enough. We are interested in fiabahata analysis and in
that context it is easy to access many thousands of obsamgaBy following the
nonparametric approach we avoid any kind of model missjpadtidin.

In this work we develop conditional versions of the rankretation coefficient
to assess the dependence structure of stock returns inrmilbear markets. In
contrast, some authors analyze the dependence structwetligrs in financial
data by using the so-calledil-dependence coefficie(fortin and Kuzmics, 2002,
Junker and May, 2005). After applying parametric metho@sehauthors come to
the conclusion that ‘the empirical joint distribution otuen pairs on stock indices
displays high tail-dependence in the lower tail and low-tigpendence in the up-
per tail' (Fortin and Kuzmics, 2002). Dobri¢ and Schmid @3)as well as Frahm
et al. (2005) found that estimating the tail-dependencéicant by nonparametric
method<an lead to very large estimation errors even if there areyrobservations.
Hence the tail-dependence coefficient is not an appropaismative.

Though we focus on computational statistics and the engpiaicalysis of stock
returns we have to introduce some statistical theory inrcibave a formal basis
for our testing procedure. This is done in Section 2, wheraesgopula theory
is presented. It allows a precise formulation of the null dtjygses to be tested.
The testing procedure is described in Section 3. A MontedJaIC) simulation is
presented in Section 4 which shows that the procedure woeksfav sample sizes
which are typically available in practice. In particulaisidemonstrated that the test
keeps the prescribed error probability of the first kind aad bufficient power to
detect violations of the null hypothesis. In Section 5 weestigate the daily returns
of stocks from the German stock indBXAX 30between 1973-01-02 and 2008-11-
14 and Section 6 concludes.

2 Some Copula Theory

In this section we introduce some notions from copula thédog, 1997, Nelsen,
2006) which are required for understanding the testing gutace to be described
below. LetX andY be two random variables with joint c.dF(x,y) = P(X <x,Y <
y) and marginal cumulative distribution functio@x) = P(X < x) andH(y) =
P(Y <y) for all x,y € R. The quantile functions with respect®andH are given
by G~(p) = inf{x: G(x) > p} andH~%(p) = inf{y: H(y) > p} for0< p< 1.
Throughout this paper we assume tliaandH are absolutely continuous func-
tions. Therefore, according to Sklar’'s theorem (Sklar,9)9%ere exists a unique
copulaC: [0,1]? — [0,1] such that

F(xy) =C(G(X),H(y)), VxyeR.

The functionC is the joint c.d.f. ol = G(X) andV = H(Y). The rank-correlation
coefficient ofX andY is given by
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p :=Corr(U,V) =12 / uvdQu,v) —3=12 / C(u,v)d(u,v) —3. (1)
[0,]2 [0,2]2

See Nelsen (2006, p. 167) for the latter representatign of
For every fixedp with 0 < p < 1 we define

A= {xy)ix=G Py <H Xp)}.

In the following we assume that{PX,Y) € A} = C(p, p) > 0. Consider theon-
ditional joint c.d.f.

F(xAG(p),yAH(p))

F(G(p),H(p)
_ C(G(XAG X(p)),H(yAH (p)))
= Clp.p) , vxyeR.

The corresponding conditional marginal distribution fiioies are given by

FL(xyY) =PX<xY<y[(X,Y)eA) =

GLY) = P(X <X|(X,Y) € AL) = (. H X(p)
~ C(G(xAG (). p)
=T cpp 0 xR

andHy_(y) respectively. Sinc&, andH_ are absolutely continuous, according to
Sklar’s theorem there exists also a unique co@ulal0, 1]> — [0, 1] such that

FL(Xay):CL(GL(X>aHL(y>>7 VX,yGR.
Indeed, Juri and Wthrich (2002) call
CL(U,V) = ':L(Gfl(u)aHI:l(V))a vu,ve [Oa 1]5

theextreme tail dependence copula relative to C at the levéhgtead we will call
C. lower tail-copulaand the phrase ‘relative 16 at the levelp’ will be usually
dropped for convenience.

Using the lower tail-copula we now can define the lower cood#l rank-
correlation coefficient, viz

pL=12 / uvdG (u,v) — 3.
0,12

In the empirical part of this work this measures the monotte@endence of stock
returnsX andY conditional on the bear markéX,Y) € A.

An analogue definition can be found for thpper tail-copula . This is the
lower tail-copula relative to theurvival copulaaccording taC (Nelsen, 2006, Sec-
tion 2.6), i.e.
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C(uVv) =u+v—-1+C(1—u,1—v), Yu,ve[0,1],

at the levelg (0 < q < 1). The survival copula simply corresponds to the cop-
ula of (=X, =Y) and thusCy, is the copula of —X, —Y) under the condition that
(—X,=Y) € Ay. Here the ared\, is calculated similarly tdA_ just by using the
quantile functions of-X and—Y at g rather than the quantile functions ¥fand

Y at p. Hence, the upper conditional rank-correlation coefficign measures the
monotone dependence of stock returns in a bull market. Iridth@ving we will
have to guarantee that NAy = 0 which is equivalent tp+ g < 1.

