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Abstract I propose to consider the recovery rate as a mixed random variable, ob-
tained as the mixture of a Bernoulli random variable and a beta random variable with
support (0,1). The recovery rate is considered as a dependent variable in a regression
model. I suggest to apply the logistic regression model for the extreme values of the
recovery rates. For the recovery rates belonging to the interval (0,1), I propose to
model jointly the conditional expectation and the conditional dispersion by using
two link functions. This model accommodates skewness and heteroscedastic errors.
The estimation procedure is the maximum likelihood method. Finally, the proposed
estimation methodology is applied to the survey on loan recovery process of Italian
banks, conducted in 2000 by the Bank of Italy.

Key words: recovery rate, mixed random variable, joint beta regression model, sta-
tistical analysis of financial data

1 Introduction

Although estimates of recovery rates are key variables for banking practice, such
pivotal topic is relatively unexplored by the literature. Within this research field, the
main aim of this work is to propose a model in order to model jointly the conditional
mean and the conditional variance of the recovery rate, given some explanatory vari-
ables. At first, I propose to consider the recovery rate as a mixed random variable
to represent the high concentration of data at total recovery and total loss. In partic-
ular, I assume that the recovery rate is a mixture of a Bernoulli and a beta random
variables.

In order to analyze the influences of some explanatory variables on the con-
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tinuous part, I propose the joint beta regression methodology that leads to model
jointly the conditional expectation and the conditional dispersion by using two link
functions. The parameters of the model are estimated by the maximum likelihood
method. This model accommodates skewness, multimodality and heteroscedastic
errors. For the discrete part of the recovery rate I apply a logistic regression. By this
proposal I can examine the different influences of the same covariates on the con-
tinuous and the discrete parts. Finally, I apply the proposed approach to a compre-
hensive database (Banca d’Italia, 2001) of recovery rates on Italian bank loans. This
survey is really important since very few analyses on recovery rates of bank loans
focus on continental Europe. In order to constrain this variable within the interval
[0,1], the recovery rates are computed by the methodology proposed by Calabrese
and Zenga (2008).

The present paper is organized as follows. Section 2 explains the proposal of
considering the recovery rate as a mixed random variable given by the mixture of a
beta and a Bernoulli random variables. Under this assumption, I propose a regres-
sion model for the recovery rate in the following section. Successively, section 4
presents the Bank of Italy’s database, to which I apply the suggested methodology
and I present the main empirical results.

2 The Recovery Rate as a Mixed Random Variable

Analogously to many models in the literature (i.e. Gupton et al., 1997), in this work
I consider the recovery rate as a random variable. Moreover, some approaches (Gup-
ton et al., 1997) assume that the recovery rate is a beta random variable.

A pivotal characteristic of the recovery rate distribution is the high concentration
of data at total recovery and total loss, as showed by Asarnow and Edwards (1995),
Calabrese and Zenga (2008), Caselli et al. (2008), Dermine and Neto de Carvalho
(2006), Grunert and Weber(2009), Schuermann (2003). Hence, the estimates of to-
tal loss and total recovery are crucially important for banks.

In order to supply accurate estimations for the extreme values, I propose to con-
sider the recovery rate R as a mixed random variable, given by the mixture of a
Bernoulli random variable B and a beta random variable Y

FR(r) =

P{R = 0} r=0;
P{R = 0}+[1−P{R = 0}−P{R = 1}]FY (r) r∈(0,1)
1 r=1.

(1)

where FY denotes the distribution function of the beta random variable Y and
P{R = j} is the probability that the recovery rate R is equal to j with j = 0,1.
This parametric model provides a good fit to data (Calabrese and Zenga, 2009).

An important issue is to propose an estimation methodology for regression model
whose dependent variable is a mixed random variable.



Regression for Recovery Rates with both Continuous and Discrete Characteristics 3

3 A Regression Model for the Recovery Rate

In order to understand the determinants of the conditional mean µ of the depen-
dent variable, the generalized linear models (McCullagh and Nelder, 1989) apply a
strictly monotonic and twice differentiable link function g(·) such that g(µ) = xT α .
There are several possible choices for the link function g(·). When 0 < µ < 1, a link
function should satisfy the condition that maps the interval (0,1) on to the whole
real line.

