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Abstract In this work we describe an application of non linear mixed-effects mod-
els to biological growth curves. The growth curves represent the reconstitution of
lymphocyte subpopulations in the peripheral blood of pediatric patients subjected
to Hematopoietic Stem Cell Transplantation; in particular, we focus on iNKT fre-
quency among T cells and on iNKT CD161+ cells among iNKT CD4+ and iNKT
CD4- cells. The aim of the study is to describe reconstitution kinetics of these sub-
populations and to highlight potential dependencies of these curves on relapse in-
surgence. We use a logistic mixed-effects model to describe iNKT frequency re-
constitution and an asymptotic exponential mixed-effects model to describe iNKT
CD161+ frequency growth.
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1 Introduction

We analyze data consisting of serial measurements of lymphocyte subpopulations
in peripheral blood of myeloablated pediatric patients subjected to Hematopoietic
Stem Cell Transplantation (HSCT) from haplo-identical donor. These data have
been collected by the Experimental Immunology Unit DIBIT of Hospital San Raf-
faele Scientific Institute (Milano) and Fondazione IRCCS Policlinico San Matteo
(Pavia). The quantities that we analyze are invariant Natural Killer T cells (iNKT)
and their CD4 and CD161 subpopulations [1, 2, 3]. Measurements have been col-
lected for 17 patients in the period between the first and the 18th month after trans-
plantation, approximately every month, through blood samples. Between the 17 pa-
tients considered in the study, 4 of them had a relapse before the 18th month whereas
13 had not. The aim of this study is to analyze and describe reconstitution kinetics of
different lymphocyte subsets and to highlight potential dependencies of these curves
on relapse insurgence [4, 5].

These data present many peculiarities that make the analysis difficult: there are
only few subjects in the study; the times of observation for each patient are not
evenly spaced and differ from patient to patient. Other difficulties are caused by the
presence of censoring: the censoring may be on the left side, since for some patients
the first measurement is sampled later than the first month after transplantation; the
censoring may also be on the right side, since for many patients measurements have
not been collected until the 18th month and some patients left the study due to a
relapse.

2 Applications of mixed-effects models to cell reconstitution

We analyze the data presented in Section 1 using non-linear mixed-effects mod-
els [6]. These models are particularly suited to describe longitudinal data. More-
over, they are also able to overcome the difficulties discussed in the previous sec-
tion. Mixed-effects models include parameters associated with the entire population,
called fixed effects, and subject-specific parameters, called random effects. For this
reason mixed-effects models are able to describe the common dynamic of the phe-
nomenon under investigation, even in presence of high between-subjects variability,
yielding estimates both for the entire population and subject-specific.

2.1 Analysis of iNKT frequency reconstitution

The first quantity under investigation is the frequency of iNKT cells among T cells.
We use a logistic growth curve to describe the kinetic of reconstitution of this quan-
tity. A logistic model is justified by the fact that in healthy children the frequency
of iNKT cells stabilizes at the second year from birth. The aim of this analysis is
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Fig. 1 iNKT cell frequency among T cells vs time after HSCT, in red for patients who had a
relapse and in black for patients who had not a relapse. Left panel: observed data. Right panel:
fitted fixed-effects logistic curves (bold lines) superimposed to smoothed growth curves.

to describe the kinetic of reconstitution of iNKT cell frequency and to focus on dif-
ferences between relapsed and non-relapsed patients. Figure 1, left panel, displays
the iNKT frequency among T cells vs time after HSCT for all patients considered in
the study: the observations of each patient are linked by lines, red for patients who
incurred in relapse and black for patients who did not incur in relapse. A better vi-
sualization of growth curves is provided in the right panel of the same figure, where
raw data have been smoothed via local linear regression.

