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Abstract The Laplace approximation is applied to measurement eroolets when
the likelihood function involves high dimensional intelgrarhe cases considered
are generalized linear models with multiple covariatessuezd with error and gen-
eralized linear mixed models with measurement error in tvagates. The asymp-
totic order of the approximation and the asymptotic prapsmf the Laplace-based
estimator for these models are shown to depend on the meassuirerror variance.
Simulation studies are presented to illustrate the pedioga of the method.
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1 Introduction

Likelihood methods for measurement error correction offtealve integrals which
have no closed-form solution. In these cases, numericdlodstsuch as Gaussian
quadrature are employed. Nevertheless, when high dimeaisiotegrals are in-
volved, such methods become computationally demandingesr enfeasible. Two
cases of such type are considered in this paper.

The first one concerns generalized linear measurementragoels (GLMeMs)
where the dimension of the integral depends on the numberrof-grone vari-
ables. Schafer (1987) proposes the use of Gauss-Hermitgajuee in maximum
likelihood analysis to approximate integrals. As pointetily Higdon and Schafer
(2001), the inclusion of more than one explanatory variatdasured with error is
considerably more difficult because multidimensional gaade is quite cumber-
some.
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The second case regards generalized linear mixed measuremer models
(GLMMeMs). Wanget al. (1998) analyze the bias in parameter estimation when
the measurement error is not properly taken into accounipanpbse the SIMEX
method for measurement error correction. Wahgl. (1999) showed that a naive
application of regression calibration is not suitable fengralized linear mixed
models with measurement error in the covariates. When aHikedi-based approach
is used in order to adjust for measurement error in mixed mspteth the integra-
tion of the random effects and the true variables are reduire

This paper proposes the use of the Laplace approximatiotef@ling with high
dimensional integrals in measurement error models whekediHbod-based ap-
proach is followed. The Laplace approximation is as folldBsrndorff-Nielsen
and Cox, 1989, Chap. 6)

/R L& Wax= (2m) @2 " ()| “Y/2e T L)

wherex is ag-dimensional parameter vector ang) is a smooth function on R
with a unique minimum at. Generallyr (x) is of orderO(n) and the typical case is
r(x) = nry(x), wherery(x) is a function presenting the same properties(&j. For
fixed q < oo, the order of accuracy of the Laplace approximation is @étyn). In
the case considered here an unusual type of Laplace apmtiainresults as the
order of the functiom (x) does not depend on a single parametdsut also on the
measurement error variances. The accuracy of the approgimequires then a
specific investigation.

The article is organized as follows. The models and somdipatare introduced
in Section 2. The likelihood functions are presented iniac@, while the asymp-
totic order of the approximation and the asymptotic praperof the estimator are
presented in Section 4. Section 5 regards some simulatimiest and Section 6
contains some concluding remarks.

2 Model specifications

Consider the GLMeM. LeY; be the response variable on unie 1,...,m. Let X;
denote a vector of true covariates with dimensprandz; denote a vector of co-
variates measured without error with dimensj@n It is assumed that observations
from different units are independent. Suppose that theoresgs come from a gen-
eralized linear model with density

fyx.z (%1%, 2) = exp{[yiyi —b(y)]/T° —c(yi, T) } )

mean €Y;) = y; and variance vdl;) = t2v(y;). The mean is related to the linear
predictor through the link functiog

a(ti) = Bo+X%' Bc+Z' Be,
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where 3y is the interceptfy is a pi-vector of coefficients ol and f3; is a po-
vector of coefficients oF;. In this paper the additive measurement error structure is
assumed for the measurement error model, hence

W =X +U;,

whereW is a p;-vector of measurements; is a p;-vector of measurement errors
independent o¥; that follow a normal distribution with zero mean and varianc
2y = 2u(yn), andyy, is a vector of parameters. In general, measurement errbr pro
lems require the availability of extra information on theaserement error distri-
bution (Carrollet al., 2006,52.3). In this paper the measurement error variafice
is assumed to be known. Conditional nandZ;, the distribution ofY; is assumed
independent oM, which means that measurement error is nondifferentialr@@a
et al., 2006,52.5). Furthermore, given the true variabbgs the measurement&
are assumed independent of any other variable. The stalchadel for the true
variables is

X =aZ+e, )

wherea is a p; x pa-matrix of coefficients and is a p;-vector of residuals that
follow a normal distribution with zero mean and variance nwaky = >4 (()), and
) is a vector of parameters.