In most cases it is not possible to derive the conditionalutagC, or Cy in
closed form. Thereforg_ and py cannot be calculated explicitly. However, MC
simulation is a convenient tool for obtaining numerical mpimations top, and
pu with sufficient precision. We apply this method to calculiie conditional rank-
correlation coefficients for the Gaust, Clayton-, and Gumbel-copula (see Table
1 and Table 2). The Gauss- anecopula are given by

CeausdU,V; 8) = ®p(®~1(u), d(v)), Yu,ve|[o,1],

where <y
1 &£ —20st+t2
Dy (X, :://7-ex <7)dsdt
9( y) g 27_[ /—1762 p 2(1_92)
as well as
Cip(u,v;0) =tzp(ts1(u),t31(v)),  Vuvel0,1],
with

Frooa $— 20st+12\ 2
t3,9(xvy)://m'(l+w) d dt,

wherets denotes Student’s univariatalistribution function with 3 degrees of free-
dom and—1 < 6 < 1. Note that the linear correlation coefficient is symbaliby
the parameted rather tharp . This is because to avoid possible confusions with the
(unconditional) rank-correlation coefficient@faussor G, . The unconditional rank-
correlation coefficient of the Gauss-copula corresponds 06/ arcsin0/2)
(Hult and Lindskog, 2002). To our knowledge there existsuhsclosed-form ex-
pression for thés-copula.

The Clayton-copulais given by

~1/6
)

Colayton(U,V; 0) = (U™ +v - —1) vu,ve [0,1],

with 8 > 0. In the limiting caseéd = 0 the Clayton-copula corresponds to thde-

pendencer product copula(u,v) := uv(Nelsen, 2006, p. 11).
The Gumbel-copula can be written as

Coumbe(U,V; ) = exp[—{(— logu)® + (— Iogv)e}l/e} . Yuvelo,1],
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Gauss-copula
6=025 6=050 6=075
p=q lower upper lower upper lower upper
0.05 .0404.0407.1109.1114.2622 .2624
(.0004 (.0004 (.0003 (.0003 (.0002 (.0002

0.20 .0601.0601.1595.1593.3485.3483
-2V (10001 (.0001) (.0003) (.0001) (.0001) (.0001)
0.35 .0775.0774.1972.1973.4090 .4091|
=39 (,0001) (.0001) (.0001) (.0001) (.0001) (.0001)

0.50 ;0962.0962.2354.2356.4655 .4656
-9V (.0001) (.000)) (.000)) (.0001) (.0000 (.0000
ts-copula

6=025 6=050 6=075

p = q lower upper lower upper lower up
0.05 :3373.3369.4043.4044 5264 5263
-U9 (.0003 (.0003 (.0002) (.0002) (.0002) (.0002)

0.20 .3186.3183.3968.3967.5361 .536]
<Y (10001 (.0001) (.0001) (.0001) (.0001) (.0001)
0.35 .2984.2984.3913.3913.5484 .5485
-39 (0001 (.0001) (.0001) (.0001) (.0001) (.0001)

0.50 .2756.2756.3882.3882.5651 .5652
-2U" (10007 (.0001) (.0001) (.0001) (.0000 (.0000)

W
=

Tablel MC approximations t@_ andpy for the Gauss- and-copula possessing different values
for 6. We useNyic = 1000 MC replications, each one generating a sample fromditesponding
copula with sample size= 10P. The standard errors of the approximations are given implage
ses.

with 8 > 1. Note that forf = 1 once again the independence copula evolves. The
values for6 in Table 2 are chosen such that tireconditionalrank-correlation co-
efficient corresponds to = 0.3,0.5,0.7. The relationship betweghandp can be
obtained by numerical integration or MC simulation (seg 1887, p. 147).

For our approximations of the conditional rank-correlatimefficients given in
Table 1 and Table 2 we usédlic = 1000 MC replications. In each one a sample
from C with sample sizen = 10° has been generated. Both for the simulation study
and for the empirical study following later on we set= q. Only the Clayton-
copula allows for a closed-form representatiorCof If C is a Clayton-copula the
lower tail-copuleCy is equal taC for any O< p < 1 (Juri and Wthrich, 2002). That
meansp, corresponds to the unconditional rank-correlation caeffiip .

The null hypothesis we are going to test can be formalized as

Ho: pL = pu
vs. Hi:pL # pu,

where someg andq with p+q < 1 are fixed. In the present framewdt implies
that the monotone dependence of stock returns in bear rsaskatt the same as in
bull markets.

Instead of a two-sided hypothesis test, a one-sided test lik

Ho: pL <pu
vs. Hi:pL > puy
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Clayton-copula
6=051 6=108 06=213
p=q lower upper lower upper lower upper
0.05 :3004.0025.5001.0018.7002.0035
(.0002 (.0005 (.0002 (.0004) (.0001) (.0004)

0.20 .3003.0040.4999.0113.7000.0318
<Y (10001) (.0001) (.0003) (.0001) (.0001) (.0001)
0.35 .3001.0130.4999.0356.7000.0904
-39 (,0001) (.0001) (.0001) (.0001) (.0000 (.0001)

0.50 -3001.0298.5000.0764.7000.1783
9% (.0001) (.000)) (.0000 (.0003) (.0000 (.0001)
Gumbel-copula

6=126 60=154 06=207

p = q lower upper lower upper lower up
0.05 -0319.3499.0697.4504.1431 .5849
-U9 (.0004 (.0002) (.0003 (.0002) (.0003 (.0001)

0.20 .0515.3158.1106.4392.2206 .5871
<Y (10001 (.0001) (-0003) (.0001) (.0001) (.0001)
0.35 .0697.2906.1476.4314.2843 .5914
+39 (0001 (.0001) (-0003) (.0001) (.0001) (.0000

0.50 :0912.2744.1885 .4276.3507.5990
-2Y (0001) (.0001) (.0001) (.0001) (.0000 (.0000)

W
=

Table 2 MC approximations tqo. and py for the Clayton- and Gumbel-copula possessing dif-
ferent values foB. We useNyc = 1000 MC replications, each one generating a sample from the
corresponding copula with sample size= 10°. The standard errors of the approximations are
given in parentheses.

is of general interest, sindg; implies that the monotone dependence is higher in
bear markets than in bull markets.

