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Abstract During these last years, the dependence analysis context has assumed a
relevant role either in economical and statistical applications: the literature provides
a wide set of statistical tools focused in obtaining information about the dependence
problem. In this paper the idea consists in focusing the attention on the Lorenz
zonoid tool: when considering only the univariate case, theLorenz zonoid corre-
sponds to the Gini measure.
Our aim is extending the Lorenz zonoids application to the multivariate dimension.
In particular we first consider the Lorenz zonoid of a linear regression function char-
acterized byk explanatory variables and then we define the partial contribution due
to the introduction of a(k+1) explanatory variable in terms of dependence mea-
sures. The evident effect of a new explanatory variable introduction in the model is
translated into the increase of the dilation measure. The final result is characterized
by the definition of new dependence measure we called”partial Lorenz dependence
measure”.

Key words: Lorenz and lift zonoid, dilation measure, partial Lorenz dependence
measures.

1 Introduction

The dependence research field continues developing thanks to its important con-
tribution to the analysis of specific problems in many application areas: statistical
dependence is a type of relation between any two features of units under study.
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These units may, for instance, be individuals, or objects, or various aspects of the
environment.

The current statistical literature describes different approaches finalized to the
study of dependence and concordance problem. Many of the notions of positive de-
pendence are defined by means of some comparison of the joint distribution of two
random variables,X andY, with their distribution under the theoretical assumption
thatX andY are independent. Often such a comparison can be extended to general
pairs of bivariate distributions with given marginal: thisfact led reaserchers to in-
troduce various notions of positive dependence orderings.The role of these orders
consists in comparing the strength of the positive dependence of the two underlying
bivariate distributions (see e.g. [1]).

Since the dependence analysis is srtictly related to concordance studies, an useful
tool focused in getting information about the dependence degree among the involved
variables is the so called ranks-based approach (see e.g. [11] and [3]).

Recalling that the existent literature provides a large number of families of bivari-
ate distributions with a natural interpretation of monotone dependence, the intuitive
meaning of monotone dependence for a bivariate random vector (X,Y) is that large
values ofY stochastically correspond to large values ofX (positive dependence) or,
in the opposite case, large values ofY correspond to small values ofX (negative
dependence) (see e.g. [12]).

Different notions of monotone dependence are defined through the conditional
distribution ofY|X = x or through the regression functionE(Y|X = x): examples
can be found in regression dependence (see [9]) and in monotone regression (see
e.g. [13]).

In order to compare two bivariate distributions having the same pairs of marginals
to determine whether one distribution is more positively dependent than the other,
several partial orderings on the class of bivariate distributions with fixed marginals
have been introduced. In this field of research a new characterization of monotone
dependence in drawing a comparison between the Lorenz curveof the regression
functionE(Y|X) and the Lorenz curve ofY has been introduced (see e.g. [12]): this
notion is appropriate when asking the relation to be invariant under increasing trans-
formation ofX but sensible to increasing transformation ofY.

A partial ordering of monotone dependence on the class of nonnegative bivariate
random vectors with given marginals has been then defined: the motivation of the
proposed partial ordering arises in the study of economic problems (e.g. taxation,
see [11]) and in the study of several applications such as discriminant problems and
statistical quality control.

2 Dependence measures based on lift and Lorenz zonoids

Let us start introducing the main topics concerning the dependence study: the most
important tool used in this context of analysis is recognized in Lorenz and lift
zonoids. When considering multivariate data, the Lorenz zonoid represents a spe-
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cific characterization of the Lorenz curve. The Lorenz zonoid has been introduced
by Koshevoy (see e.g. [4] and [5]) for empirical distributions and by Mosler (see e.g.
[10]) for general probability distributions. Our attention will be also focused on the
so called lift zonoids application: the lift zonoid of ad-variate measure corresponds
to a convex set inRd+1 whose role is directed in analyzing and comparing random
vectors. Through the lift zonoid representation one can establish an ordering of ran-
dom vectors that reflects their variability: in fact, our interest is a comprehensive
investigation of the ordering among random vectors that is induced by the inclusion
of lift and Lorenz zonoids. Furthermore, starting from the multivariate Lorenz curve
generalization one can also define the multivariate Lorenz dominance via inclusion
of the Lorenz zonoids.

