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Abstract In this paper we illustrate a Bayesian hierarchical modelling approach for
estimating the size of a closed population by capture-recapture models when the
number of recaptured individuals is unknown but unit level data are available. We
will consider both the case of categorical data and the case of multivariate normal
data. We will show how these models can be profitably adopted also in record link-
age problems providing a new modelling approach in this context.
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1 Introduction

This paper is a contribution to the methodology of capture-recapture models when
the size of a finite population is the main object of interest and the number of ”re-
captured” individuals is unknown because a perfect matching between the units ob-
served across the samples is not possible. Most of the current approaches to popu-
lation size estimation with matching uncertainty, especially in official statistics and
epidemiological applications, see for example [2], consider the matching and the
size estimation as two logically well separated steps. Loosely speaking, firstly a
preliminary probabilistic record linkage step is used to estimate the number of com-
mon individuals observed in different samples drawn from the same population.
Then, such estimates are plugged-in inside capture-recapture models to estimate the
size of the population to which data refer.

The framework outlined above, in our opinion, may be criticized for the fol-
lowing reasons. Firstly, the matching uncertainty associated to the record linkage
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process is not accounted for both for estimating the population size and for esti-
mating the parameters of whatever statistical model fitted to the linked data. At this
regard, [4] discusses the general problem of inference with integrated data and [6]
face the problem of regression with linked data. Other remarkably recent excep-
tions, proposed in the field of ecological statistics, are [7] and [11] where genotype
misidentification is embedded into multiple mark-recapture models for estimating
animal abundance using DNA samples. Secondly, the definition itself of the record
linkage statistical procedure by which matching among units should be performed
is troublesome. The standard practice, see for example [3] and [5], is to consider, for
each pair of different samples units, a comparison vector measuring the agreement
for each observed variable. The information provided by these comparison vectors
is used to perform the record linkage step. Anyway, these comparison vectors are
considered independent and identically distributed random variables without check-
ing the validity of such assumption and the possible misspecification effects when
the original observations are drawn from a finite population or are extracted from
census or administrative data.

In this paper we illustrate a general alternative Bayesian strategy which may
overcome the drawbacks discussed above. In the next section we illustrate the stan-
dard two-stage capture-recapture model which can be considered the starting point
for our modelling approach. In Section 3, information about the numbur of recap-
tures is substitued by unit level categorical data and a Gibbs sampler algorithm to
simulate the posterior distribution of the model parameters is illustrated. A more
complex model accounting for measurement error and matching estimation is also
briefly discussed. Finally, in Section 4 we consider the case of multivariate normal
data.

2 The two-stage capture-recapture model with known and
unknown recaptures

The standard two-stage capture-recapture model, which considers two capture peri-
ods and a marking stage, can be formulated as follows. Let nA and nB be the number
of individuals sampled in two different occasions and let T be the number of in-
dividuals captured in both the experiments. Moreover let N be the population size
and let p be the capture probability for all the population individuals. Considering a
closed population and independence between individuals and between captures, the
two stage capture-recapture model assumes

nA|N, p ∼ Binomial(N, p)
T |nA,N, p ∼ Binomial(nA, p)

nB|nA,T,N, p ∼ T +Binomial(N−nA, p)

see, for example, [9]. An alternative formulation, which will be helpful in the fol-
lowing Section, is
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nB|nA,T,N, p ∼ T +Binomial(N−nA, p)
nA|T,N, p ∼ T +Binomial(N−T, p(1− p)/(1− p2))

T |N, p ∼ Binomial(N, p2)

Note also that nA and nB given N and p are independent binomial random variables
both with size N and probability p. If we choose the prior distribution π(N, p) ∝

1/N, that is N and p prior independent with p uniform and p(N) ∝ 1/N, the posterior
distribution is

π(N, p|nA,nB,T ) ∝

(
N

nA +nB−T

)
pnA+nB

(1− p)2N−nA−nB
N−1 N ≥ nA +nB−T.

(1)
which can be easily simulated by a Gibbs sampler algorithm. When T , the number of
recaptured individuals is unknown, the same model produces the following posterior
distribution for N and p

π(N, p|nA,nB) ∝

(
N
nA

)(
N
nB

)
pnA+nB

(1− p)2N−nA−nB
N−1 N ≥max

{
nA,nB}.

