Bayesian multivariate latent Markov models
with an unknown number of regimes
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Abstract We develop latent Markov models (LM) with non informativedrout in
the Bayesian framework. We describe Metropolis algorittiorsefficiently sam-
pling parameters, and a reversible jump to infer the unknowmber of latent
regimes. We extend the basic model to models with conssraimthe manifest and
latent distribution. We illustrate the approach with an laggtion to a real dataset
on Marjuana consumption.
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1 Introduction

Latent Markov (LM) models are commonly used for longitudicategorical data
to describe the evolution of a latent characteristic of augrof individuals. They
can also be used to model overdispersion, approximatingrtiamying unobserved
effects without normality assumptions on them (Bartolwawdl Farcomeni, 2009).
A general overview of LM models can be found in Bartolueical. (2010).

LM models can be seen as a generalization of hidden Markoeta¢d MM) for
time series (MacDonald and Zucchini, 1997), and many imfiétools are derived
as a direct extension. Bayesian inference has so far besideoed only for HMM.

Besides the usual advantages, there are at least thre@seaky the Bayesian
framework we propose in this paper could be more suitable amyrsituations:
(i) when the sample size is small, the likelihood is often timwdal and has near
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flat regions, and the prior acts as a regularizer (ii) theatfee algorithms used to
maximize the likelihood may be slower to convergence tharW\C (iii) reversible
jump allows formal assessment of the number of regimes ardehaveraging is
straightforward if desired. In this paper we also removecimon balanced panel
assumption that all subjects are observed at exactly the sammber of occasions,
describing the model and the algorithms in the more genasa of non informative
drop out. This simple extension allows to apply LM models ianynew contexts.

We outline a simple sampling strategy to approximate thegpms with an un-
known number of regimes. Even this simple sampling strateidjyprove efficient
when the number of outcomes is small. In a forthcoming pagemilt outline more
complex models, also with the presence of covariates, anora suitable sampling
strategy for situations with a large number of parameters.

In next section we set up the basic LM model, in Section 3 wérmithe pro-
posed sampling strategy to approximate the posterior. \8&uds extensions of the
basic LM model in Section 4 and conclude with a real data examSection 5.

2 Preliminaries

We introduce the preliminary concepts about the basic LM ehéar categorical
data, based on a first-order Markov chain, time homogeneaunsition probabilities
and no covariates.

In the univariate caseY; = (\(i<1),...,\(i<Ti)),i =1,...,n, denotes a sequence
of T categorical response variables withlevels or categories, coded from 0
to | — 1, independently observed ovarsubjects. In the multivariate casg; =
(Yfl),...,YfTi)), i=1,...,n, anin(t> is a vector ofr outcomes, each with, cat-
egoriesh=1,...,r. LetT = max T, and assume drop-out is nhon informative.

The main assumption behind LM models is thatafal independence, i.e. for
every subject the response variables are conditionallgpeddent given a latent

procesdJ; = (Ui(l), . ,Ui(m). This latent process is assumed to follow a first-order

Markov chain with state spadd., ... k}. Then, for allt > 2, the latent variabIin(t)
is conditionally independent af, ..., 2 givenu,* Y.

Parameters of the univariate model are the conditionaloresp probabilities
(pj& = p(Yi(t> = y|Ui(t> =u),t=1,...T,u=1....ky=0,...,1 — 1, the initial
probabilitiesry, = p(Ui<1) =u),u=1,...,k and the transition probabilities;, =
p(Uim = v|Ui<t_l) =u),t=2...,Ti,uv=1,... k Forthe multivariate model, we
let qoy(t‘l)J = p(Yim = y|Ui(t) = u), wherey evolves over all possiblg I, combinations
of levels of ther responses, arranged in lexicographical order. Whisrarge, the
corresponding contingency table could be sparse. In tis&, @constrained version
based on marginal logits and log-odds ratios as the onenedtin Section 4 should
be preferred. Note that the latent process is time homogeseo that the transition
probabilities do not depend dnmoreover the initial probabilities are completely
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unconstrained. Furthermore all these probabilities dodeptend on since, in its
basic version, the model does not account for individuahciates.

