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Abstract Clustering methods are widely used in the analysis of microar-
ray data for their ability to discover co–regulated genes. In a previous work
we introduced, in a hierarchical clustering context, a theoretical framework
for the comparison of dissimilarity measures on the basis of their ability to
identify functional modules consisting of a transcription factor and the as-
sociated target genes. In this paper we extend these results by including in
the analysis a set of dissimilarity measures based on the “1 − absolute value
of correlation coefficient” proximity between genes. We show that such the-
oretical framework allows one to obtain a partial ordering of the considered
measures in which we identify three minimal elements that are then compared
on the basis of both simulated and real data.

Key words: Bayesian networks, cluster analysis, Gaussian DAG model, mi-
croarray data, sparse canonical correlation, transcription module, Wilks’Λ.

1 Introduction

Clustering methods have been widely used for the analysis of expression data
and they have been applied to both the sampling observation (i.e. experi-
mental conditions) and the variables (i.e. genes); see [7], Chapter 7.

We focus on gene clustering by means of agglomerative hierarchical pro-
cedures (see [7]). The application of hierarchical clustering requires first the
specification of a proximity measure giving the dissimilarity between pair of
genes and, then, a linkage rule as a measure of dissimilarity between groups
of genes. A variety of these measures is available (see [7]) but there is no stan-
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dard way to compare their different performance and this makes it difficult
to compare objectively clustering methods.

One of the main goals of clustering genes is the identification of groups of
genes which belong to a same functional module. Roverato and Di Lascio [6]
proposed a criterium for the comparison of dissimilarity measures on the basis
of their ability to identify transcription modules. We refer to a transcription
module as a set of genes made up of a transcription factor, that is a gene which
serves to regulate other genes, and the associated set of target genes; see [6] for
further discussion on this point. The above criteria is used in [6] to provide
a total ordering of a set of dissimilarity measures. All these measures are
based on the same proximity between genes that is “1 − squared correlation
coefficient”. However, also the “1 − absolute value of correlation coefficient”
is a commonly used proximity measure in the context of gene clustering (see
[7]). For this reason, it is of interest to extend the analysis in [6] by including a
set of dissimilarity measures based on the latter proximity. We show that the
notion of strict dominance induces a strict partial ordering in this extended
set of dissimilarity measures. The “smaller” elements have better properties
than “larger” ones and we show that this poset has three minimal elements,
which are then compared on the basis of both simulated and real data.

The paper is organized as follows. In Section 2 the notation and the con-
ceptual background for this paper is given. Section 3 shows the comparison
between different dissimilarity measures and their partial ordering. Section 4
reports the applications to simulated and real data and, finally, Section 5
contains a brief discussion.

2 Notation and background

We denote by tf a transcription factor and by V a set of target genes of
tf under a specific experimental condition. A transcription module for tf is
consequently defined as V tf := {tf} ∪ V and we use numerical labels for
target genes, V = {1, 2, . . . , p}. The transcription module as a mathematical
object is formalized through a random vector XV tf indexed by V tf.

For a general introduction to cluster analysis the reader is referred to [2].
Agglomerative hierarchical clustering generates a hierarchy of nested clusters
by starting with each gene forming a cluster and by merging, at every step
of the procedure, exactly one pair of clusters. The algorithm stops when the
last two clusters are merged to form V tf. In order to formally deal with
hierarchical clustering algorithms, for a subset U ⊆ V we denote by P̃(U tf)
the set of all partitions P = {Atf, B1, . . . , Br} of U tf where r ∈ {0, 1, . . . , |U |}
and |U | denotes the cardinality of U . Assume that the set of genes V tf is
submitted to an agglomerative hierarchical clustering algorithm. Then, every
step of the algorithm starts from a partition Pr = {Atf, B1, . . . , Br} ∈ P̃(V tf)

and merges two elements of Pr producing a new partition Pr−1 ∈ P̃(V tf).



Comparing dissimilarity measures 3

Roverato and Di Lascio [6] proposed a comparison between dissimilarity
measures in the context of transcription modules identification. They in-
troduced two criteria to theoretically assess the adequacy and to compare
dissimilarity measures. They firstly introduced the concepts of adequateness

and strong adequateness of a dissimilarity measure (see Definitions 1 and 2 in
[6]) relying on the standpoint that a dissimilarity measure applied to a set of
genes forming a transcription module V tf should give a central role to the tf
adding, at every step of the algorithm, target genes to it. Then they defined
the concept of strong dominance of a measure δ1 with respect to a second
measure δ2, denoted by δ1 ≪ δ2 (see Definitions 3 and 4 and Proposition 1
in [6]) that can be used to compare and possibly ranking different measures.