The null hypothesi$ly: p. = py stated above might be also of interest in an-
other context. Both in theory and application of copulas isometimes question-
able whether the random vectof,Y) is radially symmetricor not (Nelsen, 2006,
Section 2.7). Radial symmetry is a useful property whichrgogees thap, = py
forall 0 < p < 1 sinceC and the corresponding survival copula coincide. In order to
test the null hypothesid): ‘The random vecto(X,Y) is radially symmetric’, one
can apply the two-sided test and rejektif Ho is rejected.

3 The Testing Procedure

In this section we describe the testing procedure. The fgtrpquires independent
and identically distributed (i.i.d.) data. It is well-knowhat short-term asset returns
typically exhibit strong patterns of serial dependenceveleer, the i.i.d. assumption
may serve as an appropriate starting point and there miggttssveral applications
beyond financial data analysis where this assumption isuedeqTherefore it is
worth to illustrate the testing procedure in the i.i.d. caserwards we will drop
the assumption of serially independent asset returns gridieshow the test can be
modified to account for the purpose of time series analysis.
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3.1 Independent and I dentically Distributed Data

Let (X,Y),(X1,Y1),...,(Xn,Yn) be i.i.d. As we do not assume that the marginal cu-
mulative distribution function& andH are known, we have to estimate them by

1 n ~ 1 n
_ﬁ-;l{mgx} and Hn(y):ﬁ'i;]'{YiS)’}'

The corresponding estimate of the quantile func@®rt is given by
Gy (p) = inf{x: Ga(x) = p}
andH,;(p) respectively. For some fixgalandq with p-+q < 1 we can define
A= { )i x< Gt p)y < F ()}

andﬂu in the same manner. We also define the sample sjzes |ﬂ|_| with respect
to the lower left andhy = |AU| with respect to the upper right area of the empmcal

copula (here- | denotes the cardinality of a set). The observatios iandAy can
be used for estimating. andpy. More precisely,

A 12 r i) ren(Yi
PLn=—==- Z L,n(x|) . L,n( |) 737
n & N n.

AL

wherel ; denotes the set of indicésuch that(X;,Y;) € A . Althoughpy ,, is cal-
culated on the basis of. data points, for notational convenience the number of
observations is indicated byrather tham, (this is adequate sinag depends on
n).

Further, r n(+) is the rank of a marginal observation relative to all obstovas
in A_. Note that f n(X)/nL = GLn(X) and £ n(Y)/nL = HLn(Y). HereGy p is the
empirical counterpart 0By, i.e.

Ca(Gn(xA G (D)), )

Gualt) = Ca(p. )
( )

, vxeR,

where
P 1 n
Cn(U,V) = ﬁ '.Z1{rn(><a)/nSU}l{rn(Yi)/nSV}7 Yu,ve [O, 1],
i=

represents the empirical copula. Moreou%[,n is defined respectively. The defi-
nition of the estimatopy , follows immediately, just by using the survival copula

according toCn (which is determined by the observations in the upper righaa
Ay).
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Schmid and Schmidt (2006) have already shown that Speasntamis consis-
tent and asymptotically normally distributed. The samedadbr the conditional
versions of Spearman’s rho described above, i.e.

VA (BLn—p) -5 #(0,08) and /Ag (Pun—pu) = 4 (0,03)
asn_,ny — o, provided the lower left and upper right tail-copulas exist

Proposition 1. Let the distribution ofX,Y) be absolutely continuous. Suppose that
the partial derivatives of the corresponding copula C eaistl are continuous, too.
Further, defineApn := pLn— pun @andAp := p. — py with shortfall probabilities
p,q > 0 such that p-q < 1. If C(p, p),C(q,q) > O then

Vi (8P —Ap)iuV(o o _,_9% ) n—sw
" 'C(p,p)  C(a,0)/)° '

Proof. Note thatn,_ /n23 C(p, p) asn — . That means

. n . d of )
n — =,/—4/N — — A0, , n—> o,
Vi (PLn—pL) ’/nL VL (PLn—pL) ( o)
and the corresponding result holds also for,. Sincep+q < 1, the considered
tails of the copula do not overlap. That meging, andpy , are stochastically inde-
pendent. This leads immediately to the asymptotic variginan in the proposition.

In practical situationg andq have to be sufficiently large such that andny
do not become too small. A typical rule of thumb might be gibgm,_,ny > 40.
Suppose for the moment th@tcorresponds to the product copula. In that case it
is expected to megp’n observations in the lower left part of the empirical cop-
ula. That means the shortfall probabilities should be shehg,q > /40/n. E.g.
for the sample size = 1000 (that means an observation period of approximately
4 years)p andq should be not smaller than@. Admittedly, financial data cannot
be appropriately described by the product copula since ist wases there is some
sort of positive dependence between stock returns. So éhervermoreobserva-
tions in the corresponding corners of the empirical coplifeus our rule of thumb
guarantees that there are always enough data for large samfgriences.

The asymptotic variancerﬁ_2 and US depend on the tail-copul& andCy. In
general they cannot be calculated explicitly (Schmid artth8dt, 2006). The same
holds for the asymptotic variance&pn, i.e. 12 := 0?/C(p, p) + 05/ C(q,q) . How-
ever, the latter can be approximated by a simple bootst@pcdhducting the hy-
pothesis test one has to choose an appropriate significaveler|> 0 as well as the
shortfall probabilitiep > 0 andqg > 0 such thap+ g < 1. Now the test procedure
reads as follows:

1. Computed, , andpy , from the observations iA_ andAy.
2. ComputeNg bootstrap replications from the entire sample. For eaclhicegjpn
calculatep, » andpy n as well as the corresponding differentgy, .
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3. Estimate the asymptotic varianteof Apy, from the bootstrap and calculate the
test statisticT = Apn/+/T2/n, wherei? is the bootstrap estimate of.
4a. RejecHp: p. = py if
a
T > d)‘1<17 —)
T|> >):
where® denotes the standard normal c.d.f.