The assumptions above imply that the distributionUpfmay be expressed as
P(Ui = U) = My M1 T ye-n Whereu = (u®,...,u). Moreover, the condi-
tional distribution ofY; givenU; may be expressed @8Y; =y|Ui =u) =[]; Bty
and, consequently, for theanifest distribution of Y; we have

fly) = Z o 1>‘u<1 ) Th Z 2 ‘uz%zwl » fp)&TTii)”uqi)T{,an\um—n
&
1)

wherey = (yV,...,y{™). In order to efficiently computef (y) we must use a
forward recursion (Baunet al., 1970), obtainingg® (u,y) = p(Ui<t) = u,Yi(l> =
yO, YU =y0) fort = 1,....T,. The recursion is as follows: laf? (u,y) =
q);‘u)m If T>1fort=2..TletqY(vy) = (P‘Viuqt D(u, y)n;,‘u Finally,
f(y) = 5,a™ (u,y). The likelihood is obviously given b, zuq ( y).
We can more efficiently use matrix operations andflgt) = g™ (y ) 1 wherel

is a column vector of ones of suitable dimension qﬁb{y isa column vector with
elementsq@(u,y). The recursion is then expressed as:

4O {dlaQ(p 1)] if t=1,

diage") 1M'qt=Y(y), otherwise @)

with m= {7, u=1,...,k} denoting the initial probability vectog’ = {Q{E‘t& u=
.,k} denoting the conditional probability vector antl= {7z, u,v=1,...,k}
denoting the transition probability matrix.

The basic LM model is considered here in the Bayesian seitimgder to es-
timate both the dimension and the unknown parameters of tiaemAt this aim,
we choose to parameterize the transition probability mdiriby Q = {wyy, u,v=

.,k}, as
_ W
Sho1 @’
wherewyy, > 0 for anyu,v in the state space. The, are not identified, but this
transformation facilitates the MCMC moves, since it relaige constraints on the
initial and transition probabilities (Cappéal., 2003). In particular this transforma-
tion makes the random walk Metropolis-Hastings (MH) moveserefficient and
often allows to improve the mixing of the corresponding MChIgorithms.

Following Cappéet al. (2005) we choose a Gamma priax, ~ Ga(dy,1) for
anyu,v=1, ...k, which leads to a Dirichlet prior with paramete¥s. .., d on the
corresponding rows of the transition matrix. We considersame reparametrization
also for the initial probabilities, using the vectbr= {Ay, u=1,...,k}, and for the

conditional probabilities, through the vectay:é,t> = {pr(ff,u =1,...,k}. We also
assume a Gamma prior distribution fag ~ Ga(d/,1) and forcpéﬂ) ~ Ga(9/,1).

TGu=
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Finally, for the parametdcwe define a discrete uniform prior distribution between 1
andKmax, Whereknax is the maximum number of regimes we admit a priori. Usually
kmax IS greater than the most complex model that could be visiyeithid algorithm.

As in Stephens (2000) and in Capgtéal. (2003) we do not useompletation
to run the algorithm, i.e. the latent Markov chdik is not simulated. This can be
avoided because of the forward recursive representatitineolikelihood we have
outlined.

3 MCMC Algorithm

In this section we outline the MCMC algorithm for parameted anodel dimension
estimation. Every iteration of this algorithm is based on tifferent types of move:
one aimed at updating the unknown parameters of the curredehtonditionally
on the number of regimes, and a transdimensional one ttavsallupdating the
number of states.

In the first type of move, the simulation from the posterionsigy is accom-
plished through a MH step. We update the parameters by randddkiMH moves
instead of implementing Gibbs steps because the resultgagithm is easier to
implement within the reversible jump.

In the dimension-changing move we implement a reversibigjRJ) MCMC
algorithm based on split-combine and birth-death movesnagichardson and
Green (1997), but without requiring the moment matchingpht @nd combine
moves and without limiting birth and death moves to the engatyponents (see
Cappéet al. (2005), Ch. 13, and Spezia (2010)).