In Subsection 2.2 we will show that the lift zonoids inclusion allows to define de-
pendence measures in a bivariate context, while in the multivariate case this property
will be exploited in order to survey the partial dependence measures recurring to the
tool of the Lorenz zonoids and their inclusion when considering a linear regression
model (see Section 3).

2.1 Lift and Lorenz zonoids

In many applications it is convenient to employ random variables and general prob-
ability distributions rather than empirical distributions only. Already, Max Lorenz
discussed his curve for continuous distributions. The Lorenz curve of a random vari-
ableX having finite expectationµ > 0 is the graph of the function (see e.g. [6])

LX(t) =
1
µ

∫ t

0
F−1

X (s)ds, 0≤ t ≤ 1, (1)

whereF−1
X is the quantile function ofX, F−1

X (t) = min{x : F(x)≥ t}, 0< t ≤ 1.
The lift zonoid of a generald-variate random vector is defined as follows (see

e.g. [7]). Consider the setX d of random vectors inRd that have finite expectation,
the subsetX d+ ⊂ X d of those vectors that have positive (in each component)
expectation, and the subsetX

d+
+ ⊂ X d+ of those that have, in addition, support in

R
d
+. Define, forX ∈ X d, the lift zonoid

Ẑ(X) =
{

E[h(X),h(X)X] : h : Rd → [0,1] measurable
}

(2)

= {z ∈ R
d+1 : z = (z0,z1, . . . ,zd) = ζ (h),h : Rd → [0,1] measurable},

where

ζ (h) =

(

∫

Rd
h(x)dF(x),

∫

Rd
xh(x)dF(x)

)

. (3)
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The lift zonoid is a convex compact set inRd+1 that includes the expectations of
all d-variate random vectors(g(X),g(X)X).

The lift zonoid has many attractive properties, which makesit useful for a broad
range of applications. One property is uniqueness: like thegeneralized Lorenz curve
in dimension one, the lift zonoid contains full informationabout the underlying dis-
tribution, that is, given the lift zonoid, the data can be completely regained. An-
other important property is that the lift zonoid is additivein distribution. But, in
this context, the most important property which will be subsequently recalled, is the
marginalization property.

Property 1.For anyJ ⊂ {1,2, . . . ,d} consider the projectionprJ : z → (z0,zJ),z ∈
R

d+1, wherezJ is the subvector containing componentszj , j ∈ J. ThenprJ(Ẑ(X)) =
Ẑ(X j).

The general definition of the Lorenz zonoid of a random vectorand its properties
are straightforward. The Lorenz zonoid of someX ∈ X d

+ is the lift zonoid of the
relative vector, i.e. the vector componentwise divided by its expectation. With

X̃ =

(

X1

E[X1]
, . . . ,

Xd

E[Xd]

)

define

LZ(X) = Ẑ(X̃) =
{

E[h(X̃),h(X̃)X̃] : h : Rd
+ → [0,1] measurable

}

(4)

= {z ∈ R
d+1 : z = (z0,z1, . . . ,zd) = ζ (h),h : Rd

+ → [0,1] measurable},

where

ζ (h) =

(

∫

R
d
+

h(x)dF(x),
∫

R
d
+

ψF(x)h(x)dF(x)

)

, (5)

andψF(x) = x̃ = (x̃1, . . . , x̃d), x̃ j =
x j
µ j

, for j = 1, . . . ,d. The Lorenz zonoid of a

random vectorX ∈ X d
+ is a convex compact set inRd+1.

2.2 Lift zonoids approach: the bivariate case

Let us introduce what gives our construction in the dimension two (see e.g. [8]):
namely, let(X,Y) be a bivariate random vector with distributionF(x,y). The lift
zonoidẐ(F) is a convex compact inR3 by definition: the projectionprJ(Ẑ(F)) is
the lift zonoid Ẑ(F1), which is the area between the generalized Lorenz curve of
variableX and the generalized dual Lorenz curve of variableX, denoted byL

′

X(t) =
E(X)−LX(1− t), whereLX(t) represents the generalized Lorenz curve which cor-
responds to the graph of points

(
∫ a
−∞ dF1(x),

∫ a
−∞ xdF1(x)

)

, with a∈ (−∞,+∞), in
R

2.
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Let us calculate the inverse imagepr−1
1 (LX(t)): pr−1

1 (LX(t)) =
(
∫ a
−∞ dF1(x),

∫

(x,y):x≤axF(dx,dy),
∫

(x,y):x≤ayF(dx,dy)
)

