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Abstract This paper discusses the leverage matrix for the Fay-Hearga-level
model, when the area-random effect variance is estimatatidoyestricted maxi-
mum likelihood method. Leverage and Cook’s distance areesufrthe most impor-
tant tools in influence analysis, where the main target islémiify observations or
groups of observations that might determine the characterodlel estimates and
predictors. In the small area estimation setup, applieiisitaan are interested in
tools to identify observation that might influence the vace component and the
regression parameter estimates, the EBLUP and its meamesbagor estimate.
This paper partially address these issues.
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1 Introduction

Two principal types of influence analysis for linear modeis developed. In the
first, the calculation of leverage (defined as the diagomahehts of the hat matrix)
plays a central role. The second is based on the influencesef daletion and is
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called case deletion diagnostics, i.e. case deletion dgtgrapproach suggested by
Cook (1977). The concept of influence is understood as $atysaf a model stud-
ied through measures that express its stability under gtions. Changes in the
data or model components might produce significant chamgsseimodel output.
So, the goal of influence analysis is to determine which casemfluential and the
manner in which they are important to the analysis.

This paper discusses the leverage matrix for the Fay-Haren-level model,
when we deal either with restricted maximum likelihood (RENr with moment
estimates of the random-area effect variance. Sectionr@duates the area-level
Fay-Herriot model, derives an approximate closed-fornutsmh for the REML
random-area effect variance estimator. The obtained sgjmmeof REML estimator
is useful for detecting influential observations (the areaad estimates) that affect
the estimate model variance. Section 3 gives the leveragéxmoa the fixed effects
(the marginal leverage matrix) and the leverage matrix odoan-area effects (the
random effect leverage matrix, see Demidenko (2005), Ftiay £002), and Wey
et al. (1998)). Section 4 shows the influence analysis on thetfio terms of the
estimated mean squared error of the EBLUP. Section 5 presente Cook’s dis-
tances. Section 6 introduce an application to real datalllyi8ection 7 gives some
conclusions.

2 The Fay-Herriot model
Consider the traditional Fay-Herriot model, in which )& are the area direct
estimates, or functions of it.
y=xB+bvi+e, &0, w<(002), i=1..m
We rewrite the model in the general matrix form
¥ =XB+BY?v+e B=diagb?), varly) = V = diagVi) = diag( ¢ + o2b?).
The vector of the BLUP's is as follows,
§" = XB+BY2 = XB+BY202BY2V Ly — XB) = XB+T (§— XB).

with " = diag(y) = diag 62b?/ () + 02b?)). The generalized least squares estima-
torof B is

B =Pets= (X'VX)HX'VTY),
By using the relatiovV ~* = (¥ +02B) 1=y 1@ Y(p-14(g2)" B ) ty-1=
w11 — ), with @ = diag ) andX* = W~Y2X, one gets

Bois = (X'V X)XV ) = (XWX - X'W i X)L @ly - X'woiry)
= (X*’X* _ X*/I—X*)fl(x*/y* o X*/I_y*).
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If =0, theBGLs becomes the weighted least squares estlnmmg, with weight
matrix ¥ ~1/2, When both™ = 0 andy; = y among the areaﬁNLg reduces to the
ordinary least squares estlmaﬁ@n_s Let us now define

r* =diagy’) = diaga?/(¢" + 02)),

wherey*vec' (X*)vec(X*) = vec (X*)(Ip ® I" )vec(X*). It holds thaty* = c/a, c =
vecd (X*)(Ip @ I )vec(X*), a = vec' (X*)vec(X*), where the symbok denotes the
Kronecker product, angec the operator that vectorizés' by stacking its columns.
The ratiosy” = ¢/a, 02/ (¢* + 02) = c/aandg* = (a/c—1)cZ can be calculated by
using the formula¥ = i + 02b? ~ ¢*b? + 02b? = (a/c)02b?, V.~ ~ ¢/ (acb?),

o1/ -y /G~ 1/gi — (1/W)c/a= (a—c)/wia, V, = Yra/(a—c). Note that
cis again function o2, but the values ok andc can be computed beforehand. If
we start now from the restricted version of the likelihooddtion,

—-P

1 1
lremL(B,02) = — log2mm— > log|V|— > log|X*'V~1X¥|
(V" = X*Bas)'VHI" =X Bus),
and we rewrite théGLg estimator in the form