We tackle label switching by post-processing the outputhefalgorithm: we use
relabelling-invariant priors and run the MCMC unconstein Then, as in Marin
et al. (2005), label switching is managed by selecting one of thdahegions and
relabelling according to proximity to the selected modaioa.

3.1 Metropolis-Hastings Algorithm

We sample parameters from the posterior, wkes held fixed, through three sep-

arate MH steps. At each step, the element@of and w§}> are generated by mul-
tiplicative random walk moves. We consider a logarithmansformation of the

positive quantitiego,y, Ay, andwﬁ) and the proposed moves are as follows:

log wllJv = logwy + &uv,
logA/, = logAy + &y,

loggsy) = logysy + &l
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wheregy, ~ N(0,1y), & ~ N(0, 1)) andefﬂ ~ N(0,1y).
The proposed values are accepted with probabilities ecgsgectively, to
P(OWLYIO) — p< )L(y16}) ks A BOLYIO W'
P(BK)L(Y|6k) ¢ wn’ P(BLYI6) IV A p(Bi)L(y[BK) ).k Wy

where 6 = (Q,/\,Lp§,t)) is a short-hand notation for the current parameter vector,
p(6y) is the prior distribution and.(y|6y) is the likelihood computed via the for-
ward algorithm. The last term in all equations is derivedhirthe Jacobian of the
log-scale transformation.

3.2 Reversible Jump Algorithm

When the number of regimes is unknown, transdimensional MGdMperformed
alternating the Metropolis strategy of the previous sectiith a RJ algorithm. The
RJ algorithm is made by two steps. Firstkif- 1 andk < kmax, we choose between
a combine and a split move with probability 0.5. WHes 1, we always propose a
split move; wherk = knax, We propose a combine move. Then, at a second step we
propose a birth or a death move along the same lines.

We now describe split-combine moves. Suppose that thertist@te of the chain
is (k, Bk). The split move randomly selects a stageand splits it into two new ones,
u1 andu,. The corresponding parameters are split as follows:

1. SplitAy, as
Ay =AwPs Ay =Ay(l—p) with p~U(0,1).
2. Split columnug of Q as
Wy = Wi Pu;  Wau, = Wi (1—pu) - With oy ~U(0,1) for u 7 up.
3. Splitrowug of Q as
Wiy = Wy, Wiy = Wiev/&y With & ~ Ga(aw, bw) for v # uo.
4. Splitwy,y, as
Wiy = WigupPuouy,  Wyup = Wigug (1= Pug) €uy s
Wipuy = WipuoPuo/Eurs Wipu, = Wigu (1= Pug) / uys
with py, ~U(0,1) andéy,, éu, ~ Ga(ag, bg).

5. Splittpy(tl} as
’ Wl = W Wl = we/&

with &Y ~ Ga(ay, by).
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Itis worth noting that the densities of the proposals aratidal, asp and 1— p have
the same distribution and likewigeand 1/ ¢ (here subscripts on these variables are
omitted) so the symmetry constraints are satisfied.

In the reverse combine move two distinct statgsandu,, are picked at random
and combined into a single statgas follows:

. )\Uo = )\Ul + )\Uz;
. Wyug = Wuuy + Wyy, for u# up;
. (q.loV: (("AJ]_V("Asz)l/Z for V# UO;
- Wugug = (%wl%zul)l/z"‘ (%Nz(‘hzuz)l/z;
t t t
. %su)o = (wssu)ﬂp)(/l}z)l/z :
The split move is accepted with probability nith A} whereas the combine move
is accepted with probability mi{ri, A~} whereA can be computed as

L(Y[6k:1)P(Oks1)P(k+1) (k+ D! Pe(k+1)/[(k+1)k/2]

ga b~ wNPE

Ly[BopBpk) K Py(k) /K
« |Jsplit|
2 P(&y) P(Euy) vzt P& [Ty T P(ES)
_ LVIOk:)P(Okia) | Pelk+1) |Jspiit|