In the context of microarray data analysis the correlation–based proximity
measures are advised [7] so that [6] focused on the “1 − squared correlation
coefficient” as proximity measure and on the most commonly used linkage
rules: the complete linkage dc, the single linkage ds and the average linkage
da. Furthermore, [6] proposed the use of two dissimilarity measures, λ and λ′

(see Definition 5 in [6]), based on the Wilks’Λ statistic [5].
The comparison between dissimilarity measures is performed in [6] by

assuming that the distribution of the vector XV tf of the random vari-
ables associated with the genes in the transcription module belongs to a
Gaussian directed acyclic graphical model that they called balanced DAG

Transcription Module (B-DAG-TM) model. They showed that under this
model the entries of the correlation matrix R = cor(XV tf) are given by
cor(Xtf, Xi) = sgn(βi) × ρ and and cor(Xi, Xj) = sgn(βi) × sgn(βj) × ρ2

where sgn(βi) = +1 if the transcription factor tf is an activator of the gene
Xi whereas sgn(βi) = −1 if tf is a repressor of Xi. Furthermore, ρ is the
absolute correlation coefficient between tf and any target gene Xi for i ∈ V .

3 Comparison of dissimilarity measures under the

B-DAG-TM model

Under the B-DAG-TM model, [6] compared the performance of λ, λ′ with
that of dc, ds and da linkage rules based on the (1−ρ2) as proximity measure.
They shown that all but dc are strongly adequate and λ ≪ ds, λ ≪ da and,
when |V | ≥ 3, ds ≪ da so that, in this case, λ ≪ ds ≪ da.

We here enrich these results by comparing λ and λ′ dissimilarities with the
complete d⋆

c , the single d⋆
s and the average d⋆

a linkage rules based on 1 − |ρ|
as proximity measure. In order to carry out this comparison we need first to
compute d⋆

c , d⋆
s and d⋆

a on an arbitrary partition P = {Atf, B1, . . . , Br} ∈

P̃(U) where U is an arbitrary subset of V . Hereafter, Bi, Bj ∈ P are two
arbitrary elements of this partition with Bi, Bj 6= Atf. Under the linkage
rules considered the entries of the dissimilarity matrix are as follows:



4 Di Lascio and Roverato

d⋆
c(Bi, Bj) = 1 − ρ2 and d⋆

c(A
tf, Bi) = 1 − ρ2 (1)

d⋆
s(Bi, Bj) = 1 − ρ2 and d⋆

s(A
tf, Bi) = 1 − |ρ| (2)

d⋆
a(Bi, Bj) = 1 − ρ2 and d⋆

a(Atf, Bi) = (1 − ρ2) −
|ρ| − ρ2

|Atf|
. (3)

It is straightforward to see that the dissimilarity matrix based on the complete
linkage (1) is constant so that d⋆

c is not adequate for V tf. For the other
measures, instead, we give the following result.

Proposition 1 Let the probability distribution of XV tf belong to the B-DAG-TM

model. Then d⋆
a and d⋆

s are strongly adequate for V tf.

Proof. This is a direct application of Definition 2 in [6] to eqn. (2) and (3).

We can now give the main result of this paper concerning the relationship of
dominance between the considered dissimilarity measures.

Theorem 2 Let the probability distribution of XV tf belong to the B-DAG-TM

model. Then, when |V | ≥ 3, it holds that

λ′ = λ ≪ ds ≪ da

≪ ≪

d⋆
s ≪ d⋆

a

and, furthermore, λ 6≪ d⋆
s and d⋆

s 6≪ λ.

Proof. For U ⊆ V let P = {Atf, B1, . . . , Br} be a partition of U tf with
r ≥ 2 and let Bi, Bj ∈ P be an arbitrary pair of sets of target genes with
Bi, Bj 6= Atf. Note that the assumptions of the B-DAG-TM model imply
that both ρ 6= 0 and ρ 6= ±1.

