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Abstract Data envelopment analysis (DEA) is a nonstochastic and nonparametric
linear programming technique where a set of units are evaluated according to their
input consumption and output production (Charnes et al. (1978)). Given that DEA
efficiency analysis can be influenced by the presence of outliers, Banker and Chang
(2006) proposed a method to detect atypical units through the super-efficiency
model (Banker and Gifford (1988)). When relying on super-efficiency, masking
and swamping can affect the analysis. In order to overwhelm these drawbacks, we
propose a DEA based on the forward search framework originally introduced by
Atkinson and Riani (2000). We carry out the analysis on a simulated Cobb-Douglas
production function and we contaminate the dataset checking the robustness of our
statistical model. Stressing the importance to find theoretical boundaries for the in-
ference on outliers, we build up envelopes through Monte Carlo simulations.

Key words: Data envelopment analysis (DEA), statistical modeling, forward search,
outlier detection.

1 Introduction

The main idea of DEA is to identify the production frontier on which the decision
making units (DMUs) are considered as efficient. This frontier can be influenced
by atypical observations, therefore it is crucial to check for their presence. In order
to detect outliers Banker and Chang (2006) exploit the backward super-efficiency
model, proposed by Banker and Gifford (1988), where each observation is excluded
from its own reference set when efficiency score is computed. This method identi-
fies as outlier the observations whose super-efficiency score exceeds a pre-specified
score level. We show that this approach can be affected by masking and swamping.
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In order to overwhelm these drawbacks we extend the forward search procedure
monitoring the quantities of interest as a function of the sample size.

The first task to accomplish in the forward search analysis is the definition of an
opportune measure of unit closeness. It would seems natural to use directly DEA
scores, but scores depend on units belonging to the subset, then an exogenous rule
would be required to build up subsets of increasing size. However, if we use an
exogenous rule, the forward search loses its strength.

In linear regression, Atkinson and Riani (2000) base the search on error esti-
mates. But in DEA we cannot directly apply this framework. Then, our main contri-
bution is to interpret DEA as a linear regression issue, as Kuosmanen and Johnson
(2010), and exploit the difference (error) between observed otput values and their
estimates in order to achieve the goal of detecting outliers. For each DMU we de-
fine a relative distance which depends on DEA efficiency scores (high scores imply
high errors) and in order to emphasize the magnitude of errors, we exploit the super-
efficiency procedure proposed by Lovell and Rouse (2003).

Another important facet of our analysis is to make inference on outliers. If Banker
and Chang (2006) do not supply any specific rule to define the super-efficiency level
crossing which DMUs can be considered as atypical units, we propose a procedure
to build up envelopes as statistical inference boundaries.

We conduct our DEA analysis on a Cobb-Douglas simulated function applying
the BCC model (Banker et al. (1984)) for variable return of scale. In order to verify
whether our procedure is effective, we introduce some contaminations and we com-
pare our findings to the results deriving from the application of the super-efficiency
procedure.

The paper is organised as follows. In section 2 we describe DEA mechanics
and we show our statistical modeling based on the forward search approach. In
section 3 we apply our framework to a simulated Cobb-Douglas production function
comparing super-efficiency and forward search DEA analysis. Section 4 contains
concluding remarks and directions for future research.

2 DEA forward search

DEA was introduced by Charnes et al. (1978) extending the idea of estimating
technical efficiency with respect to a production frontier. Considering that DMUk
(k = 1, ...,n) has a consumption Xk,i of input i (i = 1, ...,m) and produces Yk, j of
output j ( j = 1, ..., p), we wish to evaluate the efficiency score of DMUk among
DMU1,..., DMUn. Under a variable returns to scale assumption1, we have to solve,
for each DMUk and considering i ∈ 1, ...,m and j ∈ 1, ..., p, the following linear
program

1 We focus on the variable return of scale assumption, but our analysis can be extended to other
scale return assumptions.
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max
{

θk| θkYk, j ≤ Σ
n
l=1λlYl, j; Xk,i ≥ Σ

n
l=1λlXl,i; Σ

n
l=1λl = 1; λl ≥ 0

}
, (1)

where θk is a scalar which represents the efficiency of DMUk and λl are linear pro-
gramming weights.

