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Abstract This paper deals with the estimation of the mean of a finite spatial popu-
lation defined on a fine grid superimposed over a continuous domain. Under a design-
based perspective, an estimator assisted by low-rank spline smoothers of the population
data is proposed and studied. Proof is given that the estimator is design-consistent and
has a normal limiting distribution. A simulation study is conducted to investigate the
performance of the new estimator and of the estimator of its variance, in terms of
relative bias, efficiency and confidence interval coverage rate.
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1 Introduction

In environmental studies dealing with the soil characterization, monitoring of natural
resources or estimation of pollution concentration, it is often of interest to make an
inference on the mean of a survey variable defined continuously over a region.

Let A be the domain of interest and let y(x) be the survey variable defined at each
location X = (x;, x,)” in A, where x, and x, are the geographical coordinates of the loca-
tion. A common problem in this context is to estimate the mean of the survey variable.
We will focus on the case of a spatially discrete population obtained by superimposing
a very fine grid over the continuous study region. Let X, ..., X, be the locations corre-
sponding to the nodes of this grid, where x; =[x;;, X;z]/7 i=1,...,N,is the vector of the
geographical coordinates. The set of points defined in this way constitutes the finite
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population which will be denoted by U ={l,..., N}. Let y(x)),..., y(xy) be the
values taken by the survey variable y(x) in such a population. Therefore, the population
mean is given by ¥ = Dy YE)IN.

Given the vector y, =[y(X,),..., y(x,)] of n sample observations at locations
X, ..., X,, the inference on Y can be conducted under two paradigms: (i) the model-
based approach, (ii) the design-based approach. In the former approach y(x) is assumed
to be a random variable and the sample y, a random vector. As a result, the source of
randomness is given by the model, which describes the probability distribution of y,.
On the contrary, in the design-based approach, y(x) is considered a fixed quantity for
every X€ A and the randomness arises from the chance mechanism used for selecting
the sample locations x,...,X,,.

In this paper we present a new estimator of the spatial mean Y under the design-
based paradigm. It is a model-assisted estimator in the following sense. A penalized
regression spline model, capable of capturing the correlation structure underlying the
population data, is estimated on the basis of the sample observations. Then the resulting
fitted values are employed in a model-assisted estimator.

2 Design-based population low-rank smoothers

Under a model-based perspective, assume that the population values y(x)), ..., y(xy)
associated with the locations x,...,x, are the realization of an N-dimensional random
vector according to the following superpopulation model

y=Xp+0o+¢g, 1)

where y =[y(x)),...,y(xy)], X is an N X3 matrix having [1,x;, x;,] as i-th row, for
i=1...N, B=[By. 5,51 is a vector of unknown constants, & =[3(x,),...,6(xy)] and
e=[g,....&y 1 are N-dimensional random vectors such that:

E:(8)=E:(e) =0, Covs(3,8)=0, Var:(3)=0,Z, Var:(e)= 0.1,

(the suffix £ means that the expected values, variances and covariance are taken with
respect to the probability distribution of the random vectors considered). In model (1),
XP represents the large-scale deterministic structure that links the survey variable to
the geographical covariates; o is the small-scale stochastic structure that models the
spatial dependence; € accounts for measurement error.

The covariance matrix of 9, 0‘32, is generally expressed in a parametric form
using parsimonious models, under the assumption of second-order stationarity and isot-
ropy. An important class of isotropic covariance functions is the Matérn family, which
involves a three parameter vector 0 = (O'f., P, V), where O'f. is the variance of d(x;), p
is the range parameter (it controls how fast correlations decay with increasing distance)
and v is the smoothing parameter (it controls the smoothness of the resulting
interpolating surface). For the special case v =1.5, the covariance between observa-
tions at two locations separated by the vector h takes the form
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C(h) = a1+ IIhll / p)exp(—llh Il / p),

where II-1l is the Euclidean norm. Hereafter, without losing any generality, we assume
C(h) as covariance function.
Now, equation (1) can be written in the form of the following linear mixed model

y=Xp+Zu+eg, 2)

where Z = /% and Varg (u)= Gfl ~- Subsequently, a smoother for the entire population
can be obtained by invoking Henderson’s mixed model equations to derive the
estimator of B and the predictor of the random effects vector u (Ruppert et al., 2003,
p- 99). The resulting smoother is the kriging predictor

Yxr = XB +Zi. 3)

Here B=XV'X)'XVy, ii=02ZV ' (y-Xp). V=0XZZ + ), where 1 is the

variance ratiO/'Lzag / Gf. Note that pand @ are the solutions of the following
minimum problem

min(l y ~XB—Zu I? +Au'w). @)

Then ﬁand u correspond to fitting model (2) to population data by penalized least

squares. Penalties are imposed to restrict the variation of the coefficients u;,...,uy.

