Cluster Weighted Modeling with Student-t
components
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Abstract We consider Cluster-Weighted Modeling in order to modetfional de-
pendence between some input and output variables basedanataing from an
heterogeneous population. While such approach is usuadigchan Gaussian as-
sumptions, here we extend this framework to Studetistributions which provide
both more realistic tails for real-world data and robusiapaetric extension to the
fitting of data with respect to the alternative Gaussian rieodeheoretical results
are illustrated on the ground of some numerical simulations

Key words: Cluster-weighted modeling, Classification and patterogadion, t-
distribution.

1 Introduction

The functional dependence between some input and outpiables(X,Y) based
on data coming from an heterogeneous populatibonstituted byG homoge-
neous subpopulation@y, ..., Qg, is often estimated using methods able to model
local behaviour, like Finite Mixtures of Regression (FMRdaFinite Mixtures of
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Regression with Concomitant variables (FMRC), see e.g.[14] As a matter of
fact, the purpose of these models is to identify groups bintaknto account the
local relationships between some response varidldad someal-dimensional ex-
planatory variableX = (Xg,...,Xq).

Here we focus on a different approach cal@dster-Weighted Modeling (CWM),
proposed first in [5]. While mixtures of regressions consttierconditional proba-
bility density p(y|x), the CWM approach models the joint probability dengify, y)
as a weighted sum ové& clusters, where each cluster is modeled by the product of
an input distributionp(x|Qq) (i.e. a local model for the input variabk) and an
output distributionp(y|x, Qg) (i.e. a local model for the dependence betwieand
Y). Inthe literature, the local densitiggx| Qg) andp(y|x, Qg) are usually Gaussian
distributed. In this paper we consider cluster weightedefind based on Studeit-
distributions which are becoming popular and popular intivatliate statistics be-
cause they provide more realistic tails for real-world deith respect to the alterna-
tive Gaussian models, see e.g. [10], [11]. Moreover modasdet ort-distributions
provide a robust parametric extension to the fitting of daith wespect to normal
mixtures. Indeed, in presence of some noise componentytdteutliers or data
with longer-than-normal tails, one way to broaden the madel be provided by
considering distributions, see e.g. [13].

The rest of the paper is organized as follows. In Section 3t€itM/eighted Mod-
eling is introduced; in Section 3 we introduce the Clustesighited Modeling based
on Student-distributions; in Section 4 some numerical studies ardredl Finally,
in Section 5 we provide some conclusions and remarks fonéuaresearch.

2 The Cluster-Weighted M odeling

Let(X,Y) be a pair of a random vect¥rand a random variab¥ defined on2 with
joint probability distributionp(x,y), whereX is thed-dimensional input vector with
values in some spac@” C RY andY is a response variable having values4nhC
R. Thus(x,y) € R4, Assume thalQ can be partitioned int& disjoint groups,
say Q1,...,Qg, that isQ = Q1 U--- U Qg. Cluster-Weighted Modeling (CWM)
decomposes the joint probabilip(x,y) as:

G
P(.y) =3 P(YIX, Qq) P(X|Qq) T, 1)
g=1

whererg = p(Qg) is the mixing weight of grougg, p(x|Qy) is the probability den-
sity of x given Qg andp(y|x, Qg) is the conditional density of the response variable
Y given the predictor vector and the groug2g, g=1,...,G, see [5]. Throughout
this paper we assume that the input-output relation can ibeewasy = u(x; 8) + &,
wheree is a random variable with zero mean and finite variancefadénotes the
set of the parameters ¢f(-). Sometimes in (1) we shall writg(y|x, Qg; ) rather
thanp(y|x, Qg).
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Formula (1) highlights that the joint density Of,Y) can be viewed as a mixture
of local modelsp(y|x, Qg) weighted (in a broader sense) on both the local densities
p(x|Qg) and the mixing weightsg. In the model based approach to clustering, the
posterior probabilityp(Qg|x,y) of theg-th group(g =1, ...,G) is given by:

P(x.%,Qq) _ PlYIX, Qg)P(X|Q0)Ty
PY) 3T P(YIX, Q))p(X|Q))Tg

P(Qg[X,y) = )

