Prediction of Future Order Statistics Coming
from Pareto Model
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Abstract In this paper, we study the problem of predicting the j-th order statis-
tic and also the geometric mean of a future sample of size m from two parameter
Pareto distribution on the basis of the observed censored records coming from the
same distribution. Numerical computations are given for illustration of the proposed
procedures.
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1 Introduction

Let X;,--+, X, be a random sample, if these random variables are arranged in as-
cending order of magnitude and then written as X,.,, <X, <--- <X, then X, is
said to be the i-th order statistic in a sample of size m. Order statistics and functions
of these statistics play an important role in a wide range of theoretical and practical
problems such as characterization of probability distributions and goodness-of-fit
tests, entropy estimation, analysis of censored samples, reliability analysis, qual-
ity control and strength of materials; see David and Nagaraja (2003), Arnold et al.
(1992) and the references therein for more details.

Next, let X;,X,,--- be an infinite sequence of random variables. Then, an obser-
vation X; is said an upper record value if it exceeds all its previous observations, i.e.,
if X; > X; for every i < j. Record data arise in a wide variety of practical situations
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including industrial stress testing, meteorological analysis, hydrology, seismology,
sporting and athletic events, and oil and mining surveys. Interested readers may refer
to the book by Arnold et al. (1998) and the references therein.

Several authors have studied the problem of predicting future order statistics
based on observed order statistics in parametric or nonparametric models and also
prediction future records on the basis of observed records from the same distri-
bution. See for example, Lawless (1977), Dunsmore (1983), Ragab and Nagaraja
(1995), Ahmadi et al. (2005) and the references therein. Recently, Ahmadi and Bal-
akrishnan (2009) have obtained several nonparametric prediction intervals for fu-
ture order statistics(record values) from an independent Y-sequence based on order
statistics(records) from X-sequence. Also, Ahmadi and Mirmostaface (2009) have
discussed the problem of predicting future order statistics based on observed usual
records from an exponential distribution.

Here, we study the same problem for a Pareto model but with the assumption that
the records are censored. Let X have a two parameter Pareto distribution, denoted
by P(a, ), with cdf

F(x;a,ﬁ)zl—@)a,x2ﬁ>0,a>o. (1)

This distribution is called Pareto type I distribution. It has been used often to model
naturally occurring phenomena in which the distributions of random variables of
interest has long tails. See e.g. Arnold (1983).

The rest of this paper is organized as follows: First we study the problem of pre-
diction of the j-th order statistic in a future sample from P(c, 3) on the basis of
observed censored records from the same underlying distribution in section 2. In
section 3, we obtain prediction intervals for the geometric mean of a future sample
of size m based on record values. Finally, we use a simulated data set in section 4 in
order to illustrate the proposed procedures.

2 Prediction Intervals for Future Order Statistics

Suppose R,,R,, ..., R, are the upper record values from P(a, ) but we have failed
to observe the first (s — 1) records i.e. we observed (ry, 7 ,...,1n) for 1 <s <n.
LetY;,, be the j-th smallest observation in a future sample of size m from the same
model. In this section we intend to construct prediction intervals for Y., on the basis
of these observed upper record values. First, consider the following lemma which
will be helpful in finding the results.

Lemma 1. Let {X;,i > 1} be a sequence of iid continuous variables with cumulative
distribution function F(x) and H(w) = —log(1 — F(w)), then

(i) H(R,) 4 ERk where ERk is the k-th upper record value arising from a sequence
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of iid standard exponential random variables and we have 2E R, ™ x2(2k).
(i) T=Ep —Ep ~I'(n—s,1)andalsoT and Ep_are independent.

Proof. If X is a continuous random variable, then H(X) has a standard exponential
distribution. Part (i) follows by notifying that H(x) is strictly increasing with respect
to x. For part (ii), see Arnold et al. (1998).

