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Abstract Extreme values are usually modeled with the peaks over ttesttbld
approach by means of the Poisson-Generalized Paretoldigbm (Poisson-GPD).
This model is governed by three parameters: the Poissontlegescale and the
shape of the GPD. The quantity of interest, in many appbeatiis the mean return
level which is a function of Poisson-GPD parameters. Moegahe shape param-
eter of GPD is itself of interest in order to gain more insgbh the underlying
extremal process. For a suitable orthogonal paramewizatie derive matching
priors for shape, scale and Poisson rate parameters basedapproximate condi-
tional pseudo-likelihood. The formal rule, used here taobsuch priors, in some
cases leads to the same priors obtained with Jeffreys’ aferétee procedures.
Moreover, we can provide a formal proof that each marginargor shape and
scale parameters, respectively, are second order matphmg. We estimate the
coverages of the corresponding posterior credible interaad apply our approach
to an example from hydrology.

Key words: Approximate conditional likelihood, Bayesian statistiEgtreme val-
ues, Matching priors, Orthogonal parameters

1 Introduction

In the past two decades there has been an increasing infi@resatistical models
of extreme events in numerous disciplines such as envirotahsciences, finance
and insurance, among others (see for instance [12] and [32])

We consider the class of models arising from extreme vake@th([21] and [29])
with particular attention to model the exceedances of agandhriableZ € 2 C IR
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over a fixed high threshold, ([16]). LetZ ~ H(z) represent the observable variable
(i.e. rainfall level or return of a financial asset) aie= Z — u > 0|Z > u represent
the exceedance over [29] shows that, under regularity conditions Bifz), the
limiting distribution of Y, givenZ > u, whenu — z* = sup%’, is the Generalized
Pareto Distribution (GPD) with shaggeand scales > 0,

_ [0t a+yE o) MORL it (14y¢/0) > 0
f(y|5a0)_{alexp(—)’/0)a £=0

In most applications the shape parameter is of interestiseca

a) & regulates the existence of an upper limit in theariation. In fact, whe < 0,
Z'=u—0/& < o, while £ > 0 impliesz* = co.

b) & regulates tail thickness &f(z) and, in particular, 1& determines the number
of finite moments o, i.e., foré =1, E(Y) < o andE(Y?) = o,

Because oé), modelf(-) is irregular: for§ < 0 the support o depends ow and,

in general, it does not satisfy usual regularity conditifamghe maximum likelihood
estimator (MLE) ([33]). In particular, the MLE does not esisvhené < —1 and
they are not regular for-1 < £ < —0.5, in order to avoid such irregularities, we
assumé& > —0.5 in the rest of the paper. In practical data analyées 0 is usually
encountered.

The main quantity of interest in extreme value analysis ésktyear mean re-
turn level, Ry, that is the value o¥ that will be exceeded once evekyyears. In
order to model this quantity we need to resort to a point pesepproach and use
the Poisson-GPD model ([32]). Lgt= (y1,...,Yn) ben exceedances over a fixed
thresholdu that have been observed durifigyears. The corresponding likelihood
function for the Poisson-GPD model is

L(6) = piy/0) Oy expl—yT} [ 1(41%.0). @
wheref = (¢, 0,y) and

Re=u-+(a/&) [(W)F 1.

Several papers deal with point and interval estimatiof &fom a frequentist per-
spective; see e.g.: [15], [33], [18], [25], [23] and [9]. Frentist approach, in ex-
treme value analysis, pose difficulties not only becauseadehirregularities, but
also becausa cannot be large as extreme values are rare events. Suchiltéfc
induced several authors ([16], [32]) to resort to a Bayesigproach wheré&(6)

is combined with a suitable prian(8) that mitigates the odd behavior &f8).
Bayesian methods however, introduce the problem of elgisuch priort(6). In
particular, elicitation is problematic because of the lafla physical meaning of
6. In this sense, paper [3] proposes an elicitation procedni®, while [17] use a
separate elicitation fof < 0 andé > 0, leading to a prior which is discontinuous
até = 0. The use of vague priors is further complicated by the néadsensitivity
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analysis of the posterior with respect to the prior and ths tio be done for eagh
This is not needed under a default Bayesian perspectivegwti@) is determined
by a formal rule equal for all possible The default Bayesian perspective is that
used here along with other papers such as [1] that proposas iaformative prior
for the regular case of > 0 and [8] that discussed the use of the joint improper
Jeffreys’ prior for(¢, o),