In case of GLMMeMs, let;; denote the response variable of upit clusteri,
wherej =1,...,n;andi = 1,...,m. The vector ofp; variables measured with error
is denotedX;; and the vector oy, variables measured without error is denofgd
Conditional on the random effects, the responses come frgenaralized linear
model with predictors

Mij = Bo+ X% B+ Zj B+ S,

wherep, andf3; are vector of coefficients with dimensiops andpy, Sj is a subset
of Z; with dimensiong, b; is a vector of random effects with dimensigrthat
follows a normal distribution with zero mean and variafice- D(y,), andyy, is a
vector of parameters. The random effects are independamyasther variable. The
conditional means of the response variable are denotgg;bgatisfyingg(pij) =
nij for some link functiong, and the conditional variance i§v(uij). The density
of Yjj is

s 1brxj.z; 7 01, %5, Z) = exp{ [yij % — b(Wj)] /T2 = c(¥ij, T) } - (4)

Note that the situation considered here concerns variahéssured with error as-
sociated with fixed coefficients. The nondifferential measwent error assumption
is taken. The specification of the model is completed by dgjitihe measurement
error model, that is

W = Xij +Uij,
whereW; is api-vector of measurementd;; is a py-vector of normally distributed
measurement errors with zero mean and variaqice: >,(,). The measurement
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errors are assumed independent of the true variables argéndent across units.
Measurement error variances are assumed known. Furthercmrditional onx;,
the measurements are assumed independent of other vari@iie cases are con-
sidered for the model fox;;: the homogeneous and the heterogeneous case (Wang
etal., 1998). In the homogeneous case the true variables aremallyghdependent,
that is

Xj=a'zj+a;j,
wherea is apy-vector of coefficients and; is a p;-vector of independem (0, 2y).
In the heterogeneous case the model for the true variabésemis random coeffi-
cients. Here we consider the case of a random intercept model

Xij=a'Zj+a+a;j,

whereg are independeriti(0, Gg), independent of other variables, aggis a p;-
vector of independent (0, 2). In both cases, the vector of parameters enteking

is Y.

3 Likelihood functions
The likelihood function for GLMeMs can be expressed as
m
L0) = T [, FOM.2) W) 10412) 0
m
- rl/ exp{—r(X)} dX, (5)
i} Jre

wherer (X;) = —log f (Yi|X,Z) —log f (W|X;) —log f (X|Z}) A
and® = (B B, , 1%, y) ,veda)", @’ )" is the vector of all the parameters. Lt
denote the minimizer of(X) satisfying the equation(X;) = 0. The Laplace ap-
proximation gives the following expression for the logelikiood function/(6) =

— 3.1 (%) —33ilog|r”(X)|, wherel(8) denotes the approximated log-likelihood
function and

5 1
(%) = BB + 2"+ 5 (6)

wherew = [v(ui)gf,(ui)] - andgy (L) is the first derivative of(p;) with respect
to ;.

For simplicity, in mixed models we consider a single varafleasured with er-
ror, thatispy = 1. DefineY; = (Yia, ..., Yin) ", Xi = (X1, .., Xin) ', Zi = (Zin, - . ., Zin ) "
and§ andW similarly. In the homogeneous case, the vector of all thapaters is
0= (B ,B), 12y ,a”, @, ¢p) " and the likelihood function results
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wherer (b, X)) = — 3 j (log f (Yij[ X}, Zij, bi) +log f (W[ Xij) +log f (Xij|Zij)) —log f (bi).
Let (b, %) T denote the minimizer af(b;, X) satisfying the equatlorf(b.,x.) =0.
The log-likelihood function is then approximated/8) = — ™ 121 (b, %) —