The larger the value of the smoothing parameter A, the more the fit shrinks towards a

polynomial fit, whereas small values of 4 result in wiggly “overfitted” predictions.
Given A, it is easy to show from (4) that § and u can also be written as

~ -1
Bl [[xx xZ X'y
M_HZX Z’Z}%D} |:Z'y:|’ ©)

where D = blockdiag (043,11, ). The smoother matrix is given by

S, =[X,Z] XX X7 +D T
AT 72X 77 7| ©)

The trace of S, can be interpreted as the number of degrees of freedom, r, of the fit,
i.e. as the equivalent number of fitting parameters. It obeys the inequalities 3 <r =
tr(S;) < N +3. The lower limit is reached as A — oo, the upper limit is attained as
A — 0. Formula (3) involves the covariance between all pairs of locations Xi,...,Xy;
in this sense, it represents a full-rank smoother. To reduce the dimensionality of the
problem, it has been suggested (see Nychka et al.,1998) to use low-rank smoothers.
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Consider a representative subset of the locations X,,...,Xy;let{k,,...,kg } be such a
subset, whose elements are called knots. Let

ey =CUIX, —x 1/ p), i=1..N, k=1,...K, dy=Cllx, —x, 1/ p), k.1=1,..K,

where C(r) =(1+|rl)exp(—I|rl). Define the Nx K matrix ZL and the K X K matrix
Q; which have the typical elements c; and d, respectively. Finally, define the
NxK matrix Z; =7 LQZ“ % and consider the following linear mixed model

y=Xp+Z,u+eg, @)

obtained from (2) replacing Z with Z; and u with an analogous vector of dimension K.
From (7), following the same procedure described above, we obtain the smoother

yL = XE +Z,u,

where [~i and u can be obtained from equation (5) replacing Z with

The smoother matrix of ¥, is obtained from equation (6) replacing Z with Z; and
putting D = blockdiag (05,5, Ix). Obviously, the number of degrees of freedom of ¥,
obeys the inequalities 3<r < K +3.The low-rank smoother just introduced is an
approximation of the kriging smoother ¥ gz. The number of knots controls the trade-off
between accuracy of the approximation and numerical simplification: when K =N, the
two smoothers coincide.

A third way to construct a smoother is connected with the so-called thin plate
smoothing spline. Now, let

éu = (Ix; —w, ) log(lx; =k, ), i=1...,N, k=1,..K,
dy = (e, —x; )2 log(l, —x, ), k,[=1,.. K.
Form the Nx K matrix Z, and the KxK matrix €, which have the typical elements

¢y and d «»> respectively. Define the NxK matrix Z; = ZTQ}” Zand consider the
following linear mixed model (Ruppert et al., 2003, p. 257).

y=Xp+Z u+g, 8)
obtained from (7) replacing Z ; with Z . Then, from (8) we obtain the new smoother

¥ =XB+Z, i, )
where ﬁ and u can be derived from equation (5) replacing on the right-hand side Z with

Z ; and putting D = blockdiag (04,5, I 1 ). With the same procedure, the smoother matrix
of (9) can be obtained from equation (6) by following the same procedure. Formula (9)
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represents a penalized spline regression smoother which has the rows of matrix Z, as
radial basis functions.

Now, consider a random sample of locations s c U, of expected size n, drawn from
U by a sampling design p(s) that assigns the inclusion probability

ﬂ:(xi) = Zx:iss p(S)

to location x;, i=1,..., N. Referring to model (8), which does not require the estimation
of the covariance parameter as model (7), we want to find a design-based estimator of
E and U for smoother (9). For this purpose, define the diagonal matrix II, =
diag(l/m(xf));cy. Let I =diag(1/n(x;)),c, be the sample submatrix of IT,. Simi-
larly, let X, and Z, be the submatrices of X and Z; consisting of the rows for which
i€ s. Then, under mild conditions, a design-consistent estimator of E and U is given

by
- -1 ,
— XIYHYXY X;HAYZTAYQ%/Z +AD Xsnxys
||le 'z nx, oz, nz,07? oz My, |
Ts*Ts“rs Ts* " s™Ts TsHsY s

Hence, a design-based estimator of ¥, =[¥7(x,),..., Yy (xy)I is provided by

SLO

Vr = XB+Zu, (10)

where §T =[§T(X1),...,§T(XN)]'.A similar approach was adopted by Breidt et al.
(2005) in a different context.

