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Abstract The monitoring of the expression profiles of thousands ofegdmave

proved to be particularly promising for biological classifiion, particularly for can-

cer diagnosis. However, microarray data present majoterigegs due to the com-
plex, multiclass nature and the overwhelming number ofaldeis characterizing
gene expression profiles. We introduce a dimension reduntiethod for determin-
ing the classes among gene expression data obtained froiteanfinture of Gaus-

sian densities. Information on the dimension reductiorspabe is obtained from
the variation on group means and, depending on the estimaitédre model, on

the variation on group covariances. We show that the cortibmaf Slice Inverse

Regression and model based clustering is a powerful teaknafind group among
gene expression data. This a joint work with Luca Scruccav\Brerugia)

Introduction

By monitoring the activity of many genes from a sample in ayknexperiment
microarrays offer a unique perspective for explaining tlodgl genetic picture of a
variant, whether a diseased individual or a sample sulgjechatever stressing con-
ditions. One of the main result of an experiment with micrags is a list of genes
that are differentially expressed between two conditi@nghat allow samples to
be classified according to their phenotypic features. Amaees of classification
methods for microarray data is given in [Dudoit and Fridlga2003] while a com-
parison among several of them is provided in [Duadial., 2002].
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Classification of microarray data is particularly probleimeue to under-resolution,
i.e. the presence of a large number of features (genes) fiuohvwo predict classes
compared to the relatively small number of observationsifdes). Moreover the
expression levels of many genes are often highly correl&assical procedures
for dimensionality reduction are principal componentsigsia and factor analysis,
both of which reduce dimensionality by forming linear condtions of the features.
The first method seeks a lower-dimensional representdtatratccount for the most
variance of the features, while the second looks for the mmselation among the
features. Alternatively, inverse regression (SIR) is aafigion reduction method
which exploits the information from the inverse mean fuoct{see [Li, 1991]. SIR
directions span at least part of the dimension reductiossade [Cook, 1998, Chap.
6] and they provide an intuitive and useful basis for coriting summary plots
[Scrucca, 2007].

Dimension reduction techniques have already been studibe imicroarray con-
text. A two-stage approach based on sliced SIR was propgg&hmromonte and Martinelli, 2002],
with the first stage aimed at eliminating the dimension redunty through an
eigenanalysis which identified a set of linear combinatiohthe original genes
which retained the main variability structure. Then, th& $hethod was applied
on such reduced set of eigengenes [Li and Li, 2004]. A finakgsalection stage
was proposed based on a ranking of genes in accordance toottverdance
with the final estimated directions. A related approach was aiscussed by
[Bura and Pfeiffer, 2003], in which they applied both SIR 8AVE, i.e. sliced av-
erage variance estimation, to microarray data.

Clustering algorithms based on probability models offeal@rnative to heuris-
tic based algorithms. In particular, the model based ampraasumes that the data
are generated by a finite mixture of underlying probabiligtributions such as mul-
tivariate normal distribution. The Gaussian mixture mduzd been shown to be a
powerful tool for many applications [Banfield and Rafter998, McLachlan and Basford, 1998,
Yeunget al., 2001, McLachlaret al,, 2002].

In this paper, we introduce a model based clustering on tivedionensional
space obtained by SIR projection of the the high-dimensiger@e expression data.
SIR components allow to project the gene expression datalawer dimension
space where the direction are uncorrelated. This providexbast framework to
classify the data. On the other hand, the model based dlugteart gives the flexi-
bility to catch the class structure within the gene expesdata.

Methods

Gene expression data gngenes fom mRNA samples can be summarized by a
nx p matrixX = [xj], wherex;; denotes the expression level of gene (variapie)
mMRNA sample (observatiomn)Note that in this representation the data matrix is the
transpose of that adopted in the microarray literature eXpeession levels might be
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either absolute (e.g. oligonucleotide arrays) or relatiith respect to the expression
levels of a suitably defined common reference sample (e.§yAcicroarrays).

Classification methods aim at assigning a sample to oiegdfen classes based
on information from a set op predictor variables observed arsamples. Thus, a
categorical response variaiavith K levels representing biological outcomes, such
as tumors type, is also recorded along with gene expressiefsl An overview of
classification methods for microarray data is given in [Diidod Fridlyand, 2003]
while a comparison among several of them is provided in [Duetcal., 2002].

