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Abstract In this paper we discuss the problem on parametric and non parametric
estimation of the distributions generated by the Marshall-Olkin copula. This copula
comes from the Marshall-Olkin bivariate exponential distribution used in reliability
analysis. Through this copula we can extend the Marshall-Olkin distribution in order
to construct several bivariate survival functions. The cumulative distribution func-
tions of these distributions are not absolute continuous functions and they unknown
parameters are often not be obtained in explicit form. In particular we consider
the IFM method to find the Marshall-Olkin copula estimator, presenting the copula
likelihood function. We compare this procedure with a non parametric estimator of
the copula, the bivariate empirical copula, used to evaluate the copula goodness of
fit. The estimate procedures described are verified through several simulation. One
data-set is analyzed for a illustrative purpose.
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1 The Marshall-Olkin Copula

The Marshall-Olkin bivariate exponential distribution (MOBED) is used in reliabil-

ity analysis to study complex systems in which the life time random variables of the
components are not independent (see Marshall and Olkin 1976). In multivariate dis-
tributions the dependence structure existing among the marginal random variables
(r.v.s) is described by the means of copula, which is an helpful tool for handling
multivariate probability law with given univariate marginals (see Nelsen [8]). The
copula approach makes it possible to generalize the MOBED and generate distribu-
tions with different marginals but the same dependence structure.

A bivariate copula is a functio@ : [0,1] x [0,1] — [0, 1], such that by an appropri-
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ate extension of its domain d#f, has all the properties of a cumulative distribution
function (c.d.f.). It can be treated as the bivariate c.d.f. of gdw) with uniform
marginals in [0,1]

C(u,v)=PU <uV<v) 0<uv<l
To better understand the copula model we recall the Sklar's Theorem.

Theorem 1(Sklar). Let (X,Y) be a bivariate r.v. with c.d.f. & (x,y) and mar-
ginals Fx(x) and R (y); there exist a copula function 02 — | such thatvx,y € %

Fxy(xy) = C(Fx(x),F(y)) 1)

If Fx(x) and K (y) are continuous then the copula C is unique. Conversely if C
is a copula and k(x) and K (y) are the marginal distribution functions, then the
Fx.v (x,y) function in(1) is a joint distribution function.

This theorem tells us that, given a bivariate c.d.f. and continuous marginals, there is
a functionC such that the bivariate c.d.f. can be univocally expressed as a function
of the marginals. Moreover iFx(x) andFy(y) are continuous the copula can be
found by the inverse of equatidi)

C(uv) =Fxy(F H(u),F(v), u=Fx(x),v="Fr(y). (2)

In the reliability analysis it is often convenient to express a joint survival function
Fxy(xYy) as a copula of its marginal survival functiof(x) and Fy(y); more

specifically exists a functio : [0,1] x [0,1] — [0, 1], such that

Fx.v(%,Y) = C(Fx(x),Fy(y)) 3)

The functionC is a copula to which refer as the survival copula.
If we consider the simple case of exchangeable marginal r.v.s, the survival Marshall-
Olkin copula (MOC) is

C(u,v) = uvmin(u=% v=?) (4)

where the parametér has values ifi0, 1] and reflexes the dependence structure be-
tween the marginal r.v.s, that aten-negatively dependetit 6 = 0 the variables are
independent and the copula is called independence c@gula) = [(u,v) = uv

if 6 =1 the marginals are co-monotonic and the copul&(s,v) = M(u,v) =
min(u, V). For different values of we find several copulae in the so-calle@émet-
Hoeffding clasq](u,v) < C(u,v) < M(u,v).

By the copula we can calculate the association measures between the variables: the
Spearman correlation coefficiepg= W > 0 and the Kendall-tan = % >0.
When6 — 0 thenps, T — 0; whenf — 1 thenps,7 — 1. The marginal r.v.s have

S0 positive association. Moreover, the MOC is an extreme value copula because the
copula is max-stable (Nelsen [8]): hende> 0 C(u,v) = Ck(u¥/k v/K) vu,ve .
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For this reason different marginal distributions in the copidlagenerate new bi-
variate distributions used in reliability analysis and also in extreme value theory (for
example, bivariate Weibull distributions and bivariate extreme value distributions.)