When the conditional distribution of Y is a beta distribution, the range of the pa-
rameter µ is the interval (0,1). By applying a methodology similar to GLM models,
Ferrari and Cribari-Neto (2004) propose the beta regression model, where the con-
ditional distribution of the dependent variable is a beta distribution. The probability
density function of a beta distribution with parameters p > 0 and q > 0 is

f (y; p,q) =
yp−1(1− y)q−1

B(p,q)
=

Γ (p+q)
Γ (p)Γ (q)

yp−1(1− y)q−1

where y ∈ (0,1), B(·, ·) denotes the beta function and Γ (·) the Gamma function.
They propose a reparameterization that translates p and q into a location parameter
µ and a dispersion parameter φ

E(Y ) =
p

p+q
= µ var(Y ) =

pq
(p+q)2(p+q+1)

=
µ(1−µ)

φ +1
, (2)

where φ = p + q. Similarly to GLM models, Ferrari and Cribari-Neto (2004)’s ap-
proach models only the conditional mean µ and they consider the dispersion param-
eter φ = p+q as a nuisance parameter.

On the contrary, I model jointly the conditional mean µ and the dispersion pa-
rameter φ , defined as

µ =
p

p+q
φ = p+q. (3)

for the beta random variable Y by applying the same reparameterization proposed
by Ferrari and Cribari-Neto (2004).

In particular, let Y1,Y2, ...,Yn be independent random variables, where each Yi,
with i = 1,2, ...,n, follows the density

f (yi; µi,φi) =
yµiφ−1

i (1− y)φi−µiφi−1

B(µiφi,φi −µiφi)
=

Γ (φi)
Γ (µiφi)Γ (φi −µiφi)

yµiφi−1(1−yi)φi−µiφi−1

where yi ∈ (0,1), 1 > µi > 0 and φi > 0, with mean and variance given by the
equations (2). To joint model the conditional mean µi and the parameter φi with
i = 1,2, ...,n, I propose to use two different link function g(·) and h(·) such that

g(µ) = xT
i α h(φ) =−wT

i β , (4)
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with i = 1,2, ...,n, where α and β are vectors of respectively k and m unknown re-
gression parameters, xi and wi are two vectors of observations on respectively k and
m covariates (k+m < n), which are assumed fixed and known. In order to define the
link function h(·) I use the negative sign in the second equation (4) since I prefer to
model the dispersion of the dependent variable Y .

Furthermore, I point out that the conditional mean µ and the parameter φ depend
on two different vectors of covariates, respectively x and w. By such characteristic,
the model here proposed can consider some variables in the vector wi that are rele-
vant just for the parameter φi and not for the conditional mean µi. Since 0 < µi < 1
and φi > 0 with i = 1,2, ...,n, I suppose that the link function g(·) is the logit function
and the link function h(·) is the log function, it follows that

µi =
1

1+ e−xT
i α

φi = e−wT
i β , (5)

with i = 1,2, ...,n. I underline that the variance of Yi is a function of µi and φi, as
given by the equation (2) and, as a consequence, of the covariate values xi and wi,
so such model accommodates the heteroscedastic errors. Moreover, since the beta
distribution is flexible, the skewness and multimodality are also accomodated.

In order to estimate the two vectors α and β of parameters, the maximum likeli-
hood method is performed. The log-likelihood function is

l(α,β ) =
n

∑
i=1

[
lnΓ (e−wT

i β )− lnΓ

(
exT

i α−wT
i β

1+ exT
i α

)
− lnΓ

(
e−wT

i β

1+ exT
i α

)
+

+

(
exT

i α−wT
i β

1+ exT
i α

−1

)
ln(yi)+

(
e−wT

i β

1+ exT
i α

−1

)
ln(1− yi)

]
.

Since the beta distribution is a two parameter full exponential family and the log-
likelihood function satisfies a given condition (Barndorff-Nielsen, 1978, pp. 151),
the maximum likelihood estimators exist and are unique.

The score function and the Hessian can be obtained explicitly in terms of the
polygamma function, where the polygamma function of order m is defined as the
(m+1)th derivative of the logarithm of the gamma function Γ (·)

∂ mψ(z)
∂ mz

=
∂ m+1lnΓ (z)

∂ m+1z
.