Dimension reduction methods

The general goal of a dimension reduction method is to fipckal matrix 3, with
d < p, such that
YUX|B'X,

i.e. the classification respon¥ds independent of the predictoxXsgiven the linear
reductionB " X. The subspace of dimensi@hspanned by the matrig is called
the sufficient dimension reduction (SDR) subspace for tigeession ofY on X.

It always exists, since we can trivially sBt= 1, but it is not unique. The central
dimension-reduction (CDR) subspace is defined as the @dtos over all the SDR
subspaces; under mild conditions, it exists and it is thgquaminimum SDR sub-
space [Cook, 1998, Chap. 6].

Several methods have been proposed to estimate the CDRasghsuch as
sliced inverse regression (SIR) [Li, 1991] and sliced agergariance estimation
(SAVE) [Cook and Weisberg, 1991].

SIR, which is perhaps the most commonly used DR method, atgsrihe basis
of the CDR subspace by the firdteigenvectors of the decomposition By =
Var(E(X[Y)) with respect ta> = Var(X), i.e.

SxwVi=liZvi, vi'Zv; =1 if i = j, and 0 otherwise
L >ly> ... >1g>0.

1)
SIR requires the linearity condition on the marginal dizition of the predictors,
i.e. requires that " X|B " X) is linear in 3T X for all b € RP. This condition is
satisfied if the predictors follow an elliptical symmetrigstdibution, such as the
multivariate normal. Furthermore, this condition is notexeye restriction, since
most low-dimensional projections are close to being nofiall and Li, 1993].

Usually, a sliced version of the response variable is nedulédn classification
settingsY is taken directly as the class indicator wkhlevels. Sample estimates
are then used to compute the unknown quantities in (1), aledtéins estimated as
Bsm = [V1,...,Vg]. In this case SIR can find at most nih— 1, p) directions. Thus,
for a binary response variable SIR estimates at most a sitigdetion.
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Regularized estimation of covariance matrix

Usually the number of genes is larger than the number ofaailsamples. Hence,
direct application of SIR is not possible because of thedarity of the predic-
tors covariance matrix. This fact was not recognized in gBamd Pfeiffer, 2003],
while [Chiaromonte and Martinelli, 2002] addressed thiskpem by using singu-
lar value decomposition as an intermediate step to produeesd-called eigen-
genes. Other approaches are based on a form of regulanifatithe covariance
matrix. [Zhonget al., 2005] introduced a ridge estimator with a ridge parameter
selected via bootstrap. A similar shrinkage estimator feentalso employed by
[Scrucca, 2007], where the proposed estimator is obtaisedcanvex linear com-
bination between the full covariance matrix and the diagjorarix having the aver-
age total variation along the diagonal; the coefficient tteérmines the convex lin-
ear combination is selected by cross-validation. An L2itedzation was proposed
by [Li and Yin, 2008] through a least-squares formulatiorSéR, with the tuning
parameter selected by an information criteria. Recergriiardet al., 2009] dis-
cussed a family of regularization procedures based on adiaugrior distribution,
with some of the earlier proposals as special cases; howtaeeselection of prior
parameters is still under investigation.

In this paper we adopted a simpler approach, by estimatiegakariance ma-
is based on the fact that some of the most successful methadgrioarray data
analysis assume very week dependence or even ignore timmedsmong genes
[Dudoit et al.,, 2002, Tibshiranét al., 2002]. This also avoid the problem of select-
ing a tuning parameter.

Model-based SIR

The SIR estimator is based on the information coming fromviréation variation
on slice means. Thus, the distribution of the data within@ags is summarized by
the class means, (k=1,...,K). However, it may happen that a more complicated
distribution of the data is needed. Finite mixture of Gaaissiensities can be used to
approximate the distribution of the predictors within afgss, and then the kernel
matrix can be computed using the components means [Sci2@@8].