2 The two stage maximum likelihood estimator

In literature the problem of the estimation of multivariate distributions or copula
parameters is usually approached by the maximum likelihood method (see, for ex-
ample, Shih, Luis [10] Joe [5] and Proschan and Sullo [9]). Iterative procedures are
also proposed. However, the c.d.f. generated by the MOC are not absolutely con-
tinuous, being a mixture of an absolute continuous distribution and a singular one;
for this distributions the maximum likelihood method not always gives a solution
(Beims et al. 1972 [1]).

The use of copula suggest thgerence functions of margire IFM method (see

Joe [5]). With this approach we can estimate the parameters of bi/multivariate dis-
tribution in two steps: in the first one we estimate the marginal distribution pa-
rameters and then in the second step we estimate only the copula parameters. Let
X = (X1,X2,...,X) be a multivariate random variable with cumulative distribution
function

Fx (X, A1, -, Ak, 0) = C(Fx, (X1, 1), Fxp (X2, A2), -, F (X Ak ), 0))- 5)
whereF; are continuous marginal c.d.f. with density functify(x;j, Aj) dependent
onA;j parameter in parametric spagg andC is a copula with parametére ® and
densityc. We consider the log-likelihood functionslj(4;,x) = § In fx; (%ij, 4;)

i=1

with j=1,2,... kfor the univariate r.v.s and the log-likelihood function for the joint
distribution

n
1(4,6,x) = ziln f (X1, - Xik, A, -, Ak, 6)
i=

k
with f(X, A1, ..., A, 0) = ¢(Fxy (X1,242), .-, Fx (X A), 8) _I'Il fx; (X, 4j)-
j=

The IEM method consists & separate optimizations of the univariate likelihood
to getis, Az, ..., A, followed by an optimization of the condizionate log-likelihood

I(6,>7<|i) = E Inc(Fxl(xil,il),...,ka(xik,ik),e), to getd. Under regularity condi-
i=1
tion, A1, A2, ..., Ax and@ are so the solutions of

ALY o :
Stepl: T_O vy ; Stepll:

91(6,X2)

36 =0.

This procedure is computationally simpler than the usual maximum likelihood one,
where all parameters are estimated simultaneously. So, the use of copula can made
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a simplification of the estimation method, reducing the computational difficulty and

being also less time-consuming. The IFM estimators are usually different from the
ML estimators but still have good properties. The properties of consistency and
asymptotical efficiency are studied. Their asymptotic distribution is normal with

variance-covariance matrix equal to the inverse of Godam Information Matrix (see
Joe [5]).

2.1 The likelihood function of the Marshall-Olkin copula

With the IFM method we estimate the parameters of the bivariate survival function
generated by the MOC in (4). We present the copula likelihood function and we find
the copula estimator with a simpler analytic form.

To construct the log-likelihood function we need the copula dersifyhe copula

in (4) has an absolutely continuous part and a singularityuferv with positive
probability, such tha€ can be expressed as a liner combination of the absolutely
continuous componei; and the singular on€s:

2-26 0
Clu,v) = ﬁca( v)+ ﬁcs(u v) (6)
with C(u,v) = [min(u®,v#)] %" . Using(6), we can find the density function of the
copula, with respect to a dominating measure, that is
(1— G)LiiC o(U,V) U>V
Co(u,v) =< (1-0)7xCo(u,v) u<v (7
62 Co(u,v) u=v

with 0 <u,v<1and 0< 6 < 1. We draw now a sample ofiid observations from

the r.v.(X,Y) generated by the MOC and marginal distributions dependent both on

a vector of parameters. Using now the IFM, we estimate in the first step the vector