mE,o)0o0 Y 1+&)Y1+28) Y2 &>-1/2,0>0,

which leads to a proper posterior distribution [8, TheorgnThe Jeffreys’ rule is
found to produces accurate inference éno) mitigating the odd behavior @f(6).
Finally, a recent work of [24] studies a matching prior foe tjuantiles of the GPD.
However, differently from this work, none of the above pamudy matching priors
for parameters of the Poisson-GPD model in equation (1).

The main contribution of this paper is to propose matchingrpit(-), for the
parameters of model (1), based on the approximate conditi@C) likelihood
function in [13]. The priort*(-) is derived according to the formal rule developed
in [36]. We thus have a formal proof that the matching print$é) and (o)
are second order matching priors, while for the joint priv(€, o) 0 (&, 0) we
have heuristic arguments and numerical evidence suggebkatrt* (£, o) is jointly
matching, according to the definition in [14], only f&r> 0.

The rest of the paper is organized as follows: Section 2 Isstted use of pseudo-
likelihoods for deriving matching priors, with particulimcus on the AC likelihood.
Derivation of 7t(-) along with the estimation of the coverage errors of posterio
credible intervals (C.l1.) are contained in Section 3. Anlegagion to hydrology
data is illustrated in Section 4, while Section 5 containgher remarks.

2 Matching priorsfrom pseudo-likelihoods under orthogonal
parametrization

In this section we resume, under a more general setup, tleeguce in [36] that
leads to the formal rule here employed in order to obt#ifi). We consider a parti-
tion of the parameted € © C IR®, as@ = (¢, A ), wherey represents the parameter
of interest and\ is the nuisance parameter. The eliminatiomotan be achieved
using an appropriate pseudo-likelihood functibh(y), which is a function ofyy
andy, with properties similar to those of a genuine likelihooddtion. Commonly
used pseudo-likelihood functions include: marginal, Ugtemployed in Bayesian
analysis, conditional, profile and modified profile likeldus; see, for instance, [2],
[28], [31]. The use oL*(y), as if it were a true likelihood, leads to the posterior
distribution fory,

m(gly) O (@)L (@),

where r(y) is a suitable prior distribution oy only. Under a non-orthodox
Bayesian point of view, there are two main advantages in caimg 7 ({|y) in-
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stead of the usual marginal posterior

M) O [ LOMA @) miw)d,

based on the full likelihood(8). In particular,

e we avoid elicitation ofr(A |)
e numerical integration on the full parameter spéces no longer needed.

Bayesian inference based bn(y) has been considered, for instance, in [19], [4],
[3], [20], [6], [26], [10], [22], [36], [37] [30].

We define a matching priam*(y) as the prior that satisfies the following first
order partial differential equation ([14], Chp. 2)

Po(W < Ya) = Pr(W < Ya) +Op(n1),

wherePy (-) denotes the frequentist probability un@eiP,(-) is the posterior proba-
bility and g4 is thea-quantile ofrt*(y1y). If 8 is a vector of orthogonal parameters
(i. e. the Fisher information matrix is strictly diagonaieh " (y) is available via
the approximate conditional likelihood in [13]

Lac(W) = Lp(W)iaa (W, Ap)| Y2,

Wherej\w is the restricted MLE of\ for fixed ¢, Lo(¢) = L(L[J,;\w) is the profile
likelihood andj,, (W,A) = —3%¢(Y,A)/dAAAT is the observed Fisher informa-
tion for A, with ¢(¢,A) = logL(y,A). According to Proposition 2.1 in [36], the
matching prior fony associated thac(y) is given by

1 (@) Digy (W, Ay)*2, 2)

whereiyy(,A) is the(y, g)-component of the Fisher information matiixy, A)
based orL(,A). The corresponding pseudo-posterior is

7' (@ly) O Lac(@)igy (W, Ag) Y2,
see also [35], [34] and [10].