Starting from this model, Banker and Chang (2006) proposed the super-efficiency
DEA as an effective procedure for outlier detection. In super-efficiency DEA each
observation is excluded from its own reference set when its efficiency is estimated.

Once introduced the traditional and the super-efficiency DEA analysis, it is now
interesting to underline the theoretical link between DEA and linear regression. In
the case where we consider only one output (p = 1), under assumption of mono-
tonicity and concavity, we can consider the following linear program

f DEA(X) = max
{

Y | Y = Σ
n
l=1λlYl ; Xi ≥ Σ

n
l=1λlXl,i; Σ

n
l=1λl = 1; λl ≥ 0

}
, (2)

where Y is the production function to be maximized. According to Kuosmanen and
Johnson (2010), in the case where we substitute in equation system (2) the estimator
of equation system (1), we notice that the DEA efficiency estimate εDEA

k can be
considered as linear regression error and is obtained, for each DMUk, as the optimal
solution to the following linear program

ε
DEA
k = min

{
εk| Yk = Σ

n
l=1λlYl + εk; Xk,i ≥ Σ

n
l=1λlXl,i; Σ

n
l=1λl = 1; λl ≥ 0

}
.
(3)

We can therefore underline that, in the single-output setting, the DEA approach
described on the equation system (3) is equivalent to the standard output oriented
variable return of scale DEA in the sense that for each DMUk we have

f DEA
k (X) = θkYk,

εDEA
k = Yk− f DEA

k (X) = Yk−θkYk,
(4)

where εDEA
k is the optimal solution of equation system (3) for DMUk, θk is the

optimal solution of equation system (1) and X is the matrix of m inputs. Then, we
can define the following relative distance

dDEA
k =

|Yk−θ
SE,LR
k Yk|
Yk

, (5)

where θ
SE,LR
k is the optimal solution of the super-efficiency procedure proposed by

Lovell and Rouse (2003). Equation (5) is crucial as measure of unit closeness in
our forward search analysis and it allows to define an endogenous rule to progress
the search ordering DMUs at each subset size. It is interesting to notice that we do
not exploit the traditional DEA model, but we use the super-efficiency framework
in order to emphasize extreme scores.
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Once defined an effective measure through which to carry out the search, it is
now interesting to show in detail how to initialize, progress and monitor the search.

The first issue in our statistical modeling is to identify the so called initial subset.
In other words, we need to find a subset Sb of size b << n which contains units
which can be considered as outlier free. In DEA analysis, the efficient frontier is
defined considering the comparison among all units belonging to the set. We can
concentrate on the following alternative procedures: bivariate boxplots from peeling
and bivariate boxplots from ellipses. In both cases we find out a subset Sb of size b
which can be considered as outlier free.

In order to progress the search we perform the following steps:

• Subset Sb+1. We apply DEA mechanics to the subset Sb obtaining, for each
DMUk ∈ Sb, the efficiency score θ

SE,LR
k . Applying equation (5) we estimate

dDEA
k ∀k ∈ Sb. For units not belonging to the subset, we perform DEA analy-

sis considering all units belonging to Sb and one unit not belonging to Sb. In
other words, for all (n−b) units not belonging to the initial subset, we consider
subsets of size (b + 1) made up by the subset Sb and the additional DMUk for
which we need to compute dDEA

k . After this computation, we have n distances
dDEA

k (k = 1, ...,n) and the subset Sb+1 is made up by the (b + 1) DMUs with
lowest dDEA

k .
• Subset Sm. At each step m of the search we consider the DMUs belonging to the

subset Sm−1 to compute dDEA
k ∀k ∈ Sm−1. For DMUs not belonging to Sm−1 we

add one unit DMUk and we compute dDEA
k ∀k /∈ Sm−1. The subset Sm is made up

by the m DMUs with lowest dDEA
k . We continue in such a way until all DMUs

are included into the subset.