The one-sided hypothesis tests differ only in the fourtp $tem the two-sided
test:

4b. RejecHp: pL <pyorHo:p. > puif T> @ Y1—-a)orT < o Ya).

3.2 Serially Dependent Data

Now let (X1,Y1), ..., (Xn,Yn) be a sample from a stationary proc€g¥, Y;) }iez - It

is supposed that the process exhibitseak dependence structuiee. the two one-
sided processef(X:,Y;) }t<o and{(%,Y;) }+ > are asymptotically independent as
| — oo (Politis, 2003). This condition is sometimes referred tdhesstrong mixing
or a-mixing condition and it can be shown that many time seriedef®frequently
used in theory and practice meet that requirement.

One of the referees pointed out that it is important to actéamserial depen-
dence, sincgy n andpy » are no longer independent in that case. For instance, in
periods of great turbulence the lower and upper conditi®palarman’s rho might
be strongly correlated. However, it can be assumediApatremains asymptotically
normally distributed under the weak dependence assumgtitime series analysis.
That means

Vi(apn—8p) -5 ¥ (0,TFR),  n—e, )

wherer,fR represents thieng-run varianceof Ap,, . This assumption seems natural,
since the weak convergence property of Spearman’s rho edbasthe weak con-
vergence of an empirical copula process (Schmid and Schg066). By using a
weak form of the central limit theorem from time series as@yne can argue that
the weak convergence property is still satisfied under tflomgtmixing condition.

There exist many possible techniques for estimating thg-fom variancer,fR
of the statisticApn, such as subsampling or block-bootstrapping (Politis,3200
It has been shown by Politis et al. (2001) that the subsampliocedure leads to
consistent estimates of the long-run variance under veld magularity conditions.
However, subsampling is probably not the best choice in etting. The reason
is that for getting an unbiased estimate fgg, the number of observations within
each subsample must be considerably small relative to thi@tbgample size. Note
that in our context only a small part of each subsample carsbd for calculating
PLn andpy n but for a proper approximation of the long-run variance & kabe
guaranteed also that each subsample contains a sufficierg/number of usable
observations.
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Thus we will concentrate on a block-bootstrap procedurgssigd by Knsch
(1989). Consider a block lengthwith 0 < b < n and the corresponding— b+ 1
blocks, i.e.

Bi = {(Xix1,Yi41),-- -, Xigp, Yisn) ), i=0,1,....,n—b.

One bootstrap replication from the entire sample is giverdiawingk = |n/b]
blocks with replacement and concatenating these blockstod new pseudo-series
of asset returns. Note that the series consists-ofkb ~ n pseudo-observations.
For each of theNg bootstrap replications one can calculdtg and the long-run
variance can be estimated from the giWnrealizations. Finally, the test statistic is
given by

APy

)
V tfr/n

whereffR is the estimated long-run variance. Under the weak connesgproperty
(2) and ifb — « andn/b — o, the estimatori?; is consistent forZz. Hence,T
can be used in the same way as the test statistic discussedtinrg3.1.

T =

4 Finite-Sample Properties

In this section we investigate the finite-sample propedi¢ise testing procedure de-
scribed in Section 3.1. The results are obtained by MC sitioula for various spe-
cial cases. These are essentially defined by the copula stuihr. First we are inter-
ested in the rejection probability of the procedurddf p. = py is true andx is the
prescribed error probability of the first kind. We consides Gauss- anti-copula
which belong to the class of elliptical copulas. Ellipticalpulas are radially sym-
metric which means that the aforementioned null hypothesese. The selected
values for the copula parameter @e-= 0.25,0.5,0.75, the values fop are given
by p=0.2,0.35,0.5, and we validate the error probabilities= 0.01,0.05,0.1. The
simulated sample size is= 2500 (i.e. approximately 10 trading years), the number
of bootstrap replications amountsiig = 1000, and the number of MC replications
is Nmc = 1000. The results of the simulations are summarized in Pan&Table

3. We can see that the approximated rejection probabifiiéisfactorily agree with
the prescribed error probabilities.

We are also interested in tpewerof the testing procedure, i.e. the probability of
rejection ifHg is wrong. For that purpose we consider the Clayton- and thraligl
copula. It is well-known that these copulas are not radigylsnmetric and thus in
generalp. # py. Remember that the parameteof both copula families (cf. p. 7)
has been selected in such a way that the unconditional ramkiation coefficients
are equal tgp = 0.3,0.5,0.7. The results of the MC simulations are given in Panel
2 of Table 3. It can be seen that for every figednda the power is an increasing
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Fig. 1 Power functions of the two-sided hypothesis test for theeghigopulaCyix1 (left hand
side) anCyix2 (right hand side) as a function af. The results are obtained by MC simulation for
the sample size = 2500,Ng = 1000 bootstrap replications, aig,c = 10000 MC replications
using the shortfall probabilitp = g = 0.5.

function of 8. This is because the asymmetry of the Archimedean co@dagon
andCgympelincreases witt® (cf. Nelsen, 2006, Ch. 4).