3 Matching priorsfor parametersin the Poisson-GPD model

Let us consider a reparametrization of the GPD density im$esf orthogonal pa-
rameters andv = o(1+ &) according to [11]. The GPD density becomes

VH A+ E)(A+yE(1+E)/v) I (14yE(1+8)/v) >0

f(y|Evv){Vlqu_y/v), &E=0
3)
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The corresponding log-likelihood for the Poisson-GPD nidde & £ 0, is

£(8) =nlog(y) — yT — nlog(v )+n|og(1+€)—%€ S Iog(1+5(ljf)yi),

where, with an abuse of notatiofi~ (y, &, Vv), and the expected Fisher information
matrix, for one observation, is

yt 0 0
ie(e)=< 0 (1+&)72 0 )
0 0 v?1+28)71

We consider four relevant different partitions@f(i) y =&, (i) gy =v, (i) Yy =y
and {v) ¢ = (&,v). It is worth nothing that the conditional MLE of the Poisson
rate,yy = n/T, does not depend ahandv. The corresponding priors (2), for each
partition, are all improper and illustrated in Table 1.

Table 1 Partitions of6 along with corresponding priors and posteriors.

Case  Partition Priort* (¢) Posteriorrt* (Y|y)
0] Y=&A=(yv) O@+& numerically

(ii) Y=v,A=(y,&) DOv1(14+2&)* numerically

(iii) Y=y A=(&v) Oy? Gamma(n+1/2,1)
M) w=@Ev) A=y O@Ev)Ovi1+E)(1+28) Y2 seels]

Only for case if) we have a data dependent prior because the conditional §]LE
enters into the prior.

Prior for caseifi) is the Jeffreys/Reference and the first order matching foio
the Poisson rate. Moreover, because of factorizatigh) = L(y) x L(&,v), T°(y)
is also the unique first order matching prior for the PoisdPi2@nodel according to
Theorem 2.5.1in [14].

For caseif’), we have a vector of parameters of interest and the regygtiior
" (g) equals the Jeffreys’ priam’ (€,v). Such prior is the same in [8f1(&, 0),
under the non-orthogonal parametrization. This can béyesestn, by recalling that
the Jeffreys’ prior is invariant under reparametrizatidowever, although Jeffreys’
and [36] procedures both lead to the same prior, in this pap@nly have numerical
evidence thatt*(€, v|y) is a joint matching prior according to the definition in [14]
that is,

Po(€§ <éa,v<Vq)=Pp( <&q,v< Va)ﬁLOp(nil)-

Such evidence is substantial for the regular casgé »f0, while coverages of pos-
terior C.1., foré < 0, are less than the nominal value.

We use Monte Carlo simulations to evaluate frequentistiages of 95% poste-
rior C.1. for the corresponding priors in Table 1 for cas@s({i) and {v). We use,
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for each combination of, v andn, 5000 simulated C.I.. Cased &nd (i) are new
to the literature and coverages are shown in Table 2 withifgignt digits, while
coverages for casévj are showed in Figure 1.

Table2 Empirical coverages for casg (vith v =1 and (i) with £ = 1.

n

3 10 20 30
-0.4 0.94 096 0.95
0.0 0.98 097 0.96
1.0 0.97 096 0.95
2.0 0.97 097 0.96
Vv

05 095 095 0.95
1.0 0.94 095 094
2.0 0.95 096 0.95
5.0 0.95 096 0.95

We can see from Table 2 and Figure 1 that with 30 coverages are all compat-
ible with the nominal value of 95%.
For the mean return level, we propose to use cagg¢alid {v) to derive the prior
for R¢(8) by means of
(6) O 1" (y) 1T (&, V).

Such prior is the Jeffreys’ prior for the Poisson-GPD modéle corresponding
posterioryT (R¢(0)]y), has been also used in [8] and here we study coverages of the
corresponding 95% posterior C.I. that are showed in Figuiee 2 > 0 andk =1

year. Frorm = 40 coverages are compatible with the nominal 95%.