% Sy z’j‘i:llog [r’/(Bi,)?i)| , wherer”(b;, X) has various components, that are

L(6)

o%r(b,%) 12 )
db(.dle_rZZml jSTjJrD t—om),
azr bl7x| 1 1 l B
(9()(i2. ) Z(MJBX2 0.2 +72 O(O'u 2)’ (8)
J X
(92|’(bi,xi) B er(bi’xi) B o
ok =0 ok, = wSiib=oM.

wherew | = [v(uij)gﬁ(uij)rl, gu(tij) is the first derivative of(pij) with respect
to Lij, 02 represents the measurement error varianceggndenotes the variance
of Xj. The asymptotic order of the second derivatives have beecifiga because
they will be used in Section 4.

In the heterogeneous case= (B, ,5, , 72, W), a ', @, Wy, 02)" and the like-
lihood function is

iﬁ/Rq/R/R”i (ﬁlf(YijX@j,zij,bi)f(\/\/”|xij)f(xij|zij,ai)> f(ai)f(bi)dxidaidbi
_El/Rq/R/Rni exp{—r(a;, by, %)} dXdayd;, (©)

wherer (&,bi, X)) = — ¥ j (log f (Yij|Xij, Zij, bi) +log f (W ,J|X|)+|ng( J|Z|Jv i) — o
log f (a;) —log f (by). The Laplace approximation gives th&i) = -ym 12 11 (@&, b, %) —
%z{ilz?‘zllog]r”(éi,ﬁi,ﬁi)],Where(é;,f)i,x.) denote the minimizer of(a;, b.,x.)

The components af’ (&, b;, X;) are those of (8) and

L(6)

azr(aiabi7xl) r]I 1

o oz oz oM
0%r(ay,bi,X)  0%r(abi,X) 1
K)o, ZESX)_ L o) (10)

wherewj is defined as in the homogeneous case.
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4 Asymptotic properties

This section concerns the asymptotic order of the apprai@mand the asymptotic
properties of the Laplace-based estimator.

The proofs are not reported here because of limited spatehdéy can be ob-
tained along the lines of Vonesh (1996), who derived theasht®nvergence of the
estimator based on Laplace approximation for nonlineaethaffects models.

In GLMeMs, the order of accuracy of the Laplace approximatiesults to de-
pend on the magnitude of the largest measurement erroneari#n particular the
log-likelihood function (5) is approximated as

£(6) = 1(6) + mO(maxag),

where g2 is the measurement error variance of il variable. Let be the
Laplace-based maximum likelihood estimate satisfyif@) = 0. Under suitable
regularity conditions orf(8) and provided thatd — 6) = 0p(1), it is possible to
show that

(6—-8) =0p [maxm 2, mgxolj‘s)} .

Consider now the GLMMeMs. The order of accuracy of the Laplagproxima-
tion depends on both the measurement error variance andhigan of units within
clusters. Specifically, the log-likelihood functions (T)da(9) are approximated as

¢(8) = £(8) + mO(maxa;;, min(n;) ~1)).

Under suitable regularity conditions ¢t8) and provided that — 6) = 0p(1), the
rate of convergence of the Laplace-based maximum liketrestimator is

(6 — 8) = Op(maxm~/2, g min(n)~1)).

5 Simulation studies

In order to evaluate the behavior of the estimator for GLMeM®&nm < « and

ous > O for all s, and the behavior of the estimator for GLMMeMs whar: o, nj <

c0 anday > 0, some simulation studies have been conducted. The sthdeaation

of the true variables is set, = 1 and measurement error standard deviations are
taken constant across different variables and equal t&p®5 and 0.333, so that
the reliabilities result around 0.7, 0.8 and 0.9. Variouswation methods have been
considered for each simulated dataset. The true methodhes&sie covariates and
represents a benchmark. The naive method uses the obsexathtes and ignores
the presence of measurement error. Finally, the Laplaseebeorrection proposed

in this paper is referred to as the adjusted method.
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Table 1 Simulation of Logistic measurement error model

method g, Bias RMSE
true 0.655 0.067 0.117
naive  0.655 -0.265 0.124
adjusted 0.655 0.057 0.180
true 0.500 0.053 0.139
naive  0.500 -0.169 0.109
adjusted 0.500 0.064 0.201
true 0.333 0.058 0.126
naive  0.333 -0.059 0.100
adjusted 0.333 0.062 0.159