Similar results are obtained for the two one-sided testskwban be taken from
Table 4 and Table 5. The rejection probabilities become lemge wheneveH;
is true. In contrast, iHg is true our simulations produce no false rejection. For
instance, consider the right-sided tékt: p. < pu vs.Hi: p. > py. In that case
the null hypothesis is fulfilled for the Gumbel-copula. Pa2ef Table 4 shows
that there is no rejection for any given unconditional raokrelation coefficient
p, shortfall probabilityp, and error probabilityxr. In contrast, for the Clayton-
copulathe alternative hypothesis is true and consequtitgtlsejection probabilities
are very high (e.g. roughly 90% f@r= 0.3, p = 0.2, anda = 0.1). Moreover, for
p =0.5andp =0.7,Hp is rejected for the Clayton-copulain almost every simuate
case.

Now we want to investigate the relationship between asymnaetd power. For
that purpose we consider the mixed copula
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Ho:pL =puVvs.Hi:pL # py

Panel 1 6=0.25 6 =0.50 6=0.75

p=q a Gauss t3 Gauss 3 Gauss t3
0.10 .091 .083 .081 .085 .091 .093
(.0091)  (.0087  (.0086  (.0089  (.0091)  (.0092
020 005 043 047 039 041 .048  .048
. (0064  (.0067  (.0061) (.0063  (.0068  (.0068)
0.01 .008 .011 .006 .007 .011 .011
(0029  (.0033  (.0024  (.0026  (.0033  (.0033
0.10 .106 .081 .092 .108 .095 .087
(0097  (.0086  (.0091)  (.0099  (.0093  (.0089
035 005 057 038 049 053 .048 .051
. (0073  (.0060  (.0068  (.0071)  (.0068  (.0070
0.01 .015 .009 .011 .007 .006 .013
(0039  (.0030 (.0033  (.0026  (.0024  (.0036
0.10 .104 .088 .088 .113 .089 .098
(0097  (.0090  (.0090  (.0100  (.0090  (.0094)
o050 905 060 043 .035 056 .048  .049
: (0079  (.0064  (.0058  (.0073  (.0068  (.0068)

0.01 .019 .011 .008 .008 .006 .011
(0043 (0033 (0028 (0028 (0024  (.0033

Panel 2 p=0.30 p=0.50 p=070
p=q a Clayton Gumbel Clayton Gumbel Clayton Gumlpel
0.10 .815 .752 1.000 .965 1.000 .999

(0123  (.0137 (0000  (.005§  (.0000  (.0010

020 005 .715 635 999 938 1000 .996
: (0143 (0152 (.0010 (.0076  (.0000  (.0020
0.01 456 .371 .993 .800 1.000 .999

(0159 (0153 (.002§ (.0126 (.0000  (.0010

0.10 .988 .926 1.000 .999 1.000 1.000

(0034 (.0083 (.0000 (.0010  (.0000  (.0000

035 005 .981 876 1000 .995 1.000 1.000
: (0043  (.0104  (.0000  (.0022  (.0000  (.0000
0.01 .928 .704 1.000 .980 1.000 1.000

(0082 (0144 (0000 (.0044  (.0000  (.0000

0.10 .999 974 1.000 1.000 1.000 1.000

(0010  (.0050 (.0000  (.0000  (.0000  (.0000

050 005 999 945 1.000 1.000 1.000 1.000
: (0010  (.0072  (.0000  (.0000  (.0000  (.0000

0.01 .996 .837 1000 .995 1.000 1.000
(0020 (0117 (0000 (.0022  (.0000  (.0000

Table 3 MC approximations of the rejection probabilities for theuss: ands-copula (Panel 1)
and for the Clayton- and Gumbel-copula (Panel 2) gidgnp. = py. The simulated sample size
is n= 2500, the number of bootstrap replications corresponddste- 1000, and the number of
MC replications isNyc = 1000. The standard errors for the approximated rejectiobaiilities
are given in parentheses.

Cumix (U,V; A, 80, 1) := ACqlayton(U,V; 61) + (1 — A )Cgausé U, V; 6o) ,

where 0< A < 1. Further, the copula parameteéds 6, are such that the uncon-
ditional rank-correlation coefficients Qiciayton(U,V; 61) andCgaus{u,V; 6p) corre-
spond top = 0.5. Hence, the mixed copula possesses the same uncondiankal
correlation coefficient for every (see the formula fop on p. 6).

Note thato, = py is true for the Gauss-copula but for the Clayton-copulalidso
thatp,. > py and so the mixing parametardetermines the degree of asymmetry
given byCuix1 (U,V;A, Bp, 61). If one considers the two-sided hypothesis test with
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Ho:pL < pyvs.HiipL > py

Panel 1 6=0.25 6 =0.50 6=0.75

p=q a Gauss t3 Gauss 3 Gauss t3
0.10 .091 .096 .099 .095 .096 .099
(.0091)  (.0093  (.0094  (.0093  (.0093  (.0094)
0.20 0.05 .047 .041 .040 .041 .047 .049
. (0067  (.0063  (.0062  (.0063  (.0067)  (.0068)
0.01 .009 .007 .006 .007 .013 .009
(0030  (.0026  (.0024 ~ (.0026  (.0036  (.0030
0.10 .103 .093 .086 .099 .097 .094
(0096  (.0092  (.0089  (.0094  (.0094  (.0092
o35 005 053 049 .038 044 047 .044
: (.007)  (.0068  (.0060  (.0065  (.0067)  (.0065
0.01 .012 .010 .008 .006 .008 .011
(0034  (.003) (.0028 (.0024  (.0028  (.0033
0.10 .109 .092 .103 .110 .086 .094
(0099  (.0091)  (.0096  (.0099  (.0860  (.0092
o050 905 .050 046 .046 053 .049  .054
: (0069  (.0066  (.0066  (.007)  (.0068  (.0071)