Assume that within each class the data can be described Hyntteemixture
distribution

Cx
f(X[Y = k) = fu(x) = ZTMP(X; Hier Zke)s
c=

wherep, . andZ, are the means and covariances for compoaeithin classk, i,

are the mixing weights such thag. > 0 andy . i = 1, andg(.) is the multivari-

ate Gaussian density. Geometric features, such as shdpeevand orientation, of
each componentare determined by the covariance strufBargield and Raftery, 1993]
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proposed a representation of the covariance matrix for @ fmixture model, say in
generalsy, in terms of its eigenvalue decompositidfy, = AgDgAgDg ", whereDg
is the orthogonal matrix of eigenvectors which determimesdrientationAq is a
diagonal matrix of scales eigenvalues which determinesliape, andg is a scalar
determining the volume of the hyper-ellipsoid. Given that- n, only a subset of
all the possible models are allowed. In particular, onlyesftal and diagonal finite
mixture models, obtained by imposiiy = |, can be fitted. This, however, appears
to be sulfficiently flexible to accommodate data with différelmaracteristics.

Estimation of parameters is obtained via the EM algorithrollschlan and Peel, 2000].
The number of componen®, as well as the particular form of the covariance ma-
trix Zyc, within the above mentioned restrictions on the possiblelelsy may be
choosen by BIC [Fraley and Raftery, 2002].

Consider the kernel matrix given by the covariance matrixtef between-
component means

M = Wee(Me— M) (Mie— 1),

wherewyc = TicPr(Y = k) (e > 0, Ty c ke = 1), and the covariance matrx =

NIy (6 — ) — )T with g =55, zfil My An estimate of the CDR
subspace is the solution of the following constrained ojzttion:

argmax3' M, subjecttoB’ S =1,

wheref € RP*? is the spanning matrix, arids the(d x d) identity matrix. This is
solved through the generalized eigendecomposition

Mvi =1iZvi, vi'Zvj=1 ifi = j, and O otherwise )
l1>1>...>1g>0. @
The eigenvectors, corresponding to the firtrgest eigenvalues provide a basis for
the CDR subspace which shows the maximal variation betwegmponent means.
There are at most = min(p,C — 1) directions which span this subspace, where
C= zﬁzlck is the total number of finite mixture components. Note thahiyyosing
a single mixture component for each class (Cg+ 1 forallk=1,... ,K) it reverts
to the usual SIR estimator.

The sample version of MSIR is obtained by applying the eigenchposition
in (2) with the kernel matrix computed from the means estadégor each mix-
ture component, andy. = nkc/n is the observed fraction of observations belong-
ing to trle c-th mixture component within clade Thus, the sample basis esti-
mate isBysir = [V1,...,Vq), and the projections onto such subspace are defined

asZ = XPBusir-
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Preliminary filtering of genes

The large number of gene expression profiles usually celeirt microarray ex-
periments can be drastically reduced since many of thenb#xtear constant ex-
pression levels across samples. In our analyses we peidamesliminary filtering

step by selecting the genes which have the highest raticwfes- to within-groups
sums of squares [Dudoit and Fridlyand, 2003, Scrucca, 2007]

Soft-thresholding

Soft-thresholding can be used to shrink coefficients toward [Tibshiranket al., 2002].
This enables to identify subsets of genes relevant for tfiaiien of a given set of
MSIR directions.

Let Bij «+ Bijs be the coefficient of thg-th direction for thei-th predic-
tor standardized to unit standard deviation. The softstmo&ling function is de-
fined ass(x,A) = signx)(|x| — 4)+, where(u). = u if u> 0 and zero other-
wise. For a threshold valug; (j = 1,...,d), we define the shrunken coefficients as
B =s(Bj,4)) /s, orthonormalized such that' 58 = I, whereB = ;] € RP<9,

The shrunken directionB can be computed for a grid a; values. LetXB
and XB be, respectively, the projection onto the subspace spahbpetie esti-
mated MSIR directions and the shrunken directions. Thersgu@ace correlation
[Li, 1991] provides a measure of the agreement between thestlspaces. For a
single directions it is equivalent to the usual squaredetation coefficient. How-
ever, this measure cannot be used to select the amountiokabe since it is always
decreasing as the threshold values is increased.