7L and in the second step the copula parametérherefore, let"= Fx(x,A) and
Fy(y|,),) we maximize, respect té € (0, 1), the likelihood function

L(6]a,

n
90 (1= 6)"*™6™ []Co(6, )

By the logit transformation of), y = In (125),— < y < +w, we solve the maxi-

mization problemy € ¥, maq/xl (y]0,79) with respect to the new parameter, where
ye

is the likelihood function conditioned with respectua@anidv:

|(w]0,9) = K+ (ng +1y) In(l(1+e“”)‘1)+naln((1+e“”)‘l)+Inlicw(0i,\7i),
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wherek is a constant. Solving the equatia (y|3,V) /3w = 0 we obtain they
estimator with values on the real line, the unique solution of the maximum problem
in the parametric space:

¥ =—In Kn— 2ng — Sin + \/n2 +Sin — Smin(2n— 4”3)> /2”3}

with n3 > 0 andSyin = 2 min(—In(u;),—In(v)). This solution is the unique ac-

cepted solution and it |s a maX|mum solution. Thus the maximum likelihood esti-
mator of6 is given by = (1+ev) 1t

3 Estimation Methods via Empirical Copula

The Empirical Copula was introduced by Deheuvels (1979, 1981) as empirical de-
pendence function. The empirical bivariate function approximates the copula using
the order statistics. L€t(x;,yi)i = 1,..,n} denote an i.i.d. sample from a continuous
bivariate r.v.. Letx;y andyj), 1 <i,j < n be the order statistics from the sample.
An Empirical CopuleC, is the function

c(Li)=ty ®)
n’n z <Xy k=Yg +

wherel denotes indicator function. The empirical copula frequenay, (&ri], %) =

& (3h) =5 5o (B0).

1g=1

1 Therefore

The C, can be used to evaluate the goodness of fit of the copula through the dis-
tance between a copula and the empirical one. Generally, the smallest distance to
the reference copula implies the best fit. The comparison is defined by th&Cram
von Mises statistics

n

[ lCn(ty) —ca(uv) Pdn(uv) = 5 [Ca(t) ~ Co(u )
J[0,1)2 i

whereC, denotes the Deheuvels copula @the compared copula. Genestal.

[3] used the parametric bootstrap procedure to obtain approximate p-values. Other
goodness-of-fit measures are based on Kolmogorov and Anderson-Darling distances
(see Malevergnet al. [6]).
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4 Simulation and real example

The IFM performance estimation procedure is evaluated by several Monte Carlo
simulations, generating 2000 samples with samplersize.00,500,1000 and con-
sidering the MOBED. This model is generated by the MOC with different parameter
valuesd = 0.1,0.7,0.9 and two exponential marginal r.v.s with equal rate of fail-
ure parameterd; = A5 = 0.7,1.3,2. The 6 values correspond to the situation of
low, mean and high positive association. The goodness of the estimators is evalu-
ated calculating the bias (B) and the mean square error (MSE). In Table 1 the results

Table 1 IFM maximum likelihood estimates.