As described above, the key contribution of our research is to specify a mea-
sure dDEA

k which allows to perform the search and monitor distances among DMUs
detecting the presence of data structures and outliers.

Considering the need to find theoretical boundaries for the inference on outliers,
we build up envelopes (Riani and Atkinson (2007)) through Monte Carlo simula-
tions and we compare, at each subset size m, both the maximum distance within
the subset dDEA,max

m and the minimum distance out of the subset dDEA,min
m with their

corresponding envelopes. When envelopes are crossed it is likely, at a certain confi-
dence level, that outliers have been included.

Once defined the main steps of the forward search, in the next section, we com-
pare backward and forward analysis applied to a simulated Cobb-Douglas produc-
tion function.

3 Super-Efficiency and Forward Search DEA Analysis on a
Simulated Production Function

We apply our analysis to the same simulation environment exploited by Banker and
Chang (2006). In particular, we consider a single output and two inputs production
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technology which can be represented through a Cobb-Douglas production function
specified as follows

Z = (X1−α1)β1(X2−α2)β2 , (6)

where, as in Banker and Chang (2006), α1=α2=0.5, X1, X2 are generated randomly
from independent uniform distributions into the interval [10,20] and β1, β2 are sim-
ulated from independent uniform distributions into the interval [0.4,0.5].

Once defined this function as the efficient frontier, we consider as DMUk output

Yk =
Z(Xk,1,Xk,2)

exp(uk)
, (7)

where 1
exp(uk)

is the reciprocal of the efficiency score. In order to obtain this score,
we generate randomly uk from a half normal distribution |N(0,1)|.

We can summarize our simulation procedure by stating what follows. First we
simulate Zk of equation (6) obtaining the efficient frontier, then we simulate uk
which is required to compute 1

exp(uk)
and, at the end, we obtain Yk as described in

equation (7).
Once generated Yk (k ∈ 1, ...,n), we apply the super-efficiency as well as the for-

ward search DEA described in the previous sections. In particular, in order to check
how these procedures work, using n=50 we obtain the efficient frontier Z(X1,X2)
and the real frontier Y (X1,X2) of equation (7). We define this random generation as
true simulation.

We start our empirical analysis by focusing on the uncontaminated true simula-
tion. As we can see from Figure 1, carring out the super-efficiency DEA Lovell and
Rouse (2003) algorithm in the uncontaminated true simulation, five DMUs reach the
upper super-efficiency limit (θ SE,LR

k = 2.96). Following Banker and Chang (2006),
it is necessary to define a score level in order to verify whether these DMUs can
can be considered as outliers. We notice that these DMUs are generated through the
same parameter set as others and cannot be considered as atypical.

Considering the forward search statistical modeling described above, the first
task is to find an outlier free initial subset. We carry out both initialization proce-
dures described on section 2 and we decide to exploit the bivariate boxplots from
ellipses because of its simplicity.

Once outlined how to carry out the initialization, it is now interesting to highlight
that at each subset size m, we concentrate on monitoring the maximum distance
within the subset dDEA,max

m and the minimum distance out of the subset dDEA,min
m .

When we carry out the forward search, we need to find theoretical boundaries
for the inference on outliers, then we generate envelopes. As we mentioned above,
we apply Monte Carlo simulations in order to obtain lower and upper envelopes for
both the maximum distance within the subset and the minimum distance out of the
subset of size m.