3 Penalized spline model-assisted estimation of the spatial
mean

Using § as a predictor of y, following Sarndal ef al. (1992), a model-assisted estimator
of the population mean is given by

= 1 <2 1 < e(x;)
Yy =— 2 (X)) +— Y —",
v NieU ' Nies Tt(X,v)
where e(X;) = y(xiA)— y(x;) -
Ignoring that y is estimated from the sample, an estimator of the design variance
of Yy, is given by

N> 1 n(X;, X;) —(X)7Z(X;) e(x;) e(X;)
V (Y. - J J i J ,
o) =302 EZE n(x;. X) n(x;) m(x;)

(1)
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where n(x;, X j) is the joint inclusion probability of locations X;, X o for i, je s, and
n(X;, X;) = n(x;) (the suffix p on the left-hand member of equation (11) means that
here we are operating in the design-based framework, i.e. expectations are based on the
sampling design). Estimator (11) is design-consistent as far as y is consistent for y.
However it tends to be downward biased, since it does not take into account the
sampling variability of § .

Coming to the properties of estimator )3,,“,[,, , first of all we note that (using the same
knots and penalty term for all survey variables), it is a linear estimator, i.e. it can be
written as a weighted sum of the observations with weights that are the same for all
survey variables. This is a feature which is much appreciated by survey samplers as
regards coherence issues.

To establish the large-sample properties of the proposed estimator, let us introduce
an appropriate asymptotic framework. Let k and gk be the number of rows and columns
of the grid that generates the finite population. Consider the sequence of finite popula-
tions in domain A obtained by increasing the number of rows k, while maintaining ¢
fixed as well as the region covered by the grid. Then, as far ask — o, the grid
becomes increasingly dense and the population size N, =gk? tends to infinity. Assume
that for any value of & the values of the survey variable y(x,), ..., y(x N, ) are limited in
the interval [m, M ]. Let us denote with k the population defined by k rows. Now, for
each population k, let p; (s) be the sampling design used to select a sample of expected
size ny, such that the inclusion probabilities are positive for all units of the population
k. In such a case the Horvitz-Thompson estimator of the mean is unbiased. Assume that
n; goes to infinity as k — o<. In this framework and under some regularity conditions, it
can be shown that the proposed estimator l?bxp, is design 4/nj —consistent and that

V, Gpop) ™2 Xy =¥) = N(O, 1.

4 A simulation study

In this section, we report on some simulation experiments carried out to study the

performance of the proposed estimator. The simulations compare the behaviour of

;bwl with that of the Horvitz-Thompson estimator ?HT under a stratified random

sampling with a proportional allocation. We considered four populations defined on a

grid of 60x60 = 3,600 spatial locations, x=(x;, x;,)", with [, I'=1,...,60, regularly

located in the square [0,1]x[0,1], where x, =(2/-1)/120, [=1,...,60,k=1,2. The
following four finite populations were considered:

- A: this was obtained by the Cholesky triangularization technique as a realization of
the random variables y(x;),..., ¥(X5 4y ) Whose covariance matrix o2% has as
typical element o2p® , with 62 =100, p =05 and d; =lIx; —x, II.

- B: this was obtained with the same procedure as for population A, but with p=0.8.

- C: this was obtained from the function y(xy;, x,) = 5[sin (x;;)1*+ 5[cos (x9)]> +5x;,.
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- D: this was obtained from the function y(x,, x,) =100[(x;; —0,5)* + (x5 —0,5°].

The 60x60grid was divided into nine squares of 20x20 locations, to obtain a spatial
stratification of the population units. Then, we selected the knots using the software due
to Nychka et al. (1998), and computed the matrix Z,, which appears in equation (10).

