Model-based classification of clustered binary
data with non ignorable missing values

Francesco Lagona

Abstract A latent-class model is proposed for the classification of clustered binary
data with non-ignorable missing values, when missingness is informative of class
membership. The joint distribution of the complete data and the missing pattern
is specified on the basis of a discrete, bivariate random effect that simultaneously
allows for latent heterogeneity between subjects and a non ignorable missing data
mechanism. Maximum likelihood estimates are obtained by a suitable E-M algo-
rithm that reduces to the iterative maximization of three log-likelihood functions
with case weights, alternated with weights updating. This methodology is exploited
on a sample of Chinese older adults, to cluster subjects according to their cognitive
impairment and ability to cope with a Mini-Mental State Examination questionnaire.
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1 Introduction

In model-based classification studies, multivariate observations are clustered ac-
cording to a finite number of classes in a way that the association structure between
the observed variables is well approximated by this partitioning of the sample. A
popular approach to model-based classification relies on the specification of the
joint distribution of the variables of interest as a mixture of distributions, which
represent the distribution of the variables within each class.

The focus of this paper is on model-based classification of clustered (or repeated)
binary data, which arise when a battery of binary variables (or items) is observed on
a sample of subjects, together with a number of subject- or item-specific covariates.
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These data are typically examined by generalized linear mixed models (GLMM;
[8]), specified on the basis of continuous (often normally distributed) random ef-
fects, in order to simultaneously account for the unobserved heterogeneity between
subjects and the dependence between the outcomes that have been observed on the
same subject. Discrete random effects, taking a finite number of values, are however
more appropriate when the goal of an analysis is the classification of subjects ac-
cording to a finite number of groups [1]. In this paper, the focus is on finite mixtures
of logistic regressions (also known as latent-class models), that are the simplest and
most popular discrete-random-effects models for clustered binary data. Under this
modelling strategy, the binary outcomes on the same subject are assumed to be con-
ditionally independent given the value of a univariate, discrete random effect.

In the case of complete data information, maximum-likelihood estimates (MLEs)
of a latent-class model can be obtained by exploiting standard E-M algorithms for
finite mixture models [9]. When observations are incomplete, i.e. some of the binary
outcomes on a subject are missing, the process that generates the missing values
should be taken in account, in order to obtain efficient MLEs [10]. If the data are
ignorably missing, i.e. the probability of not observing a value does not depend on
the unobserved value, then efficient MLEs can be found by maximizing the marginal
likelihood, obtained by integrating the likelihood function of the complete data with
respect to the missing values. If, otherwise, the data are non-ignorably missing,
then a missing value is informative of the unobserved value and a more complex
likelihood function must be maximized, obtained by specifying the joint distribution
of the complete data and the missing pattern for each subject.

In this paper, missingness is assumed to be informative of class membership and a
latent-class model that depends on a bivariate, discrete random effect is proposed for
data classification. A suitable E-M algorithm is exploited for maximum-likelihood
estimation, by adapting the algorithm developed by Hunt and Jorgensen [6] to han-
dle ignorable missing values, when missingness is informative of latent-class mem-
bership. The model is exploited on a sample of Chinese older adults, obtained from
the Chinese Longitudinal Health and Longevity Survey (CLHLS; [11]), to cluster
subjects according to their cognitive impairment and ability to cope with a Mini-
Mental State Examination questionnaire.

2 A latent class model for incomplete binary data

Clustered binary data arise when a battery of J binary variables (or items) is ob-
served in a sample of n subjects and a binary vector y; = (yji...yij...yis) is ob-
tained for each subject (or cluster) i = 1 ...n. In classification studies, these data are
often examined in conjunction with a number of covariates, which are available at
the item level and/or at the subject level. As a result, each subject is associated to
the J rows x; of a J x K design matrix X;.

To allow for missing outcomes on each subject i, we introduce a binary vector
r; = (rj1...1rij...riy), where r;; = 1 if y;; is missing and O otherwise. When the
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data are non-ignorably missing, missingness of a value is informative of the un-
observed value and, as a result, missing patterns r; and complete data vectors y;
should be jointly modelled. Two alternative ways of specifying p(y,r) are based on
a selection-model specification, say p(y,r) = p(r|y)p(y), or on a pattern-mixture
specification p(y,r) = p(y|r)p(r). Aiming at clustering subjects in a number of
classes, we may alternatively assume that missingness is informative of class mem-
bership. More precisely, we may introduce a discrete, bivariate random variable,
say (U,V), that takes H x M values (uy,v,,) with probabilities 7y, h=1...H,m =
1...M,¥},,, Tnm = 1, and assume that

H M
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logit pij = logit P(y;j = l\vm,xij) =V —&—x,-jyj, (5)

where f; and y; are parameters vectors that separately capture the effect of the
covariates on the binary outcomes and the missing patterns, respectively. Latent
heterogeneity between subjects is captured by the two random intercepts U and V.
According to model (1), subjects are clustered into H x M classes (up, v,), allow-
ing for flexible modelling when subjects are more homogeneous with respect to the
outcomes than to the missing patterns, or viceversa. Finally, the two random in-
tercepts are correlated, allowing for a dependence structure between the outcomes
and the missing patterns, within the same subject. In summary, the model provides
a clustering of subjects in classes with homogeneous responses and missingness
patterns, capturing the heterogeneity of the missing mechanism within classes of
subjects who are similar with respect to the outcome, after controlling for relevant
covariates.