For m = 0 this function is called digamma function ψ(z) = ∂Γ (z)
Γ (z) . The score func-

tion is obtained by differentiating the log-likelihood function with respect to the
unknown parameters α and β

∂ l(α,β )
∂α j

=
n

∑
i=1

xi j
exT

i α−wT
i β[

1+ exT
i α

]2

[
φ

(
e−wT

i β

1+ exT
i α

)
−φ

(
exT

i α−wT
i β

1+ exT
i α

)
+ log

yi

1− yi

]
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∂ l(α,β )
∂βh

=
n

∑
i=1

−wih
e−wT

i β

1+ exT
i α

[(
1+ exT

i α

)
φ

(
e−wT

i β

)
− exT

i α
φ

(
exT

i α−wT
i β

1+ exT
i α

)
+

−φ

(
e−wT

i β

1+ exT
i α

)
+ log(1− yi)+ exT

i α log(yi)

]
, (6)

with j = 1,2, ...,k; h = 1,2, ...,m; i = 1,2, ...,n, where yi is a realization of the re-
covery rate.

The asymptotic standard errors of the maximum likelihood estimators of the pa-
rameters in the models are given by the Fisher information matrix whose elements
are

−E
(

∂ 2l(α,β )
∂α j∂αq

)
=

n

∑
i=1

xi jxiqexT
i α−2wT

i β

[
1− exT

i α

]
[
1+ exT

i α

]3

[
φ
′

(
exT

i α−wT
i β

1+ exT
i α

)
+φ

′

(
e−wT

i β

1+ exT
i α

)]

−E
(

∂ 2l(α,β )
∂βh∂βu

)
=

n

∑
i=1

wihwuie−wT
i β

( exT
i α

1+ exT
i α

)2

φ
′

(
exT

i α−wT
i β

1+ exT
i α

)
−φ

′
(

e−wT
i β

)
+

+
1

1+ exT
i α

φ
′

(
e−wT

i β

1+ exT
i α

)]

−E
(

∂ 2l(α,β )
∂α j∂βh

)
=

n

∑
i=1

wihxi jexT
i α−2wT

i β[
1+ exT

i α

]2

[
φ
′

(
e−wT

i β

1+ exT
i α

)
− exT

i α
φ
′

(
exT

i α−wT
i β

1+ exT
i α

)]

with j,q = 1,2, ...,k; h,u = 1,2, ...,m; i = 1,2, ...,n. From the Fisher’s information
matrix I note that the parameter vectors α and β are not orthogonal, so their maxi-
mum likelihood estimators are dependent and can not be computed separately.

The maximum likelihood estimators of α and β are obtained by making the score
function (6) equal to zero and do not have closed-form. Hence, they need to be
obtained by numerically maximizing the log-likelihood function using a nonlinear
optimization algorithm, such as a Newton algorithm or a quasi-Newton algorithm
(McLachlan and Krishnan, 1997). The optimization algorithms require the specifi-
cation of initial values to be used in iterative scheme.

My suggestion is to use as an initial point estimate for α the ordinary least
squares estimate of this parameter vector obtained from a linear regression of the
transformed response

ψi =
µi(1−µi)

var(Yi)
−1.

By applying the delta method I derive the following approximation

var[logit(Yi)]≈ var
[

logit(µi)+(Yi −µi)
∂

∂ µi
logit(µi)

]
,
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so I obtain that
var(Yi)≈ var[logit(Yi)]µ2

i (1−µi)2.

Hence, I use the approximation

ψ̂i ≈
∣∣∣∣ 1
ê2µ̂i(1− µ̂i)

−1
∣∣∣∣

with µ̂i =
exT

i α̂

1+ exT
i α̂

, where α̂ and ê are, respectively, the ordinary least squares esti-

mate and residual from the linear regression of the transformed response. As initial
point estimate for β I use the ordinary least squares estimate obtained from a linear
regression of the transformed value −ln(ψ̂i) on wT

i .
I define this approach joint beta regression model since the conditional distribution
of the dependent variable is assumed to be a beta distribution, analogously to the
beta regression model proposed by Ferrari and Cribari-Neto (2004), but unlike I
model jointly the conditional expectation and the conditional dispersion.
Under the assumption (1) the conditional expectation and the conditional variance
of the recovery rate R are

E(R/x,w) = E(B/x,w)P{(R = 0)∪ (R = 1)}+E(Y/x)P{0 < R < 1}
var(R/x,w) = var(B/x,w)P{(R = 0)∪ (R = 1)}+ var(Y/x,w)P{0 < R < 1}+

+[E(B/x,w)−E(R/x,w)]2P{(R = 0)∪ (R = 1)}+
+[E(Y/x)−E(R/x,w)]2P{0 < R < 1}

I propose to apply the logistic regression model (Hosmer and Lemeshow, 2000)
for the discrete part and the joint beta regression model for the continuous part of the
recovery rate. Finally, I estimate the mixture weights by the corresponding relative
frequencies.