From each population, 2,000 stratified random samples were selected with a
proportional allocation among the strata. The simulation study was carried out with two
different sample sizes: n=90 and n=360. For each selected sample, the vector of the
fitted values was calculated, assigning to A a value such that the number of degrees of
freedom of the model is equal to a given value of r, fixed in advance. Then the
proposed estimator was calculated together with the Horvitz-Thompson estimator. To
estimate the variange of )%bspl we used a slightly different formula, {],,7(?1”1)1)’ obtained
by multiplying v, (¥yyp) by the ratio (n—1)/(n—r) to compensate for the negative bias
that might arise with an higher number of degrees of freedom. Distinct simulations
were performed giving parameters r and K the values 5, 10, 20, 30, 40, 60 and 10, 30,
60, respectively. Of course, r and K were combined in such a manner that inequalities
3<r<K+3 hold. Part of the simulation results is presented in Table 1 where Monte
Carlo evaluations of the values of the following indexes are reported: relative
efficiency EffMC()%,,W,) = mseMC()i,,x[,,)/mseMC()%HT) ; relative bias Ry, =[E,, (Zw )-Y1/
E, (\A/;, (ﬁsp, »]"?; variance to mean squared error ratio R, ..=E » (\A/,', ()%bsp, N/
mse ;¢ (Y, ); confidence Interval coverage (percentage).

Table 1 Monte Carlo estimate of the: (i) Relative efficiency; (ii) Relative bias; (iii) Variance to
mse ratio; (iv) Confidence interval coverage.

n=90 n=360
r K| Effyr Ryy Ryyme Coverage| Effy,.  Ryy  Ryype Coverage
Ponulation A
5 10| 074 -0.02 0.98 94.0 0.74 -0.02 1.07 95.7
10 10| 0.53 -0.02 0.96 93.6 0.53 -0.01 1.03 95.3
5 30| 074 -0.02 0.97 94.0 0.73 -0.02 1.07 95.6
10 30| 056 —0.01 0.92 93.4 0.55 -0.01 1.03 95.1
20 30| 0.41 0.11 0.81 91.3 0.38 0.04 0.99 95.0
30 30| 045 0.10 0.64 87.9 0.33 0.03 0.94 94.0
Population B
5 10| 0.67 -0.04 1.03 95.5 0.68 —-0.05 1.00 95.0
10 10| 0.56 0.02 1.00 94.9 0.55 -0.02 1.00 95.0
5 30| 0.67 -0.03 1.04 95.6 0.68 -0.05 1.01 95.2
10 30| 0.50 0.01 1.01 94.6 0.50 -0.03 1.00 95.4
20 30| 0.46 0.11 0.81 91.9 0.40 0.01 0.95 94.9
30 301 0.59 0.14 0.55 84.2 0.36 0.02 0.90 93.6
Population C
5 10| 0.67 0.00 1.09 95.8 0.67 —0.01 1.02 94.4
10 10| 0.22 0.01 1.04 95.6 0.22 -0.01 0.97 94.6
5 30| 0.64 0.01 1.09 95.9 0.64 —0.01 1.03 94.3
10 30| 9.29 0.01 1.04 95.3 0.29 -0.01 0.98 94.4
20 301 0.12 0.00 0.80 90.7 0.10 -0.03 0.91 94.0
30 30 0.11 -0.02 0.44 80.1 0.06 —0.05 0.85 92.7
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Table 1 (cont.)

n=90 n=360
K | Effyc  Rosa  Rywme Coverage | Effyc  Rpwa  Ryyme  Coverage

10

10
20

30

Pobulation D

10| 051 -0.14 0.93 92.7 0.50 -0.07 1.00 94.7
10| 0.11  -0.31 0.79 91.4 0.10 -0.14 0.92 94.0
301 048 -0.15 091 93.1 0.47 -0.07 1.02 94.9
30| 0.08 —-0.44 0.67 88.9 0.07 -0.19 0.91 93.4
30| 0.01  -0.97 0.32 75.5 0.01 -0.34 0.67 90.1
30| 0.00 -1.10 0.20 69.6 0.00 -0.35 0.70 90.3

For the proposed estimator, the following main indications can be drawn from the

simulation study:

it behaves as approximately unbiased even for moderate sample size;

it appears to be far more efficient than the Horvitz-Thompson estimator based on a
stratified sample (in practice the map is forced to be a step function);

its variance estimator does work until the number of degrees of freedom of the
smoother is not high: as a rule of thumb we found that the smoother dimension
should be not greater than /6 or, even better, then n/10;

both the smoother dimension and the number of knots have an impact on the per-
formance of the proposed estimator, but the first quantity plays a far more impor-
tant role;

the coverage rate of confidence intervals is fairly close to the nominal level, unless
the variance estimator heavily underestimates the mean squared error, which seems
to occur when the smoother dimension exceeds the threshold indicated above.
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