3 Estimation

For each subject i, let M (i) and O(i) be the subsets of the missing and the observed
items, respectively, O(i) UM (i) = {1,2,...J}. Maximum likelihood estimates of
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the parameters 6 = (u,v, 7, 3,¥) in model (1) can be obtained by maximizing the
likelihood function

=
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where y ;) is the vector of the unobserved outcomes of subject i. Notice that if the
two random effects are independent, then L(0) is proportional to the quantity

Hzﬂ:h H Ph Yzj (7

i=1h= Jjeo(i)

where 7, = Z’n‘;’:l Tym, OF, in other words, missing values are ignorable. In the ge-
neral case of dependent random effects, likelihood (6) can be efficiently maximized
by an E-M algorithm that reduces to the iterative maximization of the following
expected complete log-likelihood function (Maximization step)
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alternated with the iterative updating of the following weights (Expectation step)
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which are subject-specific posterior probabilities of class membership. These weights
are computed on the basis of an estimate of 0, that is obtained from a previous max-
imization step. Function Q can be decomposed into three functions

0(616) = 01 (x| )+ 02(B,u| )+ 0s(7,v| 6),
that can be maximized separately. In particular, the following estimates
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maximize Q; (7 | 6), while
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can be separately maximized by fitting two weighted logistic regressions on two au-
gumented datasets that include H x n and M X n pseudo-subjects, with case weights.
The algorithm is iterated up to the convergence of the estimates, whose limit is a lo-
cal maximum point of the likelihood (6)[14].

If the number of classes is large, stable standard errors of the parameters of inte-
rest can be computed ([3]) on the basis of the predictive distribution of the missing
values, as obtained from the estimates of the last iteration of the E-M algorithm.
Precisely, missing data are imputed by sampling values from

P(YM(i)|YO ri,0) = Z Z Winm (6 H Ph )’u|ﬁ a),

h=1m=1 JEM(i)

to obtain naive point estimates and variance estimates of the parameters. Finally,
the variance of the EM estimator is obtained as a weighted sum of the mean of the
imputation variances and the empirical variance of the imputation point estimates,
with weights 1 and N, where N is the number of imputation used.

4 Application

4.1 Data

The data that motivated this article are drawn from the sudy No. 3891 of the Inter-
University Consortium for Political and Social Research ([11]). The study was
carried out on 7352 Chinese subjects, aged between 80 and 106, whose cogni-
tive impairment was examined through the Chinese Mini-Mental State Examina-
tion (MMSE) questionnaire. Questions in a MMSE questionnaire are typically com-
pound and include a number of single items to be separately asked to the subject.
Scores on each item are binary (e.g., 1 for a correct answer and 0 otherwise). With
respect to the popular 30-items MMSE [2], the 23-items Chinese MMSE adopts
some appropriate adjustments to make the questions more understandable and an-
swerable among ordinary oldest old Chinese, the majority of whom are illiterate
[11]. Overall, respondents were asked a 5-items orientation-related question (nam-
ing the current time, animal year, season, festival, and county), a 12-items language-
related question (6 items on word recalling, 3 items on word repetition and 3 items
on sentence comprehension), a 5-items calculation question (respondents are asked
to subtract 3 from 20, then 3 from the previous result, and so on) and a single-item
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drawing question (drawing a figure that is shown to the respondent). Only 57% of
the questionnaires were complete. Partial questionnaires with a number of missing
items between 1 and 10 missing items were about the 30% of the sample. The rest
of the sample (13%) left more than 10 items unanswered. Of these, 7% are subjects
who did not answer any questions of the questionnaire.

An outcome often reported in the literature is the observation that missing scores
on tests of cognitive impairment occur more frequently among cognitively impaired
patients [13, 5]. Missing values cannot therefore be ignored in the analysis, as they
are informative of the level of cognitive impairment in a subject.

For each subject, relevant covariates were obtained at the time of the MMSE in-
terview: age (in months), gender, type of residence (rural or urban), whether the sub-
ject is sedentary or active, and limits in activities of daily living (ADL; six activities
including bathing, dressing, eating, indoor transferring, toileting and continence),
categorized into three levels: no, one, two or more limits. In this sample, the median
age at the MMSE interview is 92 years, while the lower and the upper quartiles are
respectively 91 and 100 years, 59% of the subjects are males, 64% are rural resi-
dents, 45% have a sedentary lifestyle, 14% have one limit in ADL and finally 20%
have two or more ADL limits.