Usually, in the literature about CWM, the local densitjs|Qg) are assumed
to be multivariate Gaussian with parametgmg, 2 ), that isX[Qq ~ Ng(Hg, Zg);
moreover also the conditional densfigy|x, Qg) Is often modeled by a Gaussian dis-
tribution with varianceogg around some deterministic function xfsay Lig(x; 8).
Thusp(x|Qg) = @ (X; Hg, Zg) andp(y|x, Qg) = @(y; 1 (x; Bg). 0Z¢) (9=1,...,G),
whereqy(X; g, Zg) denotes the probability density ofladimensional multivariate
Gaussian. This implies that the response varighletheg-th group is given by:

Y|X7Qg:“(X;Bg)+£g g:la"'7G7

wheregg ~ N(O, agg). Thus (1) can be rewritten as:

®

POX.Y:0) = @y: u(X; By), 0Fg) @i(X; g, Zg) Thy, 3)
g=1

where 8 = (By,...,Bg, M1 Hg, 21,26, 01, .., O g, T, .., T;) Summa-
rizes all unknown parameters of the model. In the followingts model will be
referred to as th&aussian CWM.

In the simplest case, the conditional densities (3) arechbasdinear mappings
H(X;Bg) = b§x+ bgo, with B = (b’g,bgo)/, whereb € RY andbgo € R yielding the
linear Gaussian CWM:

G
P(X,Y;8) = 5 @(y;bgX + boo, 0Z ) @u(X; K, Zg) Th - )
=1

Under suitable assumptions, one can shows that the CWM (R)dies as special
cases finite mixtures of Gaussian distributions (FMG), dimitixture of regression
(FMR) given by

G

G
b ) = 3 P Q)= 3 9yi06Bg). 0Z)Te.
g= g=

where denotes the overall parameters of the model, and finite m&atiregres-
sion with concomitant variables (FMRC), given by

G
Py e = @y U(x:By), 02 ) P(QglX, &), (5)
=1
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where the mixing weighp(Qg|x, &) now is a function depending ox through
someé, which denotes the parameters of the weight functignand ¢* is the
augmented set of all parameters to be estimated in the mbalde 1 summarizes
the relationships between CWM and FMG, FMR, FMRC. Moreover @WM is

a Qqg-to-x model, while the FMRC is &-to-Qy model; according to [8], in the
framework of neural networks they are called tiemerative direction model and
the diagnostic direction model respectively. Finally, an important aspect concerns

p(x|Qq) p(y|X,Qq) assumption
FMG Gaussian Gaussian linear relationship betwéamdY
FMR GaussianX|Qg ~ Ng(u, Z) not depending og
FMRC GaussianG = 2 andX is a Gaussian mixture with; = >,

Table1l Some special cases of CWM based on Gaussian distributions.

the number of parameters to be estimated. Obviously CWM haigarlnumber of
parameters than FMR and FMRC and thus the estimation of tiaeeders in CWM

requires a quite larger amount of data than the other two feptihe counterpart is
that this leads to a more flexible approach. Some simulatioties showed that
there are situations in which we need a less parsimonioughmdrder to identify

input-output relationships which cannot be captured ByegiEMR or FMRC.

3 Student-t based CWM

In this section we consider cluster-weighted modeling taseStudent-distribu-
tions which provide more realistic tails for real-world datith respect to the Gaus-
sian models. Moreover models based dtistributions provide a robust parametric
extension to the fitting of data with respect to normal migturindeed, in presence
of some noise component, potential outliers or data witlyésrthan-normal tails,
one way to broaden the model can be provided by considedigiributions.

Let us assume that in model (1) bqifx|Qg) andp(y|x, Qg) are Student-densi-
ties. In particular we assume thétQg has a multivariate distribution with location
parametel, inner product matrixq and degrees of freedomy, that isX|Qg ~
ta(Hg, Zg, Vg), andY|x, Qg has at distribution with location parameteu(x; B),
sczilhe [t)arameterg and degrees of freedod, that isY|[x, Qq ~ t(u(X; Bg), Gg, {y),
so tha

G
P(X.Y; 8) = Y Pv(y; H(X; Bg). 05, Lg) Px (X: g, Zg, Vo) Ty - 6)
o=1

This implies that
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X 2 U N é =1 G
“-lga gana g~ Nd Ing ug g=141,...,
O
Y|“(X7Bg)7ogvzg7WgNN(“(X7BQ)7V\;J> g:1>7G
9

whereUg andW are independent random variables such that

Vg V {g ¢
Ug“'lgazgvvg/\’r(igvig) and Wg|“(XaBg)7UgaZgNr(zgvzg>7

forg=1,...,G. The model (6) will be referred to as th& WM ; the special case in
which 1(x; B4) is some linear mapping will be called thieear t-CWM.
Let us consider the following Lemma, see e.g. [12] for dstail