For the GLMeM, a logistic regression model have been constielwo vari-
ables measured with error have been generated. The trabherihave zero mean
and correlation equal to 0.5, while measurement errorsadntuncorrelated. The
elements of3y are both set equal to 1, while the interc@ptis set equal equal to
0. No covariates measured without error have been inclutiee.number of ob-
servationgm is taken equal to 100. There are 1000 simulations for eacmpeter
setting. Table 1 reports the results. Since the two varsadnle perfectly symmetric,
the coefficient of the second one is omitted.

Table 2 Simulation of logistic model in the homogeneous case

method oy n Bx B ]
Bias RMSE Bias RMSE Bias RMSE

true 0.655 5 0.017 0.224 0.011 0.164 -0.017 0.329
naive 0.655 5 -0.829 0.840 -0.162 0.212 -0.181 0.297
adjusted 0.655 5 -0.080 0.409 -0.014 0.192 -0.138 0.454
true 0.655 10 0.012 0.145 0.001 0.105 -0.006 0.202
naive  0.655 10 -0.831 0.836 -0.169 0.190 -0.161 0.221
adjusted 0.655 10 -0.090 0.251 -0.018 0.122 -0.081 0.253
true 0.500 5 0.008 0.212 0.012 0.152 -0.030 0.322
naive 0.500 5 -0.593 0.612 -0.112 0.176 -0.143 0.293
adjusted 0.500 5 -0.054 0.274 -0.004 0.167 -0.118 0.358
true 0.500 10 0.016 0.145 0.006 0.105 -0.012 0.205
naive  0.500 10 -0.587 0.596 -0.119 0.152 -0.128 0.210
adjusted 0.500 10 -0.032 0.190 -0.005 0.118 -0.066 0.226
true 0.333 5 0.017 0.217 0.015 0.161 -0.025 0.338
naive 0.333 5 -0.305 0.355-0.050 0.158 -0.088 0.308
adjusted 0.333 5 0.000 0.243 0.012 0.167 -0.066 0.351
true 0.333 10 0.008 0.145 0.000 0.105 -0.013 0.200
naive  0.333 10 -0.311 0.335 -0.065 0.118 -0.075 0.195
adjusted 0.333 10 -0.004 0.164 -0.001 0.110 -0.035 0.210

A logistic regression model with random intercepts in thenbgeneous case is
been considered for GLMMeMs. One variable measured wittr éxais been taken.
The number of clustemnis taken equal to 100, and the number of units within clus-
ters is constant across groups and itjis= n = 5 and 10. One variable measured
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without error has been generated from a standard normaibdison. The coeffi-
cients arg3p = 0, Bx = 2 and3; = 1. The variance of the random intercepjs,has
been taken equal to 0.5. Results are based on 1000 datasessiicset of parameter
values and are displayed in Table 2. The true and the naiveatieise the Laplace
approximation for the integration of the random effects.

6 Discussion

The use of the Laplace approximation in measurement errdeta@ives encour-
aging results. The method results to be applicable to preblavolving high-
dimensional integrals where other solutions become intiggl©r computationally
intensive. Furthermore, it could be a convenient choicerevieen other methods
are available in terms of computational time. A drawback lie&lihood-based ap-
proach is that it requires the specification of the distidmbf the latent variables
and the measurement error. Such an assumption could betrestand lead to
inconsistent estimates and misleading inference if thigilligion assumption is vi-
olated. Li and Hsiao (2004) consider the estimation of galimyd linear models
with covariate measurement error without making distidnel assumptions on the
latent variables or the measurement errors.
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