Now we are ready to introduce a suitable pivotal quantity in order to fulfill our
intentions. Consider the quantity

_ .m— 10gR; )
logR, —logR;

B log Y;

which does not depend on ot and . Let S ;,,, = H(Y},,,) = —oatlog YL Ty,=H(R,) =
Jjim
—OclogRﬁ and T, = H(R,) — H(R;) = a(logR, —logR;). By Lemma 1, T; has a
Gamma distribution with the shape parameter s and the scale parameter 1, 27,, has
a chi-square distribution with 2(n — s) degrees of freedom and Ty and T,, are inde-
pendent. Since H (x) is strictly increasing with respect to x, it is easy to confirm that
Siom iE .m Where E. is the j-th order statistic of a sample of size m from standard
exponential distribution. Therefore the pdf of §;.,, can be given by (see e.g. Arnold

etal., 1992)

£ (9)= ,~<"?) (1 e )~ lesmi+D) g0
jm J

. Sim=Ts . .
So W can be rewritten as W = ’Ts We obtained the cdf of W in the next
result, which is free of any parameter.

Lemma 2. Let (Rg,R_|,...,Ry),1 < s <n, be the upper record values from a Pareto

model with cdf defined in (1) and Yj:m be the j-th smallest observation in a future
sample of size m from the same model. Then the cdf of W, as defined in (2), is

comy yoj—1ys—1 GO (D = (i 2)
Pr(W S W) _ ](7) Z{':O Z/i:() (ln—j+i+1)(1—v1/)"’s+k f0r w S O,
. 1 iel [l i )
- J(’y) X, (Ji )(— 1)’ (m,jj_iﬁ])j(mijﬁﬂ)s forw > 0.

Proof. First we find the distributionof V=S5, —T;. As S, and T are independent,
we get

PrV <v) = / PH(S = To VIS, = 1) dFy (1)
0 jim
- / PHT, > 1—v)dFs (1).
0 jim

By assumptions 7y ~ I'(s, 1), so
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PHT. > 1 if t—v<0,
20 ={ e e i s

Thus we have

PH(V <v) = Pr(S, <v+// 5 1 o 3)
—v -

Using the following equality

« nxn ! —G.X —Gt
/t e Z 2 @)

and by interchanging the order of integrals, for v < 0, (3) can be rewritten as

xs ]efx
// oy s, 0 @
1 -
_/ /x+V x5~ elx <nil>(1—e_t)j_le_’(m_j+l) dr dx
y (s— J
1)l+

KO = (m— j+i+2)

—1s5— l -
1
. 5
< ) IZ(’),(Z’ (m—j+i+ 1)k! )
For v > 0, from (3) and (4) and by interchanging the order of integrals, we have
I o0 poo xs—le—x
Pr(vgv)zl—/ fi (t)dt+/ / s (1) dr
I  Ji—y (s—1)! jim
Xy S—1p—x . )
1_/ fS dt-'-/ / '<n.1>(1—e_t)j_le_t(m_ﬁ—l)dtdx
;D jim (s— l J
1 —
/ / X' ! . (1_e—f)j—le—t(m—j+1)dtdx
x+v S_ 1 J

1 _ J=1\ —v(m—j+i+1)
:1_,-<”.’>JZ (.1)(.")6 o ©)

j) & m—j+i+1)(m—j+i+2)

Letgs (u) denote the pdf of T}, using the conditional argument we get
Pr(W <w) = / Pr(W <w|T, = u)gy (u)du
W' 1
= [ Pr( e “d 7
/ v (n—s—1)! . ™

where the second equality is obtained by independency of V and 7,,. By substituting
(5) and (6) in (7), we have the result. 0O
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The next theorem is the main result of this section which is an immediate conse-
quence of Lemma 2.

Theorem 1. Suppose that the conditions of Lemma 2 hold, then a two-sided predic-
tion interval for Y is

R R” W5 (n,m,s,j) R R” WT] (n,m,s,j)
s EEA
R; R;

whose coefficient is free of a and B and is given by 11 — 8, where wy(n,m,s, j) is the
yth quantile of W, i.e., Pr(W < w,(n,m,s, j)) = 7.