4 Empirical Evidence of recovery rates

The Bank of Italy conducts a comprehensive survey on the loan recovery process
of Italian banks in the years 2000-2001. Its purpose is to gather information on the
main characteristics of the Italian recovery process and procedures, by collecting
information about recovered amounts, recovery costs and timing.

By means of a questionnaire, about 250 banks are surveyed. Since they cover
nearly 90% of total domestic assets of 1999, the sample is representative of the
Italian recovery process. The database comprises 149,378 defaulted borrowers. We
highlight that the data concern individual loans which are privately held and not
listed on the market. In particular, loans are towards Italian resident defaulted bor-
rowers on the 31/12/1998 and written off by the end of 1999.

I apply the regression model proposed in this work to the Bank of Italy’s
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database. Considering the recovery rate as a mixed random variable, I estimate the
probabilities in (1) by the respective relative frequencies. In addition, I model sepa-
rately the discrete and the continuous parts of the recovery rate R.
On the one hand, I apply the logistic regression model for the n2 = 45,867 extreme
values of the recovery rates. On the other hand, for n1 = 103,511 data exhibit re-
covery rates belonging to the interval (0,1) I apply the regression model proposed
in the third section in order to analyze the determinants of the recovery rates. Such
methodology leads to analyze the different influences of the covariates on the dis-
crete and the continuous parts of the recovery rate.
Some authors (i.e. Friedman and Sandow, 2003; Schuermann, 2003) hypothesize
that the extreme values of the recovery rates show different characteristics from the
ones belonging to the interval (0,1), but they can not verify this statement with an
appropriate methodology. In order to reach this goal I choose the same set of covari-
ates for x and w given by six variables relevant to the recovery risk: the capitalized
recovery amount, the logarithm of the capitalized EAD, the time in default, the in-
terest on delayed payment, the legal costs and the amount of collateral or personal
guarantee.

The following table1 reports the parameter estimates and the p-values in round
brackets obtained by the application of the methodological proposal of this work to
the Bank of Italy’s data.

Logistic Regression Joint Beta Regression
α β

Constant -14.099(0.000) -0.082(0.000) -1.127(0.000)

Capitalized recovery amount 26.005(0.000) 0.011(0.000) 0.058(0.000)

Log capitalized EAD -0.022(0.009) 0.001(0.016) -0.036(0.068)

Time in default 0.003(0.009) -0.460(0.089) -0.277(0.046)

Interest on delayed payment -1.602(0.191) -0.169(0.230) -0.006 (0.187)

Legal costs -1.605(0.182) 0.009(0.128) -0.006(0.243)

Collateral or personal guarantee -0.057(0.010) 1.035(0.035) -3.897(0.123)

Choosing a level of significance of 0.05, for both the discrete and the continu-
ous parts of the recovery rate R interest on delayed payment and legal costs are not
significant. The capitalized recovery amount has a strong influence on the extreme
values of the recovery rates. For the continuous part an expected result is that as the
capitalized recovery amount increases the dispersion also increases.

It is really interesting the results on the influence of EAD on the recovery rates
since some empirical studies lead to different conclusions on this topic: Asarnow
and Edwards (1995), Carty and Lieberman (1996) find no significant influence of
the loan size on LGDs, instead Dermine and Neto de Carvalho (2006), Grippa et al.

1 I obtain these results by using the package “LogicReg” and the procedure “optim” with the
method ”Nelder-Mead” of R-program.
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(2005) hit upon that the recovery rates decrease when the loan size increases. From
the results of this work the logarithm of capitalized EAD has an inverse relationship
with the dependent variable for the discrete part and has a direct relationship with
the conditional expectation for the continuous part. This result is coherent with the
outcomes of a descriptive analysis showed by Calabrese and Zenga (2008) on the
same data.

I also highlight the different influences of the time in default on the extreme val-
ues (direct) and on the conditional expectation of the recovery rates belonging to the
interval (0,1) (inverse). Finally, the logarithm of capitalized EAD and the amount of
collateral or personal guarantee are not significant for the dispersion parameter φ .
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