The fact that λ = λ′ and λ ≪ ds ≪ da are proved in Proposition 5 and
Theorem 7 of [6].

The proof that d⋆
s ≪ ds follows immediately by applying Definition 4 in

[6]; indeed, it is trivially true that

d⋆
s(A

tf, Bs
opt)

d⋆
s(Bi, Bj)

=
1 − ρ

1 − ρ2
<

ds(A
tf, Ba

opt)

ds(Bi, Bj)
=

1 − ρ2

1 − ρ4
.

See [6] for the definition of Bopt.
Now we show that d⋆

s ≪ d⋆
a. We have to prove that

d⋆
s(A

tf, Bs
opt)

d⋆
s(Bi, Bj)

=
1 − ρ

1 − ρ2
≤

d⋆
a(Atf, Ba

opt)

d⋆
a(Bi, Bj)

=
(1 − ρ)

{
1 +

(
|Atf|−1

|Atf|

)
ρ
}

1 − ρ2
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that is, that 1 ≤ 1 +
(

|Atf|−1

|Atf|

)
ρ which is trivially true with strict inequality

when A is non empty.
The proof that d⋆

a ≪ da is quickly shown by recalling again Definition 4
in [6] whereby it results that

d⋆
a(Atf, Ba

opt)

d⋆
a(Bi, Bj)

=
1 +

(
|Atf|−1

|Atf|

)
ρ

1 + ρ
<

da(Atf, Ba
opt)

da(Bi, Bj)
=

1 +
(

|Atf|−1

|Atf|

)
ρ2

1 + ρ2

that is true because
(

|Atf|−1

|Atf|

)
< 1 when A is nonempty.

By exploiting Proposition 1 in [6] and the latter two results, we may also
conclude that d⋆

s ≪ da.
In the end, in order to prove that λ 6≪ d⋆

s and that d⋆
s 6≪ λ we provide

a counterfactual example for each one of the two cases. Set |Bj | = 5 and
ρ = 0.5; for |Bi| = 6 and |Bi′ | = 3 we have that

λ(Atf, Bλ
opt)

λ(Bi, Bj)
>

d⋆
s(A

tf, Bs
opt)

d⋆
s(Bi, Bj)

and
λ(Atf, Bλ

opt)

λ(Bi′ , Bj)
<

d⋆
s(A

tf, Bs
opt)

d⋆
s(Bi′ , Bj)

respectively so that the proof is complete. ⊓⊔

The set of considered dissimilarity measures with the strict partial order ‘≪’
is a poset. The strict ordering comes directly from the definition of domi-
nance since it is a binary relation which is irreflexive (a dissimilarity measure
cannot strictly dominate itself) and transitive (see Proposition 1 in [6]) and,
therefore, asymmetric. Theorem 2 clarifies the ordering structure of the con-
sidered dissimilarity measures. We can thus depict the results of this section
by means of the following relational structure

{λ′, λ, d⋆
s} ≺ {ds, d

⋆
a} ≺ {da} ≺ {dc, d

⋆
c}.

Dissimilarity measures belonging to the same set are incomparable between
each other. The symbol ≺ is a binary relationship: for every measure δ in the
set on the right hand side of ≺ there is at least one measure in the set on the
left hand side of ≺ that should be preferred to δ on either the concepts of
strong adequateness or strong dominance. This relational structure implicitly
gives the strict partial ordering and the set {λ′, λ, d⋆

s} contains the minimal
elements of the ordering that are empirically compared in the next section.

4 Experimental results

Here we use simulated and real data to compare the behavior of λ, λ′ and
d⋆

s.
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Simulations are conducted by randomly generating data from the B-DAG-TM
model for different values of the sample size n, the dimension of the tran-
scription module |V tf| and the signal–to–noise ratio η and for two different
settings: one for the case of |V tf| < n and one for the case of |V tf| > n. The

dissimilarity measures are computed on the sample correlation matrix R̂. We
remark that d⋆

s can be always estimated even when the number of genes in
the clusters exceeds n, case in which, instead, the computation of λ and λ′