A 0
6 A* n B MSE B MSE Time

0.9 07 100 -0.0064 _ 0.0050 _ 0.0018 _ 0.0005 _ 7.9222

500 -0.0021 __0.0010 _ 0.0006 _ 0.0001 _ 10.272

000 -0.0010 __ 0.0005 _ 0.0002 _ 0.0001 __ 11.303

13 100 -0.0103 __0.0171 __0.0015 _ 0.0005 _ 4.2758

500 -0.0021 __0.0035 _ 0.0002 _ 0.0001 _ 5.5639

1000 -0.0011 _ 0.0017 _ 0.0002 _ 0.0001 __ 6.0389

2 100 -0.0182 0.0405 _ 0.0012 _ 0.0006 _ 2.7671

500 -0.0037 __0.0082 __0.0003 _ 0.0001 __ 3.5909

1000 -0.0030 _0.0040 _ 0.0003 _ 0.0001 __ 3.9701

0.7 0.7 100 -0.0058  0.0051 _ 0.0047 _ 0.0018 _ 8.2415

500 -0.0024 __0.0009 __0.0017 _ 0.0004 _ 10.586

1000 -0.0013 _0.0005 _ 0.0013 _ 0.0002 _ 11.619

13 100 00151 0.0176 _ 0.0033 _ 0.0017 _ 4.4203

500 -0.0018 _ 0.0034 __0.0017 _ 0.0004 _ 5.7073

1000 -0.0023 0.0018 _ 0.0011 _ 0.0002 _ 6.2695

2 100 -0.0195 0.0408 _ 0.0014 _ 0.0017 __ 2.8797

500 -0.0033 __0.0080 _ 0.0017 _ 0.0004 _ 3.6914

1000 -0.0008 _0.0043 _ 0.0010 _ 0.0002 __ 4.0629

0.1 0.7 100 -0.0084 0.0050 _ 0.0006 _ 0.0016 _ 8.3777

500 -0.0001 __0.0010 __0.0003 _ 0.0003 __ 10.703

1000 -0.0013 _0.0005 _ -0.0001 _ 0.0002 _ 11.665

13 100 00128 0.0168 _ 0.0013 _ 0.0016 _ 4.5478

500 0.0005  0.0032 _ 0.0003 _ 0.0003 _ 5.7704

1000 -0.0007 _0.00i7 _ 0.0003 _ 0.0002 _ 6.3067

2 100 -0.0231 __0.0420 00016 __ 0.0015 __ 2.9564

500 -0.0039 __0.0077 __0.0001 __ 0.0003 __ 3.7378

1000 -0,0029 0,0040 _ 0,0000 _ 0,0002 _ 4,0892

obtained foré andA; with the IFM method are shown. We see a good stability of
the estimates: the bias and the MSE are usually lower than the one tenth of the real
parameter. Onceincrease we see an improving of the performances due to a strong
decrease of the bias and the MSE.

We conclude analyzing the data set shown in Table 2. It represents the 20 obser-
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Table 2 Observed data

Call X Y Call X Y

1 87 11 1 3
2 1010 12 1112
3 1012 13 1212
4 5 4 14 6 5
5 6 6 15 8 8
6 1 2 16 11 6
7 2 4 17 1 3
8 4 2 18 2 2
9 7 7 19 6 3
10 6 8 20 5 7

vations related with the time to call 2 elevators in an hotel’s reception (the time in
minutes between two consecutive pushing buttdmepresents the time of the calls
concerning the first elevator antithe time for the second elevator. We can have
X > Vi, X <YV andx; = y;. We suppose that the observations have a MOBED dis-
tribution, generated by the MOC with marginal exponential r.v. with rates of failure
Af andA;. The estimates of the parametdrs A, and 6 obtained with the IFM
procedure are respective@f = 1; — 0.16 andd = 0.52. The value oB describes

a mean grade of positive association between the marginal r.v.s.

Fig. 1 Empirical copula and IFM copula estimate
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A Kolmogovov-Smirnov test foX andY doesn't reject the null hypothesis that
the data come from a univariate exponential distribution with failure rate equal to
0.16. Moreover we estimate the copula with the empirical cofRila

The Figure 1 make it possible to evaluate the goodness of fit comparing the IFM
copula estimate with the empirical one.

5 Conclusion

In this work we have investigated inferential aspects of copula models. In particular
we have considered the IFM criteria to estimate the parameters of a bivariate survival
distribution generated by the MOC. We found the estimator of copula parameter and
we presented the log-likelihood function. We analyzed the asymptotic properties of
the estimators by an experiment simulation. We obtained good results: values of the
bias and the mean square error are lower than one then of the real value of the pa-
rameter. Moreover, we presented the non parametric copula estimator via empirical
copula. A Matlab program was developed to construct the empirical copula. Finally
one data set was analyzed.
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