. The projection of this point underpr2 is

equal to
(
∫ a
−∞ dF1(x),

∫

(x,y):x≤ayF(dx,dy)
)

, so that the latter point obviously equals

the collection of points
(
∫ a
−∞ dF1(x),

∫ a
−∞ E(Y|X = x)F1(dx)

)

: in fact,F(dx,dy) =
F(dy|dx)F1(dx) and so substituting it in

∫

(x,y):x≤ayF(dx,dy), we get
∫ a
−∞ yF(dy|dx)

F1(dx) =
∫ a
−∞ E(Y|X = x)F1(dx). All these points define the generalized Lorenz

curve,LE(Y|X), of E(Y|X) whena ranges over(−∞,+∞).
Similarly, the inverse image of the generalized dual Lorenzcurve is the collection

of the form
(
∫ +∞

a F1(dx),
∫+∞

a E(Y|X = x)F1(dx)
)

, whena ∈ (−∞,+∞), denoted

by L
′

E(Y|X).
Generally speaking, those curves have not to be concave or convex: consider the

convex hull of the collection of points that characterizesLE(Y|X) andL
′

E(Y|X) and

denote it byẐ(E(Y|X)). This set is centrally symmetric, therefore, since we are in-
terested to the dimension 2 context analysis, there exists adistribution, indicated by
µE(Y|X), on the real line, such that̂Z(µE(Y|X)) = Ẑ(E(Y|X)). We call the measure
µE(Y|X) thedependency measureof Y onX.

3 Lorenz zonoids-based approach: the multivariate case

Up to now the dependence study has been surveyed only with reference to bivariate
random vectors (see e.g [8]): the question is how extending the dependence analysis
when considering a linear regression function characterized by more than one ex-
planatory variable.

The starting point is characterized by defining a single partial dependence mea-
sure whose role consists in expressing the ”share” of theY Lorenz zonoid ”ex-
plained” by each single considered explanatory variable. Of our interest are the fol-
lowing computations. Let us define the response variableY Lorenz zonoid intended
as the area between the Lorenz curve an its dual and denote it by A(Y): whend = 1,
this area corresponds to the Gini measure, implying in this second study setting,
the procedure will be simplified by bringing back all the analysis to the univariate
context.

Assuming the application of a linear regression function and once computing the
estimatedY variable values only considering the explanatory variableX1, one can
build the Lorenz zonoid of̂YX1 = E(Y|X1) and denote it byA(ŶX1). Then, the sub-
sequent step, recalling that for the sake of simplicity we are going to operate only
with a trivariate random vector(Y,X1,X2), concerns the computation of the Lorenz
zonoid of the estimatedY variable values according to the second explanatory vari-
ableX2, obtainingA(ŶX2). Finally, exploiting the multiple linear regression tool,one
can get the estimatedY variable valueŝYX1,X2 = E(Y|X1,X2), considering both the
two explanatory variablesX1 andX2: the area that ranges between the Lorenz curve
of ŶX1,X2 and its dual is denoted byA(ŶX1,X2).

These areas are particularly useful in order to obtain partial dependence mea-
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sures: intuitively a partial measure representative the share of theY Lorenz zonoid
”explained” by the only variableX1, is derived through the following ratio

G1 =
A(ŶX1)

A(Y)
, (6)

and, in the same manner, a partial measure able to describe the share of theY
variable Lorenz zonoid ”explained” by the only variableX2, is derived by the ratio

G2 =
A(ŶX2)

A(Y)
. (7)

According to the purpose of getting partial dependence measures expressed in
terms of Lorenz zonoids, since we are using the linear regression model, the idea
consists in determining the partial contribution of each explanatory variable to the
Y variability explanation.

Suppose, in general, to considerk explanatory variables: the aim is in establish-
ing the effect, in terms of dependence measures, connected to the addition of a new
(k+1) variable in the model. Intuitively, the addition of a new variable in the model
can provide the effect of an enlargement of theE(Y|·) Lorenz zonoid. The Lorenz
zonoid of theY estimated values on the basis of thek explanatory variables and de-
noted byLZ(E(Y|X1, . . . ,Xk)), corresponds to the dilation measure of theY response
variable Lorenz zonoidLZ(Y). In other words, the introduction of an additional ex-
planatory variable in the linear regression model translates into an increment of the
”explained” model variance: this result is confirmed by the Lorenz zonoids inclu-
sion. The problem, then, is how quantifying the partial contribution due to the new
added variable in terms of Lorenz zonoids: the idea consistsin retracing some ex-
isting results concerning the general regression model (see e.g. [2]).