becomes impracticable. For this reason, in the case of |V tf| > n, as soon as
the dimension of the biggest cluster may be formed is greater than n/2, we
compute λ and λ′ by exploiting their relationship with the canonical correla-
tion analysis (see eqn. (5) in [6]) and the method for their sparse estimation
developed by [8] (for technical details see [6]). We remark that λ and λ′ are
identical under the B-DAG-TM model but the computation of λ′ requires the
estimation of an additional parameter and, for this reason, λ and λ′ differ in
the applications. Figure 1 shows the results for n = 25, 50 and |V tf| = 20
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Fig. 1 Simulation results for |V tf| = 20, n = 25, 50 (first two lines), |V tf| = 50, n = 10, 25
(third and fourth line) and ρ = (0.1, 0.3, 0.5, 0.7, 0.9) (by cols). x−axes: number of iteration
of the clustering algorithm, y−axes: average of |Atf|. Black solid line for λ, red dotted line
for λ′ and yellow dashed line for ds.

(first two lines) and for n = 10, 25 and |V tf| = 50 (second and third line).
The correlation ρ we consider takes values in (0.1, 0.3, 0.5, 0.7, 0.9). For each
experimental setting 100 replications are performed and the agglomerative
hierarchical clustering algorithm is applied to the variables (genes) by using
the three different measures selected. The ability of the dissimilarity measures
to recognize the transcription module Atf at every step of the procedure is
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shown by computing at every step of the algorithm the dimension of Atf that
is expected to increase uniformly for strongly adequate measures. The curves
in the plots show the average value of |Atf| across the 100 replications. In
both the simulation settings, the performance of the clustering procedures
appears to be, on the one hand, quite independent from the dimension of the
transcription module |V tf| and the sample size n. On the other hand, an im-
portant role is played by ρ. Indeed, as soon as ρ increases, the performance of
λ and d⋆

s improves revealing themselves able to identify tf in the early steps
of the procedure and to give a central role to tf merging it to target genes
step by step. λ′, instead, appears to work better for non–extreme values of
ρ. Notice that in Figure 1 the black solid line for λ and the yellow dashed
line for d⋆

s are overlapping for high values of ρ; however, λ outperforms d⋆
s

for low and medium value of ρ in all the considered scenarios. Moreover, it
is interesting to highlight that when the values of λ and λ′ are estimated by
sparse canonical correlations their performance does not seem to be affected
and λ is still uniformly better than the other measures.

Now we apply the hierarchical clustering procedures to real microarray
data coming from the work of [4] in which they study the transcriptional
response of inhibition of the Escherichia coli gyrase. This data set is made
up of 16 arrays and its NCBI Gene Expression Omnibus [1] accession number
is GSE4408. From the Regulon database [3] we selected 4 transcription factors
and the sets of target genes at present known to be regulated by them: CytR
with 11 target genes for the case of |V tf| < n and OxyR with 16 target
genes, MarA with 25 target genes and LexA with 38 target genes for the
case of |V tf| > n. We apply the hierarchical clustering algorithm as on the
simulated data and Figure 2 shows the behavior of the measures compared.
The behavior of the dissimilarity measures on the real data is consistent with
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Fig. 2 Applications to real data. From left to right: |V tf| < n: CytR, 11 target genes;
|V tf| > n: OxyR, 16 target genes; MarA, 25 target genes; LexA, 38 target genes. x−axes:
number of iteration of the clustering algorithm, y−axes: |Atf|. Black solid line for λ, red
dotted line for λ′ and yellow dashed line for d⋆

s
.

the results of the simulations, under the assumption that data come from the
B-DAG-TM model. Indeed, λ shows a better performance than the two other
dissimilarity measures both when |V tf| < n and when |V tf| > n.
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5 Discussion

Starting from the work of [6], we have approached the problem of choosing
a dissimilarity measure useful for the identification of transcription modules
in a hierarchical clustering context. We have compared different dissimilarity
measures on the basis of the criteria introduced by [6] enriching the analysis
they have performed and providing a strict partial ordering of all the mea-
sures considered. We have considered 1− |ρ| proximity between genes that is
perhaps the most commonly used proximity measure for gene clustering.

Theoretical results as well as experimental ones, suggest that λ should be
preferred to the other measures irrespectively from the proximity measure
and the dimension of the transcription module. Indeed, λ outperforms d⋆

s

both when d⋆
s is advantaged in the first steps of the hierarchical procedure

being based on a smaller proximity (1 − |ρ| < 1 − ρ2) and when |V tf| > n
although λ is computed by employing its sparse estimation.
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