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Abstract Extreme values are usually modeled with the peaks over the threshold
approach by means of the Poisson-Generalized Pareto Distribution (Poisson-GPD).
This model is governed by three parameters: the Poisson rate, the scale and the
shape of the GPD. The quantity of interest, in many applications, is the mean return
level which is a function of Poisson-GPD parameters. Moreover, the shape param-
eter of GPD is itself of interest in order to gain more insights on the underlying
extremal process. For a suitable orthogonal parametrization, we derive matching
priors for shape, scale and Poisson rate parameters based onan approximate condi-
tional pseudo-likelihood. The formal rule, used here to obtain such priors, in some
cases leads to the same priors obtained with Jeffreys’ and Reference procedures.
Moreover, we can provide a formal proof that each marginal prior for shape and
scale parameters, respectively, are second order matchingpriors. We estimate the
coverages of the corresponding posterior credible intervals and apply our approach
to an example from hydrology.

Key words: Approximate conditional likelihood, Bayesian statistics, Extreme val-
ues, Matching priors, Orthogonal parameters

1 Introduction

In the past two decades there has been an increasing interestfor statistical models
of extreme events in numerous disciplines such as environmental sciences, finance
and insurance, among others (see for instance [12] and [32]).

We consider the class of models arising from extreme value theory ([21] and [29])
with particular attention to model the exceedances of a random variableZ ∈Z ⊂ IR
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over a fixed high threshold,u ([16]). Let Z ∼ H(z) represent the observable variable
(i.e. rainfall level or return of a financial asset) andY = Z − u > 0|Z > u represent
the exceedance overu. [29] shows that, under regularity conditions onH(z), the
limiting distribution ofY , givenZ > u, whenu → z∗ = supZ , is the Generalized
Pareto Distribution (GPD) with shapeξ and scaleσ > 0,

f (y | ξ ,σ) =

{

σ−1 (1+ yξ/σ)−(1+ξ )/ξ , if (1+ yξ/σ)> 0
σ−1exp(−y/σ) , ξ = 0

In most applications the shape parameter is of interest because:

a) ξ regulates the existence of an upper limit in theY variation. In fact, whenξ < 0,
z∗ = u−σ/ξ < ∞, while ξ ≥ 0 impliesz∗ = ∞.

b) ξ regulates tail thickness ofH(z) and, in particular, 1/ξ determines the number
of finite moments ofY , i.e., forξ = 1, E(Y )< ∞ andE(Y 2) = ∞.

Because ofa), model f (·) is irregular: forξ < 0 the support ofY depends onσ and,
in general, it does not satisfy usual regularity conditionsfor the maximum likelihood
estimator (MLE) ([33]). In particular, the MLE does not exists whenξ < −1 and
they are not regular for−1 < ξ < −0.5, in order to avoid such irregularities, we
assumeξ >−0.5 in the rest of the paper. In practical data analyses,ξ > 0 is usually
encountered.

The main quantity of interest in extreme value analysis is the k-year mean re-
turn level,Rk, that is the value ofY that will be exceeded once everyk years. In
order to model this quantity we need to resort to a point process approach and use
the Poisson-GPD model ([32]). Lety = (y1, . . . ,yn) be n exceedances over a fixed
thresholdu that have been observed duringT years. The corresponding likelihood
function for the Poisson-GPD model is

L(θ ) = p(y|θ ) ∝ γn exp{−γT}×
n

∏
i=1

f (yi|ξ ,σ), (1)

whereθ = (ξ ,σ ,γ) and

Rk = u+(σ/ξ )
[

(γk)ξ −1
]

.

Several papers deal with point and interval estimation ofθ from a frequentist per-
spective; see e.g.: [15], [33], [18], [25], [23] and [9]. Frequentist approach, in ex-
treme value analysis, pose difficulties not only because of model irregularities, but
also becausen cannot be large as extreme values are rare events. Such difficulties
induced several authors ([16], [32]) to resort to a Bayesianapproach whereL(θ )
is combined with a suitable priorπ(θ ) that mitigates the odd behavior ofL(θ ).
Bayesian methods however, introduce the problem of eliciting such priorπ(θ ). In
particular, elicitation is problematic because of the lackof a physical meaning of
θ . In this sense, paper [3] proposes an elicitation procedureon θ , while [17] use a
separate elicitation forξ < 0 andξ > 0, leading to a prior which is discontinuous
at ξ = 0. The use of vague priors is further complicated by the need of a sensitivity
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analysis of the posterior with respect to the prior and this has to be done for eachy.
This is not needed under a default Bayesian perspective, where π(θ ) is determined
by a formal rule equal for all possibley. The default Bayesian perspective is that
used here along with other papers such as [1] that proposes a non informative prior
for the regular case ofξ > 0 and [8] that discussed the use of the joint improper
Jeffreys’ prior for(ξ ,σ),

πJ(ξ ,σ) ∝ σ−1(1+ ξ )−1(1+2ξ )−1/2, ξ >−1/2,σ > 0,

which leads to a proper posterior distribution [8, Theorem 1]. The Jeffreys’ rule is
found to produces accurate inference on(ξ ,σ) mitigating the odd behavior ofL(θ ).
Finally, a recent work of [24] studies a matching prior for the quantiles of the GPD.
However, differently from this work, none of the above papers study matching priors
for parameters of the Poisson-GPD model in equation (1).