Lemmal Let Z be ag-variate random vector having multivariatedistribution
with degrees of freedom € (0, ), location parametgu and positive definite inner
product matrix>. Assume tha¥ is partitioned a& = (Z},Z5%)’, whereZ; takes
values inR% andZ; in R% = R9-% so that the parameters zifcan be written as

_ (K d Z<Z“le)
H (u2> an 22122) "

Zy ~tgy (Mg, 211,v)  and Za|zy ~tg, (Mo, 25,V + 1) (7)

Then

where

Moy = 1 (21) = Mo+ 221517 (21— y)
v+8(z1ip, S11) ¢ (8)
21
V+au

2op=2(z) =

with 22\1 =290 — 221ZI:E'Z]_2 andé(zl;ul,zll) = (Zl— ul)/ZI:E'(Z]_ — I’ll) O

In particular we point out that the covariance matrixZefz; depends om;, basis
on (8).

Now let us seZ = (X’,Y)’ whereX is ad-dimensional input vector and is
a random variable defined a@, thusZ is a random vector with values iR9+1.
Assume that the joint density &f can be decomposed as a finite mixtureGof
multivariatet distributions (FMT) with paramete(spa,zs, vg),9=1,...,G:

G
p(Z) = Z p(21 “87257 Vg)T@ .
g=1
Based on the above lemma, we have the following result.

Proposition 2 Let us consider the linearCWM
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. -/ * .
p(xay1 6) = Z pY(yv ng+bgo,O'g ,Zg) px(X,IJg,Zg,Vg)T@. (9)
g=1

If {g = vg+d anday? = a§[vg+3(x; g, Zg)]/ (vg+d) then the model (9) coincides
with a mixture of multivariate distribution for suitable parametelsg, by and g,
g=1....G.O

This result show that, in general tl’WM is not a mixture of multivariaté-
distributions.

Modeling based on thé-distribution is often motivated by robust clustering
of multivariate normal data with noise. L&t = {(Xn,Yn) }n=1....n be a sample
dataset coming from a populatidd = Q; U --- U Qg, including also some noisy
data. Parameters in cluster weighted models are usualiyatet according to the
likelihood approach using the EM algorithm. In such casegeocthe maximum
likelihood estimates of the parametetg ﬁg,ig,ﬁg (g=1,...,G), have been ob-
tained, outliers are labeled according to the followingecion, see e.g. [13]. Let
us Setd(Xn; flg, £g) = (Xn— ﬁg)’igl(xn — 1) and assume that the distribution of
5(Xn;[1g,ig) can be approximated by a chi-square distribution wjtthegrees of
freedom. This assumption is based on recalling that thalalision of d(X; u, X) is
exactlyx?(q) whenX is a random vector having a multivariate normal distributio
Then an observatior, is treated as an outlier (and thus it will be classified as a
noise data) if

G
S 2ind(Xn; flg, 2g) > X3 -a(a) (10)
g=1

whereZj, = 1 if x, unit is classified in thg-th group according to maximum poste-
rior probability and 0 otherwise, whilg?__, (g) denotes the quantile of ordet— a)
of the chi-squared distribution witthdegrees of freedom.

4 Numerical studies

The statistical models introduced before have been ewauan the grounds of
many numerical studies concerning robust classificationaidy data, where the
noise has been simulated by adding units generated witbramiflistribution. We
considered both simulated and real data sets. The real esa&ancern environ-
mental data, see [7]; as for as simulated data are concemesthnsidered mixtures
of three regression lingsl = 1) and mixtures of two bivariave regressiaits= 2).
Two examples of datasets are shown in Figure 1.