0.01 .015 .011 .011 .011 .010 .008
(0038 (0033 (0033 (0033 (.003) (.0028

Panel 2 p=0.30 p =050 p=070
p=q a Clayton Gumbel Clayton Gumbel Clayton Gumpel
0.10 .899 .000 1.000 .000 1.000 .000

(0095  (.0000 (.0000  (.0000  (.0000  (.0000

0.20 005 .815 .000 1.000 .000 1.000 .000
: (0123  (.0000 (.0000  (.0000  (.0000  (.0000
0.01 .574 .000 .997 .000 1.000 .000

(0156  (.0000 (.0017  (.0000  (.0000  (.0000

0.10 .997 .000 1.000 .000 1.000 .000

(0017  (.0000  (.0000  (.0000  (.0000  (.0000)

035 0-.05 .988 .000 1.000 .000 1.000 .000
: (0034  (.0000 (.0000  (.0000  (.0000  (.0000)
0.01 .961 .000 1.000 .000 1.000 .000

(006) (.0000 (.0000 (.0000  (.0000  (.0000

0.10 1000 .000 1.000 .000 1.000 .000

(0000  (.0000 (.0000  (.0000  (.0000  (.0000

050 005 999  .000 1.000 .000 1.000 .000
: (0010  (.0000  (.0000  (.0000  (.0000  (.0000)

0.01 .999 .000 1.000 .000 1.000 .000
(0010  (.0000 (.0000  (.0000  (.0000  (.0000

Table 4 MC approximations of the rejection probabilities for theuSss: ands-copula (Panel 1)
and for the Clayton- and Gumbel-copula (Panel 2) gidgnp. < py. The simulated sample size
is n = 2500, the number of bootstrap replications corresponddste- 1000, and the number of
MC replications isNyc = 1000. The standard errors for the approximated rejectiobaiilities
are given in parentheses.

Ho: pL < pu, A = 0 means that the null hypothesis is true whereas the alteenat
hypothesis holds for every > 0. The largei the more ofteriHy should be rejected.
A similar result is obtained for the mixed copula

Cwix2 (U,V; A, 6o, 62) := ACqumbel(U,V; 82) + (1 — A )CgauséU, V; 6o) ,

whereb, is such that the rank-correlation coefficient associatél®@d,mpe(U, V; 62)
once again amounts = 0.5. The corresponding power functions are given in Fig-
ure 1. Both figures demonstrate that the hypothesis tesyallueeps the prescribed
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Ho:pL > pu Vvs.HiipL < py

Panel 1 6=0.25 6 =0.50 6=0.75

p=q a Gauss t3 Gauss 3 Gauss t3
0.10 .093 .097 .089 .090 .096 .096
(0092  (.0094 (.0090  (.0090  (.0093  (.0093
0.20 0.05 .044 .042 .041 .044 .044 044
. (0065  (.0063  (.0063  (.0065  (.0065  (.0065
0.01 .009 .011 .007 .012 .006 .013
(0030  (.0033 (.0026  (.0034  (.0024  (.0036
0.10 .108 .083 .100 .111 .096 .087
(0099  (.0087)  (.0095  (.0099  (.0093  (.0089
0.35 0.05 .053 .032 .054 .064 .048 .043
. (.007)  (.0056  (.0071)  (.0077)  (.0068  (.0064)
0.01 .013 .007 .013 .012 .005 .013
(0036  (.0026  (.0036  (.0034 (.0022  (.0036
0.10 .095 .097 .103 .094 .087 .088
(0093  (.0094  (.0096  (.0092  (.0089  (.0090
0.50 0.05 .054 .042 .042 .060 .040 .044
: (.007)  (.0063  (.0063  (.0075  (.0062  (.0065

0.01 .016 .007 .004 .009 .003 .015
(0040 (.0026 (.0020  (.0030  (.0017)  (.0038

Panel 2 p=0.30 p=0.50 p=070
p=q a Clayton Gumbel Clayton Gumbel Clayton Gumjpel
0.10 .000 .856 .000 .986 .000 1.000

(.0000  (.011)  (.0000  (.0037  (.0000  (.0000

020 005 .000 752 .000 .965 .000 .999
: (0000  (.0137  (.0000  (.0058  (.0000  (.0010
0.01 .000 .481 .000 .870 .000 .994

(0000 (0159 (.0000  (.010§  (.0000  (.0024)

0.10 .000 .964 .000 .999 .000 1.000

(.0000  (.0059  (.0000  (.0010  (.0000  (.0000

035 005 000 926 000 .999  .000 1.000
: (0000  (.0083  (.0000  (.0010  (.0000  (.0000
0.01 .000 .790 .000 .987 .000 1.000

(.0000 (.0129  (.0000  (.0036 (.0000  (.0000

0.10 .000 .991 .000 1.000 .000 1.000

(0000  (.0030 (.0000  (.0000  (.0000  (.0000

050 0-05 .000 974 000 1000 .000 1.000
: (0000  (.0050  (.0000  (.0000  (.0000  (.0000

0.01 .000 .892 .000 .996 .000 1.000
(0000 (.0098 (.0000  (.0020  (.0000  (.0000

Table5 MC approximations of the rejection probabilities for theuSs: ands-copula (Panel 1)
and for the Clayton- and Gumbel-copula (Panel 2) gidgnp. > py. The simulated sample size
is n = 2500, the number of bootstrap replications corresponddste- 1000, and the number of
MC replications isNyc = 1000. The standard errors for the approximated rejectiobaiilities
are given in parentheses.

error probability of the first kind and the rejection prodapindeed is an increas-
ing function of the mixing parametér. Similar results can be obtained for other
constellations op andp.