We suggest to select the amount of shrinkage applied on tie bhthe max-
imum classes separation relative to their compactnesseprijection subspace.
This can be achieved by computing the Dunn index, which igmgiby the ratio
of the smallest distance between observations not in the sfass to the largest
intra-class distance [Dunn, 1974]. For a given thresholde/4; we compute

min Dj
i€ il ¢ 6k

maxDj
ileGi

D(4)) =

whereDy = [(BTx — B'x)T(B"x — BTx)]¥2 and % = {i : ¥ =k} is the set
of observations belonging to tHeth class k= 1,...,K ). Then, the amount of
thresholdA;« is chosen to maximizB(4;). Careful studyD(4;) can also be useful
to detect local maxima attained with smaller sets of genes.
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Results

Leukemia data

[Golubet al.,, 1999] analyzed data from high-density Affymetrix oligmteotide ar-
rays. There were 3571 genes and 38 samples: 27 in class Aute(gtnphoblastic
leukemia) and 11 in class AML (acute myeloid leukemia). Tamgles in class
ALL could be further splitted into B-cell and T-cell typesftér the preliminary
filtering a subset of 892 genes was selected.

MSIR estimates a 3-components mixture for AML group and a@ygonents
mixture for the ALL group. There are four estimated direatipwith corresponding
eigenvalues equal to 278 455, 408, and 243. Figure 1 shows a scatterplot of
the samples projected along the first two MSIR directiony wiarginal box-plots.
The two tumor classes ALL and AML are clearly separated orfitBedirection.
The second direction allows to split the ALL samples into él¢open circles)
and T-cell (filled circles) types, with one unusual B-cellighhis very close to the
group of T-cell samples. This is interesting because MStiR@sion did not use the
information on the different type of ALL tumors; nonethede was able to show
an underlying data structure.

We also performed SIR estimation; the only direction estilady SIR presents
a large agreement with the first one estimated by MSIR (tharsglcorrelation
coefficient is equal t0.997).

Figure 2 shows the results from applying the soft-threshglgrocedure to
the first MSIR direction. The maximal separation measurehgyDunn index is
achieved for a threshold value dfi = 0.049; at this value 8 genes can be used
to reproduce the original estimated MSIR direction to adagegtent (the squared
correlation coefficient is equal ta9292).

Applying the soft-thresholding procedure to the first twolR glirections lead to
select the previous 8 genes, plus another gene (X03934hughigainly responsible
for the definition of the second direction. A plot analogougigure 1 is shown in
Figure 3; here we plotted the samples projected along themMisMSIR directions
after soft thresholding. By visual inspection we can seéttimmain data features
are retained, but using only a small subset of genes.

Figure 4 shows a plot of expression levels for the selectedgelhe first 8 genes
(read from top to bottom) allow to separate the ALL from AMLmar types, and
they contribute to the definition of the first MSIR directidine last gene is the only
needed to define the second MSIR direction: as we alreadyioneqdt, the B-cell
and T-cell tumors for ALL are separated along this directibms is clearly visible
in the corresponding gene profile shown at the bottom of Eiguwhere samples for
ALL T-cell are over-expressed, whereas those for ALL B-balle expression levels
around zero, except for one sample (number 17) which haseh demparable to
the T-cell group. Note that this is the one outlying B-celsetvation which appears
closer to the group of T-cell in Figure 1 and Figure 3.
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Fig. 1 Scatterplot with marginal box-plots for the Golub data podgd along the first two MSIR
directions, with points marked by tumor classes (the ALL dusnare further identified by open
circles for B-cell type and filled circles for T-cell type).

ALL
|
-

Discussion

There has been emphasis on mixture model based approaalsteriig as it pro-

vides a sound mathematical based method. However, in usisgpproach, the
number of observations to be clustered needs to be sufficikmge in number

relative to their dimension in order to prevent singulaimeates of the component-
covariance matrices occuring during the estimation pmddafortunately, this is

not the case with the problem of clustering tissues on this lodgene expression
levels, as the latter are typically much larger than the remolb tissues to be clus-
tered.

In this paper we addressed the problem of classification frmdel-based clus-
tering on dimension reduced space. Generally these twes $tégssification and
model based clustering) are done separately leading togtilmal procedures. Ro-
bustness of dimension reduced space and flexibility of madaodel allow for sig-
nificant improvement in class identification.
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Fig. 2 Trace plot of class separation index and square trace atorlas the threshold value is
increased.

The proposed approach is demonstrated on a well known data ke microar-
ray literature, the leukaemia of [Goldh al,, 1999]. The aim was not to provide a
detailed analysis of these sets, but rather to highlighptitential role and useful-
ness of our approach. In particular, we demonstrated howungxnodel on reduced
dimension space can identify various classes among tissuthe basis of gene ex-
pression levels.

The improvement is larger when within-cluster covariararesdifferent and re-
dundant or noise variables are present.
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