A visual inspection of Figure 1 shows that iNKT cell frequency for patients hav-
ing a relapse, in red, does not increase as much as that of non-relapsed patients, in
black, and that the variability between relapsed patients is lower. We shall describe
iNKT frequency growth by the following model: for i = 1, . . . ,M, j = 1, . . . ,ni

yi j =
αR · I{i∈R}+(αNR +aNR

i ) · I{i∈NR}

1+ e−(ti j−(µ+mNR
i ·I{i∈NR}))/γ

+ εi j

aNR
i ∼ N(0,σ2

a ) i.i.d.

mNR
i ∼ N(0,σ2

m) i.i.d.

εi j ∼ N(0,σ2) i.i.d.

(1)

where M = 17 is the number of patients, ni is the number of measurements for pa-
tient i, yi j is the frequency of iNKT cells among T cells, ti j is time (in months)
elapsed from transplantation to the jth measurement for patient i, R and NR are re-
spectively the index subsets of relapsed and non-relapsed patients. The errors εi j are
normally distributed and independent errors associated with the jth measurement of
patient i.

The parameters used in the model (1) for the fixed effects and estimated from
the data are: αR, the asymptote for relapsed patients; αNR, the asymptote for non-
relapsed patients; µ , the inflection point, which correspond to the time at which
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Fig. 2 Predicted curves for iNKT cell frequency among T cells for the various patients through
logistic mixed-effects model.

the growth curve reaches the half of the asymptotic level; γ , the time elapsed be-
tween µ and the time at which the growth curve reaches 3/4 of the asymptotic
level. The model also includes random effects for the asymptote, aNR

i , and for the
inflection point, mNR

i . Random effects are used only for non-relapsed patients and
not for relapsed ones. If included in the model, random effects for relapsed patients
would have approximately null variance (8 magnitude orders less than variance of
random effects for non-relapsed patients); this is consistent with what we have com-
mented above about the little variability between relapsed patients. Random effects
are assumed normally distributed, independent among themselves and independent
of errors.

All parameters are estimated in R through the maximum likelihood method based
on Lindstrom and Bates algorithm [6] implemented in the nlme package [8]. The
bold lines displayed in the left panel of Figure 1, besides curves for all the patients
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Value std error p-value

αR 0.000049 0.0000352 0.1629
αNR 0.000249 0.0000327 0.0000
µ 8.437210 0.5197482 0.0000
γ 1.055258 0.2647638 0.0001

95% IC 95% IC
Value lower bound upper bound

σa 1.026079 10−4 6.543785 10−5 1.608914 10−4

σm 1.473184 0.852571 2.545560
σ 5.507862 10−5 4.708399 10−5 6.443070 10−5

Table 1 Parameter estimates for logistic mixed-effects model for iNKT cell frequency among T
cells.

considered in the study, are fitted fixed-effects curves for patients who had a relapse,
in red, and for patients who had not, in black. We can see that the fitted fixed-effects
curve of patients who had a relapse reaches only a very low frequency of iNKT cells
at 18 months. The t-test on the parameter αR yields p-value 0.1629 (see Table 1),
thus suggesting that iNKT cell frequency of relapsed patients does not increase over
time and that the kinetic of iNKT cell frequency for these patients degenerate into a
constantly null growth curve.

Figure 2 shows the predicted growth curves for the various patients: the blue
curve is the fitted fixed-effects curve and the pink one is the predicted subject-
specific curve. Notice that for patients 206, 207, 216 and 230, who incurred in
relapse, the fixed-effects and subject-specific curves overlap, since random effects
have not been included for these patients. Predicted curves provide very good de-
scriptions of the reconstitution of iNKT cell frequency for almost every patient.

2.2 Analysis of iNKT CD161+ frequency reconstitution

We now want to investigate the frequency reconstitution of two subpopulations:
iNKT cells that express CD161+ marker among CD4+ iNKT cells and iNKT cells
that express CD161+ marker among CD4− iNKT cells. CD161+ is a typical marker
of Natural Killer lymphocytes (NK), which represents the phenotipic maturation
of iNKT cells. The goal of this analysis is to describe the kinetic of reconstitution
of these two subpopulations and to highlight differences between them. Only 13
patients are considered in this analysis because for 4 patients iNKT CD161+ cells
were not detectable.