18 Jadran Dobri¢, Gabriel Frahm, and Friedrich Schmid

p=01p=02p=03p=04p=05
Pn 39% 34% 34% 34%  35%
Pun 34% 27% 25% 24%  24%
Apn 5% 7% 9% 10% 11%

|Apal 12% 10% 10% 11% 11%

Table 6 Average conditional Spearman’s rhos, differences, andlatesdifferences of all 435
asset combinations for different shortfall probabilitfes: g.

5 Empirical Resultsfor German Stock Returns

Now we consider daily observations from 1973-01-02 to 20@8t4 of the 30
stocks which are listed in the German stock index DAX 30. Tioelsprices have
been adjusted for dividends, splits, etc. Our analyze isdas the daily log-returns
of the assets (zero returns have been deleted). The maxiraarher of observa-
tions is given byn = 9359 trading days. Table 6 contains the sample means of the
upper and lower conditional Spearman’s rhos for all 435tags@mbinations given
the shortfall probabilitiep = q=0.1,0.2,0.3,0.4,0.5. Here[)Tm denotes the mean
lower andpy » the mean upper conditional Spearman’s rho, wherfgasis the
mean difference anf\p,| the mean absolute difference betwegmn, andpy . It
can be seen that the lower conditional Spearman’s rhos ate wip points larger
in average than the upper conditional Spearman’s rhos. kaweithout a mean-
ingful theoretical argument it is not possible to judge vieethis gap between bull
and bear markets is rather ‘large’ or ‘small’ and we woulet Itk avoid such kind
of statements. Instead we will discuss how much of the ergligvidence leads to
significant results in our hypothesis tests.

It is worth to point out that the outcomes of the test can ddeibstantially on
the shortfall probabilityp. The upper part of Figure 2 shows the lower and upper
conditional Spearman’s rho as a functionpoior BASF vs. Henkel. The difference
between the rhos (see the lower part of Figure 2) seems todhigibée if p < 0.25
but it can be very large fop > 0.25. The lower right part of Figure 2 indicates that
itis easy to find a suitablp such thatHp: p. < py can be rejected on a significance
level of o = 0.05, although in fact there are not many statistical arguminta-
vor of Hi: p. > pu. As a counterexample consider Figure 3 giving the condition
Spearman’s rhos of BASF vs. Thyssen. There is only a smatjerdior p where
Ho cannotbe rejected. That means there is a large amount of evidenseport-
ing Hy but this could be easily concealed by exploiting the dataalfy, Figure 4
contains the conditional Spearman’s rhos for BASF vs. laim@nly in that case
data mining is impossible since there isméor which the null hypothesis could be
rejected. We conclude that the presented hypothesis testsomly if p is chosen
beforeexaminingp, , andpy » with different shortfall probabilities. Otherwise the
tests would seriously suffer from a selection bias.
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5.1 Two-Sided Hypothesis Test

It is clear that the estimatgs andpy are different from each other for every com-
bination of assets and we want to see whether the differareesignificant. That
means we tedtly: p. = py againsHi: p. # py by using the block-bootstrap proce-
dure described in Section 3.2. The block length corresptmids- 40 (i.e. approx-
imately 2 trading months) and the number of bootstrap rapibas isNg = 1000.
After computing the first estimatifm, a second run with block lengthy2 = 20
is made. This leads to the second estim”ﬁ@b/2 for the long-run variance and the
linear combination

ifr = ZfER,b - fLZFe,b/z
is chosen as an estimate f:fh Such a linear combination typically leads to more
accurate estimates of the long-run variance than takingglesestimate (Politis,
2003).

Each rejection of a hypothesis test can be interpreted astaaroe of a Bernoulli
experiment with parameter value<07; < 1. The considered test statistics indeed
depend on each other but nevertheless an unbiased estifréerejection rate
m:= 1/43553 1 is given by the proportion of rejections. Since the consider
tests are unbiased (see FigureH),is said to be ‘true in general’ ifft > o . Note
that min 75 < m, i.e. the ‘worst’ of the 435 asset combinations cannot pececa
power which is larger tharr and so the rejection rate may serve as an upper bound
for the most optimistic view in favor dfl;. Conversely, given ane-sidedypothesis
test,m< a implies thatH is ‘true in general’, since the considered hypothesis tests
are not conservative but strictly decreasingfdin(see Table 4 and Table 5).

The first panel of Table 7 contains the proportions of regetifor all 435 asset
combinations. For the shortfall probabilify= 0.1 only 10% asset combinations
exhibit significantly different Spearman’s rhos on a siguifice level ofo = 0.1.
However, it can be seen that for @l 0.2 the proportions of rejections exceed the
corresponding significance levels. Especiallypiincreases the rejection rates ap-
parently become very large and so we conclude that the lonceupper conditional
rank-correlation coefficients in general are differentireach other.