(2)
Note that the posterior distribution (2) can be simulated via a Gibbs sampler algo-
rithm with data augmentation where the missing value T is simulated at each step of
the algorithm. Specifically, in this case, the Gibbs algorithm proceeds by simulating
the following conditional distributions

T |N, p,nA,nB ∼ Hypergeometric(nA,N−nA,nB)
p|T,N,nA,nB ∼ Beta(nA +nB +1,2N−nA−nB +1)
N|T, p,nA,nB ∼ nA +nB−T +Negative Binomial(nA +nB−T,1− (1− p)2)

The first two lines of Figure 1 show the posterior distributions (1) and (2) when
nA = 78, nB = 69 and T = 54 and the true values for N and p are respectively 100 and
0.75. Note that assuming T unknown produces, as expected, posterior distributions
with a greater variability.

3 Unknown recaptures and categorical variables

Now suppose that, in addition to the sample sizes nA and nB, in the two experiments
we observe also data at the individual level. In this Section we show how these data
can be used to reduce the uncertainty caused by the lack of information about the
number of recaptures. Specifically we assume that the data comprise two record
configurations xA and xB of different sizes nA and nB with

xA = (xA
1 , . . . ,xA

a , . . . ,xA
nA)′ and xB = (xB

1 , . . . ,xB
b , . . . ,xB

nB)′
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Fig. 1 Marginal posterior distributions for N and p. The true values are N = 100 and p = 0.75.
The first line corresponds to the posterior (1) with nA = 78, nB = 69 and T = 54; the second line
to the posterior (2) with nA = 78, nB = 69; the third line to the posterior of the model discussed in
Section 3 with nA = 78, nB = 69 k = 50 and θ j ∝ j for j = 1, . . . ,k

where xA
a = (xA1

a , . . . ,xAh
a ) and xB

b = (xB1
b , . . . ,xBh

b ) are the observed values of a cate-
gorical random vector x = (x1, . . . ,xh) whose support is the set

V =
{

v j1 j2,..., jh = (v1
j1 ,v

2
j2 , . . . ,v

h
jh) j1 = 1 . . . ,k1; . . . ; jh = 1, . . .kh

}
.

The elements of the set V arranged in lexicographic order will be indicated with
v j for j = 1, . . . ,k = k1 · k2 · · ·kh. Moreover, let f S = ( f S

1 , . . . , f S
j , . . . , f S

k ), S =
A,B, be the observed true sample counts for each element v j ∈ V and let F =
(F1, . . . ,Fj, . . . ,Fk) be the vector with the corresponding counts at the population
level. Note that ∑

k
j=1 Fj = N and ∑

k
j=1 f S

j = nS

In principle, we can model the observed quantities f A,nA, f B,nB by assuming that
given F and p, the quantities f A,nA observed in the first experiment are independent
of the quantities f B,nB observed in the other experiment. Moreover we may assume

f B|nB,F ∼ Multivariate Hypergeometric(F1, . . . ,Fk;nB)
nB|N, p ∼ Binomial(N, p)

f A|nA,F ∼ Multivariate Hypergeometric(F1, . . . ,Fk;nA)
nA|N, p ∼ Binomial(N, p),
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where the probability mass function of a multivariate hypergeometic random vari-
able Y = (Y1, . . . ,Yk) with parameters N1, . . . ,Nk and n is

p(y1, . . . ,yk) =
∏

k
j=1
(N j

y j

)
(

∑
K
j=1 N j

n

)
with max{0,n+N j−∑Nl} ≤ y j ≤min{n,N j} and ∑y j = n≤ ∑N j. Finally, at the
prior level, we may take

F |N,θ ∼Multinomial(N,θ)

where θ = (θ1, . . . ,θk), with 0≤ θi ≤ 1 and ∑
k
i=1 θi = 1, gives the probabilities for

the entries of the contingency table V at the super-population level. For this vector
we assume a Dirichlet distribution with parameters α j = 1 for j = 1, . . . ,k and, as
in the previous section, we take π(N, p) ∝ 1/N.