Figure 3 shows iNKT CD161+ frequency among iNKT CD4+ (top panel) and
iNKT CD161+ frequency among iNKT CD4− (bottom panel), raw data and curves
smoothed via local linear regression left and right respectively. We shall use the
following asymptotic exponential mixed-effects model to describe the growth of and
to verify possible differences between these two subpopulations: for i = 1, . . . ,M,
j = 1, . . . ,ni and k = 1,2
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Fig. 3 Top panels: iNKT CD161+ frequency among iNKT CD4+ vs time after HSTC: observed
data (left) and fitted fixed-effects exponential curve superimposed to smoothed growth curves
(right). Bottom panels: iNKT CD161+ frequency among iNKT CD4− vs time after HSTC: ob-
served data (left) and fitted fixed-effects exponential curve superimposed to smoothed growth
curves (right).

yi jk =
(
α +αCD4 · I{k=1}

)(
1− e−e(λ+λCD4 ·I{k=1}+li)(ti jk−δ)

)
I{ti jk>δ}+ εi jk

li ∼ N(0,σ2
l ) i.i.d.

εi jk ∼ N(0,σ2) i.i.d.
(2)

where M = 13, yi j1 and yi j2 represents respectively iNKT CD161+ cell frequency
among iNKT CD4+ and among CD4− cells and ti jk is time (in months) elapsed
from transplantation to the jth measurement for patient i. The errors εi jk are in-
dependent normally distributed errors associated with the jth measurement of the
subpopulation k for patient i.

The parameters used in the model (2) for the fixed effects and estimated from the
data are: α and αCD4, which are respectively the baseline asymptote and the incre-
mental difference in the asymptote for the CD4+ subpopulation with respect to the
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Fig. 4 Predicted curves for NKT CD161+ frequency among iNKT CD4+ and among iNKT CD4−

for the various patients through exponential mixed-effects model.

Value std error p-value

α 0.949636 0.0382750 0.0000
αCD4 -0.269804 0.0791130 0.0010
λ -1.275433 0.3417345 0.0003
λCD4 -0.814391 0.2423680 0.0012
δ 3.544281 0.8880844 0.0001

95% IC 95% IC
Value lower bound upper bound

σl 0.765874 0.475989 1.232304
σ 0.134895 0.117371 0.155035

Table 2 Parameter estimates for exponential mixed-effects model for iNKT CD161+ cell fre-
quency among iNKT CD4+ or among CD4− cells.

CD4− subpopulation; δ , which is a translation in time; λ and λCD4, which are re-
spectively a baseline parameter related to growth speed at time δ and the incremen-
tal difference for the CD4+ subpopulation with respect to the CD4− subpopulation.
The model also includes random effects on growth speed, li, for all the patients. As
in the previous section, the parameters are estimated via maximum likelihood.
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The bold black lines in Figure 3 are the fitted fixed-effects growth curves for
iNKT CD161+ frequency among iNKT CD4+ (top right panel) and iNKT CD161+

frequency among iNKT CD4− (bottom right panel). The t-test on parameters αCD4

and λCD4 yield p-values 0.0010 and 0.0012 respectively (see Table 2.2); these re-
sults show that the reconstitution dynamic of the two subpopulations are statistically
different. In particular, this analysis suggests that not only the asymptote for the two
subpopulations is different, as discussed in the medical literature, but also that the
initial growth speed is different. Figure 4 shows the predicted subject-specific curves
for the two subpopulations.

3 Discussion

We have described an application of mixed-effects models to growth curves con-
cerning lymphocyte subpopulations. In particular, using these models we have been
able to explore and describe kinetics of reconstitution of different lymphocyte sub-
sets in pediatric patients after HSCT. The analyses yielded results amenable of clear
biological interpretation.
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