L(y[6k)P(6k) Po(k) " (&) P(Ews) Mvao PE) Ty T P&
(4)

wherePs(k) /k andPe(k+ 1) /[(k+ 1)k/2] are respectively the probabilities to split
a specific component out d&f available ones and to combine one (&f+ 1)k/2
possible pairs of components. The factorials and the cositi@ arise from com-
binatorial reasoning related to label switchindyit| is the Jacobian of the trans-
formation from 6y to By.1, which is the product of five determinantli| = Ay,

|J2| = Hu;éuo Waug, |J3| =21 |_|V7éuo %ov/fv, |J4| = 4(‘ﬁouopuo(1 - pUO)/EulfLIZ’

[9s| = My Mt 2([1;530/5350. Birth and death moves are derived along similar lines. A
birth is accomplished by generating a new regime, denotagybyhe new param-
eters are drawn from their respective priors; the positibthe new regime is gen-
erated at random. The remaining parameters are simply dopigne proposed new
statefy. 1. In the death move a regimg is selected at random and then deleted
along with the corresponding parameters. The acceptamtmpility of the birth
move is mi{ 1,A}, whereA s given by

L0 )P(B)Pk+1) (K1)t Pak+1)/(k+1)
L(y10) (1) P(K) K TRk (kD)

| Ipirth|
X .
Musup P(@uug) Mvs2ue P(WUou) P(Wlgup)

(5)



Bayesian multivariate latent Markov models with an unknawmber of regimes 7

The death move is accepted with probability #finA~1}. Since the proposal den-
sities are equal to the prior of the corresponding pararagterd because the com-
ponents inBy remain the same i, many terms cancel out in the expression
above. Note thalthyrin| = 1.

4 More General Versions of theLM model

In the basic LM model outlined in the previous sections, la#l probabilities are
completely unconstrained. There are two generalizatidmsiwmay be of interest
and commonly arise in applications. First, we may have olesbrovariates together
with the outcomes. Secondly, we may desire to put restristion the parameter
space. Constraints can be adopted in order to give a morgman®us and easily
interpretable LM model. Both generalizations may concétimee the distribution
of the response variableaeé‘tl)J (i.e., themeasurement model), the distribution of the
latent process summarized m andr,, (i.e., thelatent model), or even both. For
a more detailed description see Bartoluetcil. (2010). We outline here for reasons
of space only the constrained models for the measuremerglriacdrder to fit the
constrained models we use a very similar MCMC strategy (ssic@ 5). In the
univariate case a sensible constraint may be

(py(\t&:q)y\u’ t=1,...,T,u=1,...,k, y=0,..., - 1. (6)

This constraint corresponds to the hypothesis that theilolision of the response
variables only depends on the corresponding latent variabtl there is no depen-
dence of this distribution on time.

Other constraints may be expressed by

nd =zVp 7)

wherenf,t) = g(q)ém, - qq@l‘u), with g(-) being a suitable link functiorZE,t) being
a design matrix anf® being a vector of parameters. A Gaussian prior is use¢ for
With binary response variables, we can parameterize thditonal probabilities

through the logit link functionm(lt> = Iog((pf‘&/(pét‘&). With response variables having
more than two categories, a natural choice is that of muttiiablogit link function,
S0 thatm(f) = Iog(qoé‘tz/qoé‘t&), y=1,...,1 — 1. However when the response variables

have an ordinal nature, global logits are more suitableni.ﬂ‘é S |og(q)§“3l I
® (t) ) B
Q—l\u)/(%‘u++(py_l‘u), y— 1,...,' — 1

Example 1 (LM Rasch model). In the case of binary variables assuming that

’h(Jt) = log((pi‘tzl/(qg‘tl)l) = ZU_V<t)a t= 17"'7Ta u= 1;"'aka
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we can formulate a LM version of the Rasch model (Rasch, 1961i$ model find

its natural application in psychological and educatiosakgssment, for data derived
from the responses that a groupro$ubjects provide to a set dftest items. In this
settings, the parametéy may be interpreted as the ability level of the subjects in
latent statas andyV) as the difficulty level of item (see Bartoluccét al. (2010) for
more details).