An alternative way to write the model for the observed quantities f A,nA, f B,nB

outlined above is based on the use of the unknown vector t = (t1, . . . , t j, . . . , tk) de-
noting, for each element of V , the number of recaptured individuals having v j as the
observed record. Note that ∑

k
j=1 t j = T where T is again the unknown number of

individuals sampled in both the occasions. By means of the vector t we can write
the model in the following way

f B|nB, f A,nA, t, p,F ∼ t +Multivariate Hypergeometric(F1− f A
1 , . . . ,Fk− f A

k ;nB−T )
nB| f A,nA, t, p,F ∼ T +Binomial(N−nA, p)

f A|nA, t, p,F ∼ t +Multivariate Hypergeometric(F1− t1, . . . ,Fk− tk;nA−T )
nA|t, p,F ∼ T +Binomial(N−T, p(1− p)/(1− p2))
t|T, p,F ∼ Multivariate Hypergeometric(F1, . . . ,Fk;T )

T |p,F ∼ Binomial(N, p2).

It is easy to see that, by averaging out over t, one reobtains the model given above
directly on the quantities f A,nA, f B,nB. However, the specification of the model via
the vector t is helpful because it offers the opportunity to simulate the posterior
distribution by a Gibbs sampler algorithm. In fact, straightforward calculations show
that

t j| f B,nB, f A,nA, p,F,θ ∼ Hypergeometric( f A
j ,Fj− f A

j , f B
j ) j = 1, . . . ,k

p| f B,nB, f A,nA, t,F,θ ∼ Beta(nA +nB +1,2N−nA−nB +1)
θ | f B,nB, f A,nA, p, t,F ∼ Dirichlet(α1 +F1 . . . ,αk +Fk)

Moreover, the distribution of F given N, f B,nB, f A,nA, t, p,θ is

f A + f B− t +Multinomial(θ ,N−nA−nB +T )
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while N−nA−nB + T | f B,nB, f A,nA, t, p,θ) is Negative Binomial with parameters
nA +nB−T and 1− (1− p2). This way, random draw from the conditional distribu-
tion of F can be obtained by first simulating N and then simulating F given N.

In the last line of Figure 1 we show the marginal posterior distributions for N and
p obtained with the new model and the same samples giving the posterior distribu-
tions displayed in the upper part of the Figure. In particular, we have considered a
categorical variable with k = 50 and θ j ∝ j for j = 1, . . . ,k. Note that the posterior
distributions are now less concentrated with respect to the case with known T but
more concentrated with respect to the case with unknown T . In Figure 2 we show
the marginal posteriors for N and p obtained with three different pairs of samples.
In the first row the categorical variable has k = 10 categories while in the second
and third row the categories are respectively k = 100 and k = 500. It is evident that
increasing the number of categories we reduce the posterior uncertainty.
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Fig. 2 Posterior distributions for N and p with the model proposed in Section 3. In the first row
the categorical variable has k = 10 categories while in the second and third row the categories are
respectively k = 100 and k = 500. The true values of the parameters are N = 100, p = 0.75 and
θ j ∝ j

A slight modification of the model proposed in this Section has been discussed by
[10]. In particular they fix the samples size nA and nB and introduce a measurement
error model for the observed values xS, S = A,B. Specifically they assume that each
observed variable xS

s (s = 1, . . . ,nS) can be modelled as a mixture of two compo-
nents: the first component is concentrated on the true value µS

s while the second one
is uniformly distributed on the set vi =

{
v1

i , . . . ,v
i
k

}
. The weights βi for i = 1, . . . ,h
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of each mixture variable are assumed unknown and represent the probability of no
measurement error for the observed variables. In [10] it is also explicitely introduced
the matching matrix C. This is a nA×nB matrix whose generic element Cab indicates
whether or not unit a in sample A and unit b in sample B are the same population
unit, that is

Cab =
{

1, if a and b refer to the same population unit
0, otherwise. .