In this direction the partial determination coefficient square formula

r2
Y,Xk+1|X1,...,Xk

=
Var(ŶXk+1)−Var(ŶXk)

Var(Y)−Var(ŶXk)
(8)

is very useful in order to establish the additional contribution in terms of the
explained variance and the variability not explained byŶXk.

Coming back to our original analysis, it’s trivial to show the existence of a re-
lationship between the partial correlation coefficient andthe dependence measure
based on the Lorenz zonoids.

The additional contribution related to the(k+ 1) variable introduction can be
measured by the difference between the Lorenz zonoid ofŶXk+1 andŶXk, that is

A(ŶXk+1)−A(ŶXk), (9)

thus, a relative measure able to stress the additional contribution of theXk+1

variable is provided by

RG=
A(ŶXk+1)−A(ŶXk)

A(Y)−A(ŶXk)
. (10)
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This relative measure will be calledpartial Lorenz dependence measure. Let us
provide a proof of (10) recurring to the multiple regressioncorrelation coefficient
formula and in particular when two explanatory variables are involved.

Proof. In the case that only two explanatory variables are considered, the multiple
regression correlation coefficient assumes the following expression

R2 = r2
Y,X1

+ r2
Y,X2|X1

(1−R2
Y,X1

). (11)

In a linear regression model the multiple determination coefficient R2 defines the
linear dependence among all the involved variables: in terms of Lorenz zonoids the
total dependence measure corresponds toLZ(E(Y|X1,X2)) which is equivalent to
the areaA(ŶX1,X2) between the Lorenz curve ofŶX1,X2 = E(Y|X1,X2) and its dual. In
terms of Lorenz zonoids one gets

LZ(E(Y|X1,X2)) = LZ(E(Y|X1))+LZ(E(Y|(X2|X1)))(LZ(Y)−LZ(E(Y|X1)),

whereLZ(E(Y|X1))=A(ŶX1), LZ(E(Y|(X2|X1)))=RGandLZ(Y)=A(Y). Now,
substituting toRG its expression in (10), one gets

LZ(E(Y|X1,X2)) = A(ŶX1)+RG(A(Y)−A(ŶX1))

= A(ŶX1)+
A(ŶX1,X2)−A(ŶX1)

A(Y)−A(ŶX1)
(A(Y)−A(ŶX1))

= A(ŶX1)+A(ŶX1,X2)−A(ŶX1)

= A(ŶX1,X2) ⊓⊔

The last topic, to be described, is the statistical interpretation to assign to partial
Lorenz dependence measures: we will consider a very simple example that com-
bines both the main topics linked to the linear regression model and the Lorenz
zonoids theory. Suppose to consider these data:

Table 1 Data

Y X1 X2

350 84 45
202 73 19
404 64 53
263 68 31
451 76 58

Using the multiple linear regression model and the Lorenz zonoid tool, we get
A(Y) ∼= 0.153, A(ŶX1)

∼= 0.043, A(ŶX2)
∼= 0.023 andA(ŶX1,X2)

∼= 0.054. Through
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(6) and (7), single partial dependence measures can be derived so thatG1
∼= 0.279

andG2
∼= 0.152: the realtive interpretation is vary simple. The Lorenzzonoid of

E(Y|X1)=G1 represents the 27.9% of the Lorenz zonoid ofY and the Lorenz zonoid
of E(Y|X2) = G2 represents the 15.2% of the Lorenz zonoid ofY. The relative mea-
sure describing the additional contribution of the variable X2 to the Lorenz zonoid
of Y is RGX1,X2

∼= 0.105 meaning that the introduction of the explanatory variable X2

allows to increase the dilation of the Lorenz zonoid ofE(Y|X1) in measure equiva-
lent to 10.5%. Finally, the relative measure describing the additional contribution of
the variableX1 to the Lorenz zonoid ofY is RGX2,X1

∼= 0.238 meaning that the intro-
duction of the explanatory variableX1 in the model allows to increase the dilation of
the Lorenz zonoid ofE(Y|X2) in measure equivalent to 23.8%. Thus, we can con-
clude that an increase of the dilation measure implies a reduction of the unexplained
linear regression model variance.
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