Data have been fitted first by a Student model (6) with linelaticnships; after-
wards each unifx,,yn) (n=1,...,N) satisfying the relation (10) witl® = 0.005,
at least for eithek, or y,, has been marked as an outlier. Then we run the Gaussian
CWM on the reduced data setf = &\ ¢, whered denotes the set containing the
N, units marked as outliers (th& containdN’ = N — N, units), in order to estimate
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Fig. 1 Two datasets (circles represent noise)

the parameters of the model. Finally we performed the dlaatibn of the whole
datasetZ (containingN units) according to the obtained model. A similar strategy
has been first proposed in [6]. The procedure can be sumrda&®llows:

1. Run the Student CWM on the data $&t

2. Remove from the dataset tNg units of & marked as outlier;

3. Run the Gaussian CWM on the reduced datéget 7 \ 7;

4. Classify theN units of 2 according to the model computed at the previous step.

In the following, the above procedure will be referred to las $tudent-Gaussian
CWM (tG-CWM). In this procedure the step 3 can be also replaced with

3'. Run the Student CWM on the reduced dataset contaiNing N — N, units;

and this will be referred to as tf&udent-Sudent CWM (tt-CWM).

In general, neithetG-CWM nor tt-CWM outperforms the other one in terms
of the misclassification error. Thus the best model has beltted according to
smallest value of the mean squared error

o\ 1/2

1 N G
[yn— (Z IJ(Xn§Bg)p(-Qg|Xn»Yn)>1 . (11)
1

f={x3

n=1

We remark that, in general, this criterion leads to the mddeling the smallest
mean squared erraf.
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5 Concluding remarks

We presented a statistical analysis of Cluster-Weightedéiiog (CWM) based on
Studentt distributions. In the robust fitting of noisy data, we propda double step
procedure for removing noise and then estimate the parasnetehe model. In
particular the first step of the procedure is performed atingrto a Student based
CWM while the second step can be performed using either a Gaus®del (G-
CWM) or a Student modettt CWM). Then we selected the model with the smallest
mean squared erraf.

An important issue concerns some computational aspectseMgmarameters
have been estimated according to the maximum likelihoodogmh by means of
the EM algorithm. However the simulations we carried outfiored the conclu-
sion of [3] in the area of mixture of regression, in particutze initialization of the
algorithms is crucial. In our simulations the initial guéss been chosen according
to a preliminary clustering of data usinganeans algorithm.

References

1. Dayton, C.M., Macready, G.B. (1988). Concomitant-Vaedtatent-Class Modelgournal
of the American Statistical Association, 83, 173-178.

2. Engster, D., Parlitz, U. (2006). Local and Cluster Weigi\edieling for Time Series Predic-
tion. In: Schelter, B., Winterhalder, M., Timmer, J. (Edsiandbook of Time Series Analysis.
Recent theoretical developments and applications. Wiley, Weinheim, 39-65.

3. Faria, S., Soromenho, G. (2010). Fitting mixtures of liregressionsJournal of Statistical
Computation and Smulation, 80, 201225.

4. Frahwirth-Schnatter, S. (2005Finite Mixture and Markov Switching Models. Springer, Hei-
delberg.

5. Gershenfeld, N., Schoner, B., Metois, E. (1999). Clustéghted modelling for time-series
analysis Nature, 397, 329-332.

6. Greselin, F., Ingrassia, S. (2010). Constrained monotone Ebtitims of multivariatet
distributions, Satistics & Computing, 20, 9-22.

7. Hurn, M., Justel, A. and Robert C.P. (2003), Estimating Mixunf Regressioniournal of
Computational and Graphical Satistics, 12, 55-79.

8. Jordan, M.I. (1995), Why the logistic function? A tutoriasclission on probabilities and
neural networks, MIT Computational Cognitive Science Repb@3.

9. Jordan, M.l. and Jacobs, R.A. (1994), Hierarchical mixtufexperts and the EM algorithm.
Neural Computation, 6, 181-224.

10. Kotz, S., Nadarajah, S. (200#ultivariate t Distributions and Their Applications, Cam-
bridge University Press, New York.

11. Lange, K.L., Little, R.J.A., Taylor, J.M.G. (1989). Rob&atistical Modeling Using the
Distribution, Journal of the American Satistical Society, 84, n. 408, 881-896.

12. Liu, C., Rubin D.M. (1995). ML Estimation of théistribution using EM and its Extensions,
ECM and ECME Satistica Snica, 5, 19-39.

13. Peel, D., McLachlan, G.J. (2000). Robust mixture modellsiggithet distribution,Satis-
tics & Computing, 10, 339-348.