In the multivariate case, we use a multivariate link functad the kind
ni =ClogMe] = z{8, 8)

whereC andM are matrices of simple construction. In particular, thetueq&t)
contains marginal logits and marginal log-odds ratios ffedent types (e.g. local,
global, continuation). Refer to Bartolucci and Farcom@@iQ9) for more details.

Example 2 (Marginal model for two response variables). Consider the case of= 2
variables with two and three levelg & 2, 1, = 3, 13 = 3), which are treated with
logits of type local and global, respectively. Overall,rihare 3 logits and 2 log-odds
ratios. The logits may be parametrized as

(t) (t) (t) (t)
(pl\u t (pl\u + (pZ\u t (pZ\u t
|09w = ZEJ:EBL |09T = 2512)327 |Ogﬂ = 25132337
Poju u u™ Ty
whereas for the log-odds ratios we have
P = 1Y >y = ux)p(vy’ = 0¥ < ylu¥ = ux”)
log 0 _ 0 oy O L0, Py
p(Yy = 0,Y2 > YU = u,x7)p(Yy =1,Yi2 > YU = u, %)

with y=1,2. In this case, the parameter vecfis made of the subvectofs, B,
andf;, and the elemeni8; andfs andZS) is obtained similarly.

5 Empirical illustration: Marijuana Consumption Data Set

To illustrate the Bayesian inference for basic LM model m®gd in this paper,
we describe the analysis of a dataset which concerns thefusarguana among
young people. The marijuana consumption data set has bleemfram five annual
waves (1976-1980) of the National Youth Survey (Elligital., 1989) and is based
onn = 237 respondents who were aged 13 years in 1976. The use qtiamaxiis
measured through = 5 ordinal variables, one for each annual wave, with3 lev-
els coded as 0 for never in the past year, 1 for no more thananuanth in the past
year and 2 for more than once a month in the past year. We waxplore whether
there is an increase of marijuana use with age. As illugdrayeVermunt and Hage-
naars (2004), a variety of models may be used for the anatydlss data set but
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a LM approach is desirable for its flexibility and easy intetation (see Bartolucci
(2006) for an application of the basic LM model, in the freqtist framework, to
this dataset). In our implementation we used a uniform poiok with kyax = 15,
and tookd, = 1, &, = 1 andd/ = 1 for all u andv. The parameters were updated
for fixed k through aN(0,0.1), N(0,0.5) andN(0, 0.2) increment random walk MH

proposal on each lag,, logA, and Iogtpf,f,) respectively. The sampler parameters
were tuned so as to achieve acceptance rates in the rahgeO®5 for all val-
uesk < 15. In the split move ve useal, = a; = ay = 1 andby = b = by =1

as parameters of the Gamma distributions. We also decidsuinalify the model
using constraint (6), i.e. assuming that the conditionabpbilities are time homo-
geneous and thupﬁﬂ) = . Finally, the algorithm was run for,200, 000 iterations
with a burn-in of 400000 iterations. Each iteration includes a MH move, in order
to update the parameters of the current model kiffixed, a split-combine move
and a birth-death move, that allow changes in the dimensicheomodel. The
acceptance rates are showed in Table 1. The estimated ipogtebabilities are

Table 1 Acceptance rate for the MH update, the split-combine mowkthe birth-death move
under the basic LM model

Performed Accepted Proportion accepted (%)

MH with fixed k 2,000,000

Initial probabilities 425,674 21.284
Transition probabilities 234,137 11.707
Conditional probabilities 319,634 15.982
Birth 999,536 676 0.068
Death 1,000,464 659 0.066
Split 1,000,519 2,110 0.211
Combine 999,481 2,125 0.213