The main contribution of this paper is to propose matching priors π∗(·), for the
parameters of model (1), based on the approximate conditional (AC) likelihood
function in [13]. The priorπ∗(·) is derived according to the formal rule developed
in [36]. We thus have a formal proof that the matching priorsπ∗(ξ ) and π∗(σ)
are second order matching priors, while for the joint priorπ∗(ξ ,σ) ∝ πJ(ξ ,σ) we
have heuristic arguments and numerical evidence suggesting thatπ∗(ξ ,σ) is jointly
matching, according to the definition in [14], only forξ > 0.

The rest of the paper is organized as follows: Section 2 recalls the use of pseudo-
likelihoods for deriving matching priors, with particularfocus on the AC likelihood.
Derivation of π∗(·) along with the estimation of the coverage errors of posterior
credible intervals (C.I.) are contained in Section 3. An application to hydrology
data is illustrated in Section 4, while Section 5 contains further remarks.

2 Matching priors from pseudo-likelihoods under orthogonal
parametrization

In this section we resume, under a more general setup, the procedure in [36] that
leads to the formal rule here employed in order to obtainπ∗(·). We consider a parti-
tion of the parameterθ ∈Θ ⊆ IR3, asθ = (ψ ,λ ), whereψ represents the parameter
of interest andλ is the nuisance parameter. The elimination ofλ can be achieved
using an appropriate pseudo-likelihood function,L∗(ψ), which is a function ofψ
andy, with properties similar to those of a genuine likelihood function. Commonly
used pseudo-likelihood functions include: marginal, usually employed in Bayesian
analysis, conditional, profile and modified profile likelihoods; see, for instance, [2],
[28], [31]. The use ofL∗(ψ), as if it were a true likelihood, leads to the posterior
distribution forψ ,

π∗(ψ |y) ∝ π(ψ)L∗(ψ),

where π(ψ) is a suitable prior distribution onψ only. Under a non-orthodox
Bayesian point of view, there are two main advantages in computing π∗(ψ |y) in-
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stead of the usual marginal posterior

π(ψ |y) ∝
∫

λ∈Λ
L(θ )π(λ |ψ)π(ψ)dλ ,

based on the full likelihoodL(θ ). In particular,

• we avoid elicitation ofπ(λ |ψ)
• numerical integration on the full parameter spaceΘ is no longer needed.

Bayesian inference based onL∗(ψ) has been considered, for instance, in [19], [4],
[5], [20], [6], [26], [10], [22], [36], [37] [30].

We define a matching priorπ∗(ψ) as the prior that satisfies the following first
order partial differential equation ([14], Chp. 2)

Pθ (ψ ≤ ψα) = Pπ(ψ ≤ ψα)+Op(n
−1),

wherePθ (·) denotes the frequentist probability underθ , Pπ(·) is the posterior proba-
bility andψα is theα-quantile ofπ∗(ψ |y). If θ is a vector of orthogonal parameters
(i. e. the Fisher information matrix is strictly diagonal) thenπ∗(ψ) is available via
the approximate conditional likelihood in [13]

LAC(ψ) = Lp(ψ)| jλ λ (ψ , λ̂ψ)|
−1/2 ,

whereλ̂ψ is the restricted MLE ofλ for fixed ψ , Lp(ψ) = L(ψ , λ̂ψ ) is the profile
likelihood and jλ λ (ψ ,λ ) = −∂ 2ℓ(ψ ,λ )/∂λ ∂λT is the observed Fisher informa-
tion for λ , with ℓ(ψ ,λ ) = logL(ψ ,λ ). According to Proposition 2.1 in [36], the
matching prior forψ associated toLAC(ψ) is given by

π∗(ψ) ∝ iψψ (ψ , λ̂ψ)
1/2 , (2)

whereiψψ(ψ ,λ ) is the(ψ ,ψ)-component of the Fisher information matrixi(ψ ,λ )
based onL(ψ ,λ ). The corresponding pseudo-posterior is

π∗(ψ |y) ∝ LAC(ψ)iψψ (ψ , λ̂ψ)
1/2;

see also [35], [34] and [10].