Finally, it is possible to note, from Figures 1 and 2, that elddegularities,
occurring wheré — —1/2, have effect on the coverages of posterior C.I.. In fact,
coverages tends to be smaller whigr= 0.5 with respect to the other values &f
considered in the simulation study. However, in real appiins, negative values
of & are not very common, while large positive value€adenote the presence of
heavy tails in the distribution of .

4 An application to hydrology

We apply the proposed inference procedure to a sample ofXfetdances over the
level 65m?3/sec. by the River Nidd at Hunsingore Weir from 1934 to 1969 ([27]).
This data set (see Figure 3) has been analyzed by severaksiuih6], [25], [8].
These data involve problems of trend, seasonality andhbléselection. Here we
use them to demonstrate our procedure. One of the main éatuhis sample is



Default priors for Poisson-GPD 7

Coverages of Jeffreys’s prior

Coverages of 95% Credible Intervals
0.7 0.8 0.9

D>

0.6
|

10 15 20 25 30

Fig. 1 Empirical coverages aft*(¢, oly), for the regular case df > 0. Horizontal lines indicate
coverages compatible with the nominal 95%.

the tail bumpiness for thresholds between 100 andt®@ec., because the number
of observations over the threshalddoes not smoothly decreasesiamcreases.
This feature complicates the threshold selection probilghich is not explicitly
addressed here. For different thresholds, the C.I fandv are showed in Table 3,
while C.I. for R¢ are the same intervals in [8]. The lengthé&ofndv C.I. increases
with u because of the sample size. Inference is sensihidbtrause values afup

to 100m?/sec. provide similar inference (i.e. all C.1. contaifis= 0) and this differs
from that obtained witlu > 100. For this data, it could be of interest whether or not
the exceedances of the Nidd River are bounded. This amauontddulate

BF* = (& > 0Oly)/m (¢ <Qly),

that is the pseudo-Bayes Factor on the sigr€ oDifferently from the usuaBF,
based or.(6), as that in [8]BF * is not based on the posterior marginal distribution
of &, but instead on pseudo-likelihodd(&). The general use df*(y) to obtain
BF* is further discussed in [7].

The weight of evidence, IdgF*, is showed in Table 3. Far< 110, the evidence
in favour of ¢ > 0 is substantial and it is larger than the one obtained in [8].
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Coverages of the one-year Mean Return Level
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2 Empirical coverages af’ (R¢(8)]y), for the regular case & > 0. Horizontal lines indicate

coverages compatible with the nominal 95%.

Table 3 95% credible intervals fof andv at different thresholds for Nidd data.
& v

u n 95% C.I. Length lodBF* 95% C.I. Length
70 138 (0.14,0.60) 0.46 9 (23,36) 13
80 86 (0.09,0.76) 0.68 6 (26,45) 20
90 57 (-0.07,0.79) 0.86 3 (30,58) 29
100 39 (-0.30,0.65) 0.95 1 (37,75) 38
110 31 (-0.37,0.71) 1.08 0 (37,81) 44
120 24 (-0.44,0.58) 1.02 -1 (40,89) 49
130 22 (-0.42,0.87) 1.29 0 (35,88) 54
140 18 (-0.44,0.97) 1.41 0 (34,95) 61
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Nidd River data
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Fig. 3 Flood levels above 661 /sec. of River Nidd at Hunsingore Weir from 1934 to 1969.

5 Concluding Remarks

For the Poisson-GPD model (1) and a reduced set of paranwdténterest, we
derived priors for inference based on the AC likelihood. ashthese priors are
also first order matching priors and some of them coincidé \déffreys’ priors.
The main objective of this work is to show the potential of #ygproach based
on pseudo-likelihoods to derive matching priors [36]. lotfdor the Poisson-GPD
model, matching priors are derived quite easily.

Finally, one may employ priors* () here developed and obtain the posterior
ri(Yly) with the usual integration of the marginal likelihood

L") 0 [ LOmAwd,
en

such that the posterior is
m(yly) O L") (g).

However, the procedure here proposed avoids elicitationy) that can be par-
ticularly cumbersome for the parameters of the Poisson-@ibDel, moreover in-
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tegration overk is avoid in our analysis. Finally, the matching argumentkdbr
T (Yly), while the marginal posteriar((|y) itis no longer guaranteed to be match-

ing.
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