0.9624, 0.0372 and 0.0003 fkr= 3,4,5 and below 0.0001 for smaller and larger
values ofk. Hence, the most probable model is that with three latenestdahe
same as selected by Bartolucci (2006) using BIC. In ordea¢e the label switch-
ing problem, at the end of all the iterations, the MCMC outyas sorted on the
basis of the conditional probabilities of the last categofryhe response variable.
Doing this, the last class of the LM model may be interpretedhat of subjects
with high tendency to use marijuana. Once the output was rosessed, we es-
timated the parameters of the model by the averages basdukedast 1,600,000
iterations. The parameter estimates are shown in Table 210gut constraints on
the distribution of the response variable. Following Bartai (2006) we assumed
a parametrization for the conditional local logits of angpense variable given the

latent staterh(f) = Iog% =qu+y, u=1..ky=1...1-1 wherel, may
be interpreted as the tendency to use marijuana for a subjéioe stateu and
fory=1,...,1 — 1, are the cutpoints common to all the response variableis. Th

parametrization requires the choice of the prior distiitng ondy, andy, that we
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Table 2 Estimated initial probabilities and transition probatiés under the basic LM model

u T Ty
u=1 u=2 u=3
1 0.8535 1 0.8273 0.1336 0.0391
2 0.1218 2 0.1033 0.6550 0.2418
3 0.0247 3 0.0237 0.0897 0.8816
assumedtobM(0,1) forallu=1,... , kandy=1,...,I — 1. In the MH step, the ele-

ments of both the parameters were updated through a norn@dnawalk proposal
N(0,0.5); moreover in the split move the paramefgy was split into{y, = {u, — Pu
and{y, = {u, + ¢u Whereg, ~ N(0,0.2) withu=1,... Kk, while in the reverse com-
bine move the selected states were combineddpfo= ({u, + {u,)/2. The results
under the final model are illustrated in Table 3, which shdvesacceptance rates for
the random walk MH move and for the dimension changing mo&esn the basic
LM model, the results are based on 2,000,000 iterationseMIEMC algorithm
after a burn-in of 400,000 sweeps;ax is set equal to 15. The posterior distribution
of the number of statdsleads to choose again a model with three latent states, with
a probability equal to 0.9699. The posterior probabilibék = 4,5 are respectively
0.0296 and 0.0004. The plot of the first 40,000 valuek after the burn-in are
shown in Figure 1.

Fig. 1 The number of latent
states in the first 40,000
iterations after the burn-in for
the final LM model

From Tables 1 and 3 we note that the acceptance rates for the®k are a bit
lower than desired. A higher rate could be achieved by madifyhe proposal dis-
tributions; we note anyway that the posterior distributidik is highly concentrated
onk = 3, and this obviously affects the acceptance rate.

Tables 4 and 5 show the parameter estimates, computed affepmcessing of
the MCMC output. Even in this case, the latent states may thered, represent-

ing subjects with “no tendency to use marijuana”, “incidgnisers of marijuana”
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Table 3 Acceptance rate for the MH update, the split-combine mowkthe birth-death move
under the final LM model

Performed Accepted Proportion accepted (%)

MH with fixed k 2,000,000

Initial probabilities 468,355 23.418

Transition probabilities 303,666 15.183

2 202,448 10.122

% 261,086 13.054

Birth 1,000,258 939 0.094
Death 999,742 942 0.094
Split 1,000,241 2,710 0.271
Combine 999,759 2,715 0.272

and “high tendency to use marijuana”. From the estimatatsitian matrices we

Table 4 Estimates of the parametefg andy;, for the final LM model

u Zu y %/
1 -4.2054 1 0.4830
2 -0.0588 2 -1.6057
3 3.1381

Table5 Estimated initial probabilities and transition probatiés for the final LM model

u T Ty

u=1 u=2 u=3
1 0.9079 1 0.8404 0.1442 0.0154
2 0.0612 2 0.0488 0.7113 0.2400
3 0.0309 3 0.0328 0.0443 0.9228

can see that although many subjects remain in the same tsst moves towards
higher frequencies are more likely than moves towards Idveguencies. For in-
stance, around 24% of incidental users moves to the clasglofitequency users,

and only 4.9% towards the no tendency class: use of marjuas@breased over
time.
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