3 Matching priors for parameters in the Poisson-GPD model

Let us consider a reparametrization of the GPD density in terms of orthogonal pa-
rametersξ andν = σ(1+ ξ ) according to [11]. The GPD density becomes

f (y|ξ ,ν) =
{

ν−1(1+ ξ )(1+ yξ (1+ ξ )/ν)−(1+ξ )/ξ, (1+ yξ (1+ ξ )/ν)> 0
ν−1exp(−y/ν), ξ = 0

.

(3)
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The corresponding log-likelihood for the Poisson-GPD model, for ξ 6= 0, is

ℓ(θ ) = n log(γ)− γT − n log(ν)+ n log(1+ ξ )−
1+ ξ

ξ

n

∑
i=1

log

(

1+
ξ (1+ ξ )

ν
yi

)

,

where, with an abuse of notation,θ = (γ,ξ ,ν), and the expected Fisher information
matrix, for one observation, is

iθ (θ ) =





γ−1 0 0
0 (1+ ξ )−2 0
0 0 ν−2(1+2ξ )−1



 .

We consider four relevant different partitions ofθ : (i) ψ = ξ , (ii) ψ = ν, (iii) ψ = γ
and (iv) ψ = (ξ ,ν). It is worth nothing that the conditional MLE of the Poisson
rate,γ̂ψ = n/T , does not depend onξ andν. The corresponding priors (2), for each
partition, are all improper and illustrated in Table 1.

Table 1 Partitions ofθ along with corresponding priors and posteriors.

Case Partition Priorπ∗(ψ) Posteriorπ∗(ψ|y)

(i) ψ = ξ , λ = (γ ,ν) ∝ (1+ξ )−1 numerically
(ii) ψ = ν , λ = (γ ,ξ ) ∝ ν−1(1+2ξ̂ν )

−1 numerically
(iii) ψ = γ , λ = (ξ ,ν) ∝ γ−1/2 Gamma(n+1/2,1)
(iv) ψ = (ξ ,ν), λ = γ ∝ πJ(ξ ,ν) ∝ ν−1(1+ξ )−1(1+2ξ )−1/2 see [8]

Only for case (ii) we have a data dependent prior because the conditional MLEξ̂ν
enters into the prior.

Prior for case (iii) is the Jeffreys/Reference and the first order matching prior for
the Poisson rate. Moreover, because of factorizationL(θ ) = L(γ)×L(ξ ,ν), π∗(γ)
is also the unique first order matching prior for the Poison-GPD model according to
Theorem 2.5.1 in [14].

For case (iv), we have a vector of parameters of interest and the resulting prior
π∗(ψ) equals the Jeffreys’ priorπJ(ξ ,ν). Such prior is the same in [8],πJ(ξ ,σ),
under the non-orthogonal parametrization. This can be easily seen, by recalling that
the Jeffreys’ prior is invariant under reparametrization.However, although Jeffreys’
and [36] procedures both lead to the same prior, in this paperwe only have numerical
evidence thatπ∗(ξ ,ν|y) is a joint matching prior according to the definition in [14]
that is,

Pθ (ξ ≤ ξα ,ν ≤ να) = Pπ(ξ ≤ ξα ,ν ≤ να)+Op(n
−1).

Such evidence is substantial for the regular case ofξ > 0, while coverages of pos-
terior C.I., forξ < 0, are less than the nominal value.

We use Monte Carlo simulations to evaluate frequentist coverages of 95% poste-
rior C.I. for the corresponding priors in Table 1 for cases (i), (ii) and (iv). We use,
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for each combination ofξ , ν andn, 5000 simulated C.I.. Cases (i) and (ii) are new
to the literature and coverages are shown in Table 2 with significant digits, while
coverages for case (iv) are showed in Figure 1.

Table 2 Empirical coverages for case (i) with ν = 1 and (ii) with ξ = 1.

n
ξ 10 20 30

-0.4 0.94 0.96 0.95
0.0 0.98 0.97 0.96
1.0 0.97 0.96 0.95
2.0 0.97 0.97 0.96

ν

0.5 0.95 0.95 0.95
1.0 0.94 0.95 0.94
2.0 0.95 0.96 0.95
5.0 0.95 0.96 0.95

We can see from Table 2 and Figure 1 that withn = 30 coverages are all compat-
ible with the nominal value of 95%.

For the mean return level, we propose to use cases (iii) and (iv) to derive the prior
for Rk(θ ) by means of

πJ(θ ) ∝ π∗(γ)π∗(ξ ,ν).