The matrix C is the actual quantity of interest in record linkage problems. Note also
that assuming that multiple matches are not possible gives the following constraints:
∑a Cab = C.b ≤ 1, ∀b = 1, . . . ,nB , ∑b Cab = Ca. ≤ 1, ∀a = 1, . . . ,nA. Also, note that
there are

(nA

T

)(nB

T

)
T ! different C matrices with exactly T = ∑ab Cab matches, for

all T ≤min(nA,nB). Inference on the matching C can be obtained by embedding it
in a hierarchical model similar to that described in this Section and assuming that
conditionally on T = ∑ab Cab, the matrix C has a uniform distribution on the set of
all possible matching matrices with exactly T matches. However, see [10] for the
complete details regarding the model, the simulation of the posterior distribution
for the unknown quantities including the matching matrix C and a small application
with real data.

4 Unknown recaptures and multivariate normal variables

In this Section we show how the model proposed by [8] can handle the case of
continuous variables observed at the unit level. In particular they assume that a mul-
tivariate normal sample is observed in both the occasions. In fact, given the unob-
served h−dimensional vectors µA

a = (µ
A1
a , . . . ,µ

Ah
a )t and µB

b = (µ
B1
b , . . . ,µ

Bh
b ) and a

diagonal matrix Γ = diag{γ1, . . . ,γh} it is assumed that

xA
a ∼ Nh(µa,Γ ) and xB

b ∼ Nh(µb,Γ ) (3)

indipendently for a = 1, . . . ,nA and b = 1, . . . ,nB. The unknown quantities µA
a and

µB
b represent the true values of a multivariate continuous variable µ = (µ1, . . . ,µh)

assumed by the units of a finite populations which occupy respectively the positions
a and b in the two samples. Thus, the vectors xA

a and xB
b can be considered measure-

ments subject to recording error of the population variable µ . Note also that, given
the unbsorved true values of µ , the recording errors are independent across the sam-
ples, across the observations of each sample and also between the components of
each observation, since Γ is diagonal,

At the population level, the unknown values of the variable µ are assumed in-
dependently and identically distributed as a multivariate Normal N(θ ,Σ), in the
spirit of the Bayesian approach via superpupulation model proposed by [1]. This
way we have that µA

a ∼ N(θ ,Σ) indipendently for a = 1, . . .nA given nA and
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µB
b ∼ N(θ ,Σ) indipendently for b = 1, . . .nB given nB. Note, however, that it is

not possible to state that µA and µB are independent. In fact, if we know that the
values (µA

1 , . . . ,µA
nA) are observed in sample A, these values are part of the popula-

tion values and have a positive probability of being observed also in sample B.
To model the dependence structure between µA and µB it is possible to make use

of the matching matrix C introduced in the previous Section. Given the matching
matrix C, the vectors µA

a and µB
b corresponding to the same unit, that is Cab = 1,

assume identical values. Moreover, marginally, both µA
a and µB

b are multivariate
Normal with mean θ and covariance matrix Σ . Setting

µ
AB
ab =

[
µA

a
µB

b

]
θ2 =

[
θ

θ

]
and Σ2 =

[
Σ Σ

Σ Σ

]
,

it follows that, when Cab = 1, we have µAB
ab ∼ N(θ2,Σ2). Moreover, note that the

dependencies between the components of µA and µB given C are limited to the
matched pairs. Specifically we have that

p(µ
A,µ

B|C,θ ,Σ) = ∏
a:Ca.=0

φh(µ
A
a |θ ,Σ)× ∏

b:C.b=0
φh(µ

B
b |θ ,Σ)

× ∏
ab:Cab=1

φ2h(µ
AB
ab |θ2,Σ2)

where φk(·|ξ ,Ω) is the density of a k dimensional multivariate Normal distribution
with mean ξ and covariance matrix Ω .

An important feature of the model is the possibility to easily obtain the distribu-
tion of xA and xB given C,θ ,Σ , that is to marginalize the model respect to µA and
µB. In this way, by fixing the values of the sample sizes nA and nB, assuming C|T
uniformly distributed on the set of all possible matching matrices with T matches,
taking T Hypergeometric[nA,NA

n ,nB] and finally considering for θ Σ and Γ respec-
tively a multivariate normal, an inverse Wishart and a product of Gamma variates,
[8] are able simulate the posterior distribution p(C,N,θ ,Σ ,Γ |xA,xB) via a Gibbs
sampler algorithm with Metropolis-Hastings steps for the matching matrix C and
the elements of Γ .

Also in this case, see [8] for the complete details regarding the model, the simu-
lation of the posterior distribution and some large scale simulation results.
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