EGLSi( *IX* ka*lx ) (X*I/\* ka*//\*)

we can easily show thﬁGLS = EWLS, while REML function takes the form

2
X*B\NLSH

lRemL(Y") = —% {(m— p)log2m— (m—1)log(1—
~VYH-97

SinceﬁGLg = LAZWLS and independent of, by takirlg derivatives ofrgmL With re-
spect toy*, we obtain the closed-form solution fgr, i.e.

alREML(W) - 1 (Vf _?\*)2_ (m_l)
ay) [1 y 20 }_OVE‘EML_ SG-Y2

Applying the first-order approximatioo?h? / (g + 02b?) ~ g 1oZb?, we get
¢ = ved (X*)(Ip® INvec(X*) ~ a2ved (X*)(Ip ® ®)vec(X*) = a2c’,

where® = diag @ 1), @ = ¢i/b? andaZb?/ (Y + 02b?) ~ i~ ta2b?. Substituting
the corresponding values on the estimat@gfs, we obtain
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=¥
e o o az@-§r-(m-y
— i~ ) VREML — :

¢S -Y)?

3 The leverage matrix

Since the leverage matrix for the traditional mixed mode%;, in the sequel we
compute some useful vector and matrix derivatives, in otdeget the leverage
matrix of fixed and random effects. We start from the definitbA asy (i —y)? =
y*'y* — (9"1m)2. We have the following relations:

DE=F50 -9 =& Iy - 50" =2yv - Z7LHh),
1‘#’ Ww- l/21m
2) 00’vREML -3 {37/*42‘*1)} =ap2[ywt- 2y (1h)] = o3
3 av d't’ﬂ‘@ﬂl’l +0, REMLb )= (W‘FBl/zavz,REMLBl/ )= B®G§
)0\(§y1 :f(v 1BV Y@l
1"g—1y\—1 ~
5) a(X VayX) _ 0(X;/ 1X) [(X V 1x> (le—lx)]
= [(V-1BV H @ adl(X @X)[(X'V1X) @ (XV-IX)].

Taking into account that the leverage matrix with fixéds

~

L(B,9) = L(B) +L(V) = Hy +Hz = X(X'V~1X) X'V~ ¢ 6\/2,REMLB'37
with Hy = X(X'V7IX) "XV, Hy = G2y BV H(Im— Hi) andP = V1 -

V-IX(X'V-IX) X'V -1, The explicit form, in terms of sampled observations, of
the leverage matrix is

R GH R 1/2g ~
LB =0 = 2R AE @@,

Based on the derivative
-1
ay

OHy  [d(X'VIX)L
oy ay

X'@X) | (V7 @ Im) + (Im® [X(X'V7IX)71X),

the leverage matrix for the fixed effects is given by

oXB) @
oy dy[

n A JH N
L'(B) - X0 XV 35] = (T3 ) (7o) Hy =+ H

Denoting withH7 ;; the diagonal element of the mattiq for thei-th area, and re-
membering that (nH ) = p, influential observations that affect the fixed-effects es-
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timates, through the estimation of the model variance mweetly, can be checked
comparing the quantityH; ; — &tr(H3)) with [L*(B)ii — &tr(L*(B))]. When we
assess the potentially influential values, this is verywlsefanalyzing the contri-
bution to the leverage of the single observation in estingathe model variance,
respect to the marginal leverage. The leverage for the rareffects is
. 0BYxN) o N o A
L*(v) = % = d_y[Bl/za\%REMLBl/ZV L —XB)]
2y (-1 ov-? =2 S_ %P
=[B®og)(V "®Im)+ (0—V>(lm® OyremLB)I[(Y = XB) @ I

+[Im— L*(B\)](a\/z,REMLBvil)'

Combining the above results, we get

~

L*(B,V) = L*(B)(Im— 63,REMLB\A/71) + (6\/2,REMLB\A/71)

~ V-1 ~
H(B 03T ) + (S )Im B BT~ XB) 1

= L"(B)lIm— Ha(lm—H1) "+ Hallm—Hy) 4T
A~ A_l ~
T = (8 03)(0 L ) + (T3 (1n > G, BT~ XB) 91

4 Influence analysis on the MSE area estimates

Now take a look on the influence of observations on the estmaif the mean
squared error (MSE) of the EBLUP estimates. With regard topmnentG; =
diag(gii) = I ¥ of MSE, influential area estimates can be detected by

0G, 9 2 . o
d—yl = d—y(l'tl—’) = a—y(U\fREMLBV 'w)
o A ~
= B®HV Wy + [d—y(‘.U@Im)](lm@ OrremLB).