One can compute wy(n,m,s, j) numerically for desired values of y, n, m, s and
Jj. We give an example in section 4.

3 Prediction Intervals for Future Geometric Mean

Geometric mean is of importance in economical situations. So in this section we
want to obtain interval predictors for the geometric mean of a future sample of size
m based on censored record values from Pareto(e, ). Let Rg,R_ ,,...,R, be the

1
n—s+ 1 record values from P(a, ) where 1 <s < n.Let G, = (IT/L, ¥;)™ be the
geometric mean of a future sample of size m from the same distribution. We wish,
on the basis of observed ry,r , |,...,ry to construct prediction intervals for G,,. To

do this, consider the quantity

_ log G,,, — logR; )
logR, —logR; ~

LetT, = L Y™ H(Y) = —alog G%, T,= —alog,% and Ty = a(logR, —logRy). As
mentioned before, T, has a Gamma distribution with the shape parameter s and the
scale parameter 1, 27} has a chi-square distribution with 2(n — s) degrees of free-
dom and 7, and Tj are independent. Also mT; has a gamma distribution with shape

parameter m and scale parameter 1 as H(Y;) has a standard exponential distribution.

. T,—T. N

So we can express U in terms of 7, Tyand Ty as U = i 2. whose distribution is
3

obtained in the next result.

Lemma 3. Let (Rs,R|,-..,Ry),1 < s < n, be the record values from P(a, ) and
G, be the geometric mean of a future sample of size m from the same distribution.

Then the cdf of U, as defined in (8), is

- k—itm—1Y (n=s+i=1\ i n— »
Pr(U<u _{Zi%)):fo( ;l;—ml )(n S-z!_l )ql1 Prf s 61'3" p1§ ! foru <0,

—1yk  (k—its—1\ (n=sti=1\ i n—s s ki
=X T () (T dh ph 0 g Py foru>0,
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where p; = ﬁ Dy = ﬁ D3 = ﬁ andqj =1 —pp = 1,2,3.
Proof. Proof is similar to that of Lemma 2 and therefore is omitted. O

. e T,—T.
According to Lemma 3, the distribution of U = ~=2 does not depend on the
3

parameters and depends only on 7, s and m. Therefore, we can construct prediction
intervals for G,, needless of knowing the values of @ and 3. We have the following
result.

Theorem 2. Under the assumptions of Lemma 3,

< R ug(n.s,m) R Uy (ns,m)
Rs |:_n:| 7RS |:_”:|
Ry Ry

is a prediction interval for G,, whose confidence coefficient is free of o and B and is
given by n — 8, where uy(n,s,m) is the yth quantile of U, i.e., Pr(U < u,(n,s,m)) =
Y-

One can compute uy(n,s,m) numerically for desired values of ¥, n, m and s.

4 Tllustrative Example

In order to illustrate the procedures developed in this paper, we use the data set
simulated by Raqab et al. (2007). The first 6 upper record values were simulated
from a two parameter Pareto distribution with o = 3.7676 and 8 = 1.5096. They
are as follows:

1.9144, 4.1615, 8.2738, 17.8995, 20.1482, 20.3658.

Here we can see that s = 1 and n = 6. So based on Theorems 1 and 2, we can
construct prediction intervals for order statistics and the geometric mean of a fu-
ture sample from the same distribution. Table 1 includes 90% and 95% two-sided
equal-tailed prediction intervals for Y,.,,, Y5, and the geometric mean in a future
sample of size m = 20.

Table 1 90% and 95% two-sided prediction intervals (PIs) for Y,.,4, ¥5(.,o and the geometric
mean.

Y1700 Y5020 Geometric Mean
90% PI (0.9270, 9.6383) (1.9588, 19.4251) (5.8148, 10.0478)
95% PI (0.5847, 14.5575) (1.3831, 25.7981) (5.7937, 12.0116)
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