4.2 Results

Model (1) has been estimated from the CLHLS data by varying the number H of the
cognitive-impairment latent classes and the number M of the missing-mechanism
latent classes, to compute the BIC criterion, BIC(H, M) = —2log Ly y(9) +glogn,
where 7 is the number of subjects in the sample and ¢ is the number of unknown
parameters (Table 1).

Table 1 BIC values

number of cognitive number of missing mechanism classes
impairment classes 1 2 3 4 5

130765.3 128773.1 127007.7 120985.8 146882.5
125888.2 112995.5 111963.3 121873.0 126981.7
124872.4 114345.2 109554.5 116441.0 159332.1
143221.5 131665.3 121540.5 122937.6 112994.1
145761.0 187872.2 134871.1 144556.9 144662.5

DA WD =

According to the above criterion, a model with H x M = 3 x 2 latent classes seems
a good compromise between goodness of fit and parsimony. Although preliminary
simulation studies have shown a reasonable performance of BIC in choosing the
dimension of model (1), the general behavior of BIC (and other alternative criteria
such as AIC) in the case of clustered binary data with non ignorable missing values
is still an area of open research.
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Table 2 Random effects distribution

cognitive

impairment missing mechanism classes

classes v =0.83 v, =-0.83 marginal
up =—0.150 0.371 0.123 0.494
up =—0.100 0.005 0.056 0.061
uz =0.246 0.198 0.247 0.445
marginal 0.574 0.426 1

Table 3 Covariate effects on cognitive functioning and missing mechanism

covariate mental state  missing mechanism
est (st.err) est (st. err.)

type of question

(ref: orientation) language  -0.4808 (0.1504) 0.1768 (0.1644)
calculation -0.8117 (0.1698) 0.4902 (0.1900)
drawing -2.3134 (0.2562) 1.8486 (0.3000)

age (months) -0.0035 (0.0008) 0.0056 (0.0010)
gender

(ref: female) male -0.4668 (0.1320) 0.3199 (0.1603)
residence

(ref: urban) rural -0.1416 (0.1163) 0.9969 (0.1441)
lifestyle

(ref: active) sedentary  -1.0422 (0.1288) 2.2928 (0.1856)
ADL limits

(ref: no limits) one -0.3328 (0.1970) 0.8910 (0.2107)

two or more -0.4491 (0.1260) 1.6816 (0.1420)

Table 2 displays the estimated bivariate distribution of the random effects that
are associated to the 6 latent classes, as obtained after the last iteration of the al-
gorithm. Classes proportions confirm the high level of latent heterogeneity in the
sample. Subjects are essentially clustered into two main classes (—0.150,0.83) and
(0.246,—0.83). MMSE questionnaires in class (—0.150,0.83) include larger num-
bers of unanswered items and wrong answers than those predicted by the avail-
able covariates, while questionnaires in class (0.246,—0.83) include smaller num-
bers of missing items and wrong answers than those predicted by the covariates.
However, 30% of the questionnaires is clustered into two classes, (0.246,0.83) and
(—0.150,—0.83), where subjects answer items less (more) often and give right an-
swers more (less) often than expected by their covariate profiles. This indicates that
the missing mechanism is heterogeneous within classes of subjects with similar le-
vels of cognitive functioning, even after controlling for relevant covariates. As a
result, the presence (absence) of unanswered questions is not necessarily an indi-
cation of poor (good) cognitive functioning, because unpredicted differences in the
ability to cope with the questionnaire might reflect the absence of important covari-
ates, such as education level, which influence the probability of answering specific
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questions. Columns 1 and 2 of Table (3) show the estimated effects of the covariates
on cognitive functioning (model (4)) with their standard errors, conditionally on the
random effects. Impairment in orientation occurs less often than impairment in cal-
culation, language and drawing. Wrong answers occur especially in calculation- and
drawing-related items of the questionnaire. As expected, older adults are more cog-
nitively impaired than younger adults. Overall, males are less cognitively impaired
than females, confirming the results on gender differentials found by Zhang [12]
on the same data used in this paper. In keeping with the outcomes reported by Gu
and Qui [4], urban residents are less cognitively impaired than the rural residents,
whereas physical disabilities and a sedentary life style negatively influence a sub-
jects cognitive functioning, even after correcting for age at the interview. Columns
3 and 4 of Table (3) display parameters estimates and standard errors of model (5).
Factors that negatively influence cognitive functioning increase the probability of
leaving an item unanswered, in keeping with the results reported by Lagona and
Zhang ([7]). Interestingly, males answer the MMSE questionnaire items less often
than females.
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