5.2 One-Sided Hypothesis Tests

Panel 2 and 3 of Table 7 contain the proportions of asset amatibhs where the
lower conditional Spearman’s rho exceeds the upper cam@itiSpearman’s rho and
vice versa. For example, 67% of the asset combinations atetatp, n > pun
given the shortfall probability = 0.1 but only 17% of these combinations are sig-
nificant on the significance level = 0.1. It is clear that not every combination with
PL.n > Pu,n OF PLn < Pu,n can be significant. This holds especially if the number of
observations in the lower left and upper right area of theigogb copula is small.
So even if the proportion of significant combinations mighpear to be somewhat
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Panel 1 Ho:pL = pu vs.Hi:pL # pu
a p=01p=02p=03p=04p=05
0.10 .10 27 .46 .63 .78
0.05 .05 .20 .37 .53 .69
0.01 .01 .09 24 .36 .49

Panel 2 Ho:pL < puyvs.Hi:p. > py
a p=01p=02p=03p=04p=05
0.10 A7 37 .57 .73 .84
0.05 .09 .25 .45 .62 .78
0.01 .02 12 .29 42 .57
Pn>pun 67 .79 92 95 97

Panel 3 Ho:pL > pu vs.Hi:pL < pu
o p=01p=02p=03p=04p=05
0.10 .03 .03 .01 .01 .00
0.05 .01 .02 .00 .01 .00
0.01 .00 .01 .00 .00 .00
pLn<pun 33 21 .08 .05 .03

Table 7 Proportions of rejections of the different hypothesisgeshortfall probabilities, and sig-
nificance levels for the 435 asset combinations. The pripwf asset combinations whedge is
larger or smaller thapy are presented in the last rows of Panel 2 and Panel 3.

small, it neither implies that most of the null hypothesestane nor that the dif-
ferences of the lower and upper conditional rank-corretetoefficients are ‘small’
(see the last row of Table 6).

The second panel of Table 7 clearly reveals that the rejectites of the hy-
pothesis tests for various levels pfanda considerably exceed the corresponding
significance levels. This effect becomes more obvious theeqpacreases. Hence,
we have found a strong evidence for the hypothegisp, > py. In contrast, for
the opposite test the proportions of rejections given inl@ab(Panel 3) are sub-
stantially smaller than the significance levels. Once atg@mclearly supports the
aforementioned hypothesis.

Many empirical studies suggest that tireear correlation coefficienbf stock
returnsis larger in bear markets than in bull markets (sge,£&ng and Chen, 2002,
Erb etal., 1994). Our results of the one-sided hypothesis tonfirm these findings
in the literature, where Pearson’s rho is used as a depeadegasure. That means
in bear markets daily stock returns depend more on each thiiein bull markets.
This holds even if ‘dependence’ is measured by Spearmaa;swhich is neither
susceptible to outliers nor affected by the marginal distions of the considered
random variables.
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6 Conclusion

Several authors have investigated the dependencies &frgtioens in bull and bear
markets. Pearson’s rho has been typically used as a cahdamendence measure.
Unfortunately, it essentially depends on the marginal datiwe distribution func-
tions of the random variables which are taken into constaerand quantifies only
the degree of linear dependence. However, one is ofteresttd in the degree of
monotone rather than linear dependence. This holds edlpéfdiae marginal distri-
butions are highly non-standard which is definitely the aglsen concentrating on
the tails of stock return distributions. So it is crucial todia reasonable dependence
measure for the degree of monotone dependence under thiti@otidat stock re-
turns contemporaneously go up or down. We believe that eoftnélory can serve
as an appropriate tool-box and suggest Spearman’s rho gseadknce measure.
This is in contrast to the previous literature, where e.gditional versions of Pear-
son’s rho have been used for the same purpose. Moreoverppuvach is purely
nonparametric. Since we do not fit specific copulas to the olataggest specific
time series models, we are able to avoid any kind of modelpaigfication. The
finite-sample performance of the proposed hypothesistests been demonstrated
by Monte Carlo simulation. Further, an empirical study ggdaily returns of stocks
contained in the DAX 30 has been conducted. We think thaetleesufficient ev-
idence to support the hypothesis of different degrees ofatume dependence in
bull and bear markets.
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Fig. 2 The upper part shows the lower (left hand side) and uppehnt(ignd side) conditional
Spearman’s rho as a function pf= g for BASF vs. Henkelif = 5343). The dashed lines represent
the corresponding 95%-confidence bands. In the lower letttha lower and upper conditional
Spearman’s rhos are shown together where the thick linesepts the lower conditional Spear-
man’s rho. The lower right part contains the difference leetwthe rhos and the corresponding
95%-confidence band.



24 Jadran Dobri¢, Gabriel Frahm, and Friedrich Schmid

o
£ 06
% Va
E = v —
I R . - -
0] -~ - -
& AN g
g /"Jﬁ/—_\
S N
3 02
c
[=}
o
5]
R
|
0.1 0.2 0.3 0.4 0.5
2
= 0.6
]
£
I
S 04
2
= \\~/\\ -~ 7
kS| 0.2 -7
S /\/\\\/\_,,v/
© —
g
S— 0
0.1 0.2 0.3 0.4 0.5
0.5
[%2]
o
<
8 Ol4W
£
©
<3
N 0.3
5 \W
c
o
T 02
o
O
0.1
0.1 0.2 0.3 0.4 0.5
[}
(5]
c
o
[}
=
a
|
-0.1¢
-0.2
0.1 0.2 0.3 0.4 0.5

Fig. 3 The upper part shows the lower (left hand side) and uppehnt(fignd side) conditional
Spearman’s rho as a function pf= g for BASF vs. Thyssenn= 7884). The dashed lines rep-
resent the corresponding 95%-confidence bands. In the leftgrart the lower and upper condi-
tional Spearman’s rhos are shown together where the thiekrépresents the lower conditional
Spearman’s rho. The lower right part contains the diffeecpetween the rhos and the correspond-
ing 95%-confidence band.
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Fig. 4 The upper part shows the lower (left hand side) and uppeht(fignd side) conditional
Spearman’s rho as a function pf= g for BASF vs. Infineonif = 2110). The dashed lines rep-
resent the corresponding 95%-confidence bands. In the leftgrart the lower and upper condi-
tional Spearman’s rhos are shown together where the thiekrépresents the lower conditional
Spearman’s rho. The lower right part contains the diffeecbetween the rhos and the correspond-
ing 95%-confidence band.