We plot both the maximum distance within the subset and the minimum distance
out of the subset with their envelopes in Figure 2. We consider percentiles: 1% and
99%.
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Fig. 1 Super-efficiency analysis: scatterplot matrix uncontaminated setting. DMUs with super-
efficiency score corresponding to the upper limit θ

SE,LR
k = 2.96 are depicted through filled circles

while non super-efficient DMUs are depicted through solid points.
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Fig. 2 True distances and envelopes: uncontaminated setting. Maximum distance within the subset
dDEA,max

m (solid points on the left panel) and minimum distance out of the subset dDEA,min
m (solid

points on the right panel) compared with their 1% and 99% envelopes (filled triangles). It is evident
that, in this uncontaminated setting, both distances computed on the simulated function of equation
(7) stay within envelopes. It means that no outliers are detected.

We notice from Figure 2 that all DMUs stay within envelopes. We can therefore
state that our procedure does not detect any outlier.

In order to check the robustness of the super-efficiency procedure in outlier detec-
tion, we introduce an extreme contamination. In particular, we exogenously define
the output and inputs values of DMU20 and DMU21 as follows: Y20 = 0.5, Y21 = 0.7
and X120 = X220 = 4, X121 = X221 = 5. Carrying out the same analysis as above,
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we obtain that only DMU20 lies on the super-efficiency frontier showing an evident
masking effect. In other words, both DMU20 and DMU21 are outliers, but the super-
efficiency procedure detects the most extreme DMU20 with θ

SE,LR
20 = 5.98, while

DMU21 has a super-efficiency score θ
SE,LR
21 = 0.65. DMU21 is a masked outlier.

We are now interested in carrying out the forward search on this contaminated
setting. We execute the same steps as described in the uncontaminated setting ob-
taining the distance dDEA,max

m and the dDEA,min
m for the contaminated environment.

Therefore, we exploit Monte Carlo simulations in order to obtain lower and up-
per envelopes for both dDEA,max

m and dDEA,min
m . Figure 3 shows that all contaminated

units (Y20,Y21) stay out of the envelopes showing that our procedure is effective in
detecting atypical DMUs.
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Fig. 3 True distances and envelopes: contaminated setting. Maximum distance within the subset
dDEA,max

m (solid points on the left panel) and minimum distance out of the subset dDEA,min
m (solid

points on the right panel) compared with their 1% and 99% envelopes (filled triangles). It is evident
that, in this contaminated setting, both distances cross envelopes on the last steps of the forward
search. Contaminated DMU20 and DMU21 are correctly detected.

4 Concluding Remarks

We are pioneer in extending the forward search originally proposed in linear and
nonlinear regression by Atkinson and Riani (2000) to DEA analysis. Our main con-
tribution, in order to start, progress and monitor the search, is to propose a distance
obtained exploiting both the linear regression framework proposed by Kuosmanen
and Johnson (2010) as well as the Lovell and Rouse (2003) super-efficiency DEA
procedure. In addition, in order to make inference on outliers, we propose a statisti-
cal procedure to build up envelopes through Monte Carlo simulations.
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We carry out the analysis on simulated data. We consider a Cobb-Douglas pro-
duction function with one output and two inputs. We generate sub-optimal Cobb-
Douglas frontier on which we apply the BCC model. We carry out both the super-
efficiency and the forward search analysis on an uncontaminated setting as well as
on an contaminated environment. We show that the super-efficiency procedure is
affected by drawbacks such as the subjective score level to classify outlying DMUs
as well as the masking. We perform the forward search and considering envelopes
to make inference on atypical units. We show that our statistical model is not af-
fected bu subjective estimates and is effective in detecting outliers and data struc-
tures avoiding masking issues.

This work is the first step in forward search DEA analysis. We stress the im-
portance to use effective measures of unit closeness and, we point out the need to
base the analysis on robust envelopes. Our analysis is conducted into a single output
setting and we follow a DEA output oriented approach. There is the need to extend
the analysis to multi-output settings and input-oriented environment with multiple
inputs and outputs. Further studies need to be devoted to real data where the func-
tional relationship between outputs and inputs is not exogenously specified as in our
research and envelopes generation cannot be obtained as in our example.
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