Such prior is the Jeffreys’ prior for the Poisson-GPD model.The corresponding
posterior,πJ(Rk(θ )|y), has been also used in [8] and here we study coverages of the
corresponding 95% posterior C.I. that are showed in Figure 2for ξ > 0 andk = 1
year. Fromn = 40 coverages are compatible with the nominal 95%.

Finally, it is possible to note, from Figures 1 and 2, that model irregularities,
occurring whenξ → −1/2, have effect on the coverages of posterior C.I.. In fact,
coverages tends to be smaller whenξ = 0.5 with respect to the other values ofξ
considered in the simulation study. However, in real applications, negative values
of ξ are not very common, while large positive values ofξ denote the presence of
heavy tails in the distribution ofY .

4 An application to hydrology

We apply the proposed inference procedure to a sample of 154 exceedances over the
level 65m3/sec. by the River Nidd at Hunsingore Weir from 1934 to 1969 ([27]).
This data set (see Figure 3) has been analyzed by several authors: [16], [25], [8].
These data involve problems of trend, seasonality and threshold selection. Here we
use them to demonstrate our procedure. One of the main feature of this sample is
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Coverages of Jeffreys’s prior
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Fig. 1 Empirical coverages ofπ∗(ξ ,σ |y), for the regular case ofξ > 0. Horizontal lines indicate
coverages compatible with the nominal 95%.

the tail bumpiness for thresholds between 100 and 120m3/sec., because the number
of observations over the thresholdu does not smoothly decreases asu increases.
This feature complicates the threshold selection problem,which is not explicitly
addressed here. For different thresholds, the C.I. forξ andν are showed in Table 3,
while C.I. for Rk are the same intervals in [8]. The length ofξ andν C.I. increases
with u because of the sample size. Inference is sensible tou because values ofu up
to 100m3/sec. provide similar inference (i.e. all C.I. containsξ = 0) and this differs
from that obtained withu > 100. For this data, it could be of interest whether or not
the exceedances of the Nidd River are bounded. This amounts to calculate

BF∗ = π∗(ξ > 0|y)/π∗(ξ < 0|y),

that is the pseudo-Bayes Factor on the sign ofξ . Differently from the usualBF,
based onL(θ ), as that in [8],BF∗ is not based on the posterior marginal distribution
of ξ , but instead on pseudo-likelihoodL∗(ξ ). The general use ofL∗(ψ) to obtain
BF∗ is further discussed in [7].

The weight of evidence, logBF∗, is showed in Table 3. Foru < 110, the evidence
in favour ofξ > 0 is substantial and it is larger than the one obtained in [8].
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Coverages of the one−year Mean Return Level
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Fig. 2 Empirical coverages ofπJ(Rk(θ )|y), for the regular case ofξ > 0. Horizontal lines indicate
coverages compatible with the nominal 95%.

Table 3 95% credible intervals forξ andν at different thresholds for Nidd data.

ξ ν
u n 95% C.I. Length logBF∗ 95% C.I. Length

70 138 (0.14,0.60) 0.46 9 (23,36) 13
80 86 (0.09,0.76) 0.68 6 (26,45) 20
90 57 (-0.07,0.79) 0.86 3 (30,58) 29
100 39 (-0.30,0.65) 0.95 1 (37,75) 38
110 31 (-0.37,0.71) 1.08 0 (37,81) 44
120 24 (-0.44,0.58) 1.02 -1 (40,89) 49
130 22 (-0.42,0.87) 1.29 0 (35,88) 54
140 18 (-0.44,0.97) 1.41 0 (34,95) 61
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Nidd River data
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Fig. 3 Flood levels above 65m3/sec. of River Nidd at Hunsingore Weir from 1934 to 1969.

5 Concluding Remarks

For the Poisson-GPD model (1) and a reduced set of parametersof interest, we
derived priors for inference based on the AC likelihood. Some of these priors are
also first order matching priors and some of them coincide with Jeffreys’ priors.
The main objective of this work is to show the potential of theapproach based
on pseudo-likelihoods to derive matching priors [36]. In fact, for the Poisson-GPD
model, matching priors are derived quite easily.

Finally, one may employ priorsπ∗(ψ) here developed and obtain the posterior
π(ψ |y) with the usual integration of the marginal likelihood

Lm(ψ) ∝
∫

λ∈Λ
L(θ )π(λ |ψ)dλ ,

such that the posterior is
π(ψ |y) ∝ Lm(ψ)π∗(ψ).

However, the procedure here proposed avoids elicitationπ(λ |ψ) that can be par-
ticularly cumbersome for the parameters of the Poisson-GPDmodel, moreover in-
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tegration overλ is avoid in our analysis. Finally, the matching argument holds for
π∗(ψ |y), while the marginal posteriorπ(ψ |y) it is no longer guaranteed to be match-
ing.
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