Finally we have the influence on the mean squared error coemioalated to the
variation of the fixed effects. Starting from the matrix

Go=(Im— XXV X)X (Im=T) = (Im—MU(Im—T),
we have

962 _ 0w =) 1y (1= ) @ 1) +

0[U(|m—l')][
ay ay

a/y |m®(|m_r)]a
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where
_ . -1
WD) @8 03T 01+ (T 1)1 G B).
dU(Im—1)]  oXVIX) A(lm—T)
2y = 55 (X'@X )][(lm—r)®|m]+T(|m®U).

5 Cluster deletion diagnostics and Cook’s distance

Cook’s distance assesses the effects of a more drastica(plkdiange by removing
an entire data point or clusters. In this section subinges used for estimators that

are calculated after deleting cas& he Cook’s distance fad? is
A2 52 \2
Q= (67— Gyy)
f var6?)
where va(d?) is the asymptotic variance @? that is obtained from the inverse

of the REML Fisher information matrix. The proposed Coogéydistance for the
EBLUPYH is

deblup _ (9|H _95)2
! mse(yH)

where
mse(§i") = 01(65) + 92(8%) + 293(7)
is the Prasad-Rao (1990) estimator of the mean squaredoéfidr with

4

2 ~2
2 0y G 2 0i =1y \—1y/
oy) = , Oy) = —5——=3 Xi(XV X)X,
gl( V) O_V2+O_|2 92( V) (O_\IZ+O_|2)2 I( ) I
4
2 i 52
93( v) (O-V2+o.iz>3 ( v)

6 An Application

In this section we present an application of the Fay-Haaiet-level model to of-
ficial Agricultural Census Data (Survey structure and pwticun of Italian farms
(SPA) year 2007), with the aim to compare the estimates ofrthrginal leverage
matrix of the fixed effects as developed in Section 3. Thes#dteontains 103 ob-
servations (areas in our context) that are the Italian pi@g. The target variable is
the mean of standard gross profit. The selected auxiliaiphi@s are the mean of
irrigable area and the number of worked days. We estimatREML random-area



Influence analysis in small area estimation

7

effect variance and we calculate the derivatives for thestantion of the leverage

o~

matrix of the fixed effects in two way:(3) andL*(B). We present the results in
the scatter plots appearing in Figures 1 and Figure 2.
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Fig. 2 Comparison between the diagonal values of matrite&r(H1) andH; /tr(H3).

In Figures 1 and 2 we observe some differences in the pattérdspersion

points fromH; andH;, as there are less outlying observations on the right-hand

side plot. Regarding the detection of the observationstggairemarkable effect on
the estimation of the model variance, mattix captures the influential observations
through the projection matrix of with respect toV ~* which is, in turn, affected by
the same outlying observations. Instédidsuffers less this effect and is more useful
to detect the observations that are influential for the eston of the whole set of
model parameters. We may interpret this effect by sayingahtying observations
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in the explanatory variables spa¥ewill tend to have higher leverage, so that
could be more affected by the correlationofindy. This can be noted on the esti-
mation ofV—1, of whichH; is function. SinceH] is a function of the derivative of
H1 with respect to the direct estimatgsit gives more information about the influ-
ence of the observations on the fixed effects when the modieinee is estimated.
Figure 2 detects potentially influential observations (abtine threshold dashed).
In the left-hand plot we get twice as much influential poitattin the right-hand
plot. We interpret this fact by noting that some observatianght be influential for
the estimation of the regression parameters when the madehee is known and
they are no more influential when, in addition, the variarscestimated. So some
compensation process is some how acting when fitting thetdale model.

7 Concluding remarks

We introduce the leverage matrix for the Fay-Herriot amael model when we deal
with the restricted maximun likelihood estimate of the modgiance. The prob-
lem of the leverage of observed values on predicted valuethéyEBLUP arise
when we consider that, although we utilize convenient ests) the latter depend
on influential values itself. So the leverage matrix of thedelacan be affected by
influential observations through the estimates of the maedeance. Detailed for-
mulae on fixed and random effects leverage matrices arergegserlhis relations
highlight the contribution of the standard leverage masim case of fixe&. In-
fluence analysis on mean squared error estimates are fimttestigated. They are
based orm x nm?-order matrices, that can be very useful in assessing tottiwh of
single observations (the small area direct estimates)drettaluation of the mean
squared error of all areas.
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