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Abstract This paper discusses the leverage matrix for the Fay-Herriot area-level
model, when the area-random effect variance is estimated bythe restricted maxi-
mum likelihood method. Leverage and Cook’s distance are some of the most impor-
tant tools in influence analysis, where the main target is to identify observations or
groups of observations that might determine the character of model estimates and
predictors. In the small area estimation setup, applied statistician are interested in
tools to identify observation that might influence the variance component and the
regression parameter estimates, the EBLUP and its mean squared error estimate.
This paper partially address these issues.
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1 Introduction

Two principal types of influence analysis for linear models are developed. In the
first, the calculation of leverage (defined as the diagonal elements of the hat matrix)
plays a central role. The second is based on the influence of case deletion and is
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called case deletion diagnostics, i.e. case deletion diagnostic approach suggested by
Cook (1977). The concept of influence is understood as sensitivity of a model stud-
ied through measures that express its stability under perturbations. Changes in the
data or model components might produce significant changes in the model output.
So, the goal of influence analysis is to determine which casesare influential and the
manner in which they are important to the analysis.

This paper discusses the leverage matrix for the Fay-Herriot area-level model,
when we deal either with restricted maximum likelihood (REML) or with moment
estimates of the random-area effect variance. Section 2 introduces the area-level
Fay-Herriot model, derives an approximate closed-form solution for the REML
random-area effect variance estimator. The obtained expression of REML estimator
is useful for detecting influential observations (the area direct estimates) that affect
the estimate model variance. Section 3 gives the leverage matrix on the fixed effects
(the marginal leverage matrix) and the leverage matrix on random-area effects (the
random effect leverage matrix, see Demidenko (2005), Fung et al. (2002), and Wey
et al. (1998)). Section 4 shows the influence analysis on the first two terms of the
estimated mean squared error of the EBLUP. Section 5 presents some Cook’s dis-
tances. Section 6 introduce an application to real data. Finally Section 7 gives some
conclusions.

2 The Fay-Herriot model

Consider the traditional Fay-Herriot model, in which theŷi’s are the area direct
estimates, or functions of it.

ŷi = x′iβ + bivi + ei, ei
ind
∼ (0,ψi), vi

iid
∼ (0,σ2

v ), i = 1, ...,m.

We rewrite the model in the general matrix form

ŷ = Xβ +B1/2v+e, B = diag(b2
i ), var(y) = V = diag(Vi) = diag(ψi +σ2

v b2
i ).

The vector of the BLUP’s is as follows,

ŷH = Xβ̂+B1/2v̂ = Xβ̂+B1/2σ2
v B1/2V−1(ŷ−Xβ̂) = Xβ̂ +Γ (ŷ−Xβ̂),

with Γ = diag(γi) = diag(σ2
v b2

i /(ψi+σ2
v b2

i )). The generalized least squares estima-
tor of β is

β̂ = β̂GLS = (X′V−1X)−1(X′V−1ŷ),

By using the relationV−1=(Ψ +σ2
v B)−1 =Ψ−1−Ψ−1(Ψ−1+(σ2

v )
−1B−1)−1Ψ−1 =

Ψ−1(I −Γ ), with Ψ = diag(ψi) andX∗ =Ψ−1/2X, one gets

β̂GLS = (X′V−1X)−1(X′V−1ŷ) = (X′Ψ−1X −X′Ψ−1Γ X)−1(X′Ψ−1ŷ−X′Ψ−1Γ ŷ)

= (X∗′X∗−X∗′Γ X∗)−1(X∗′ŷ∗−X∗′Γ ŷ∗).
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If Γ = 0, theβ̂GLS becomes the weighted least squares estimatorβ̂WLS, with weight
matrixΨ−1/2. When bothΓ = 0 andψi = ψ among the areas,̂βWLS reduces to the
ordinary least squares estimatorβ̂OLS. Let us now define

Γ ∗ = diag(γ∗) = diag(σ2
v /(φ

∗+σ2
v )),

whereγ∗vec′(X∗)vec(X∗) = vec′(X∗)(I p ⊗Γ )vec(X∗). It holds thatγ∗ = c/a, c =
vec′(X∗)(I p ⊗Γ )vec(X∗), a = vec′(X∗)vec(X∗), where the symbol⊗ denotes the
Kronecker product, andvec the operator that vectorizesX∗ by stacking its columns.
The ratiosγ∗ = c/a, σ2

v /(φ∗+σ2
v ) = c/a andφ∗ =(a/c−1)σ2

v can be calculated by
using the formulasVi = ψi +σ2

v b2
i ≈ φ∗b2

i +σ2
v b2

i = (a/c)σ2
v b2

i , V−1
i ≈ c/(aσ2

v b2
i ),

V−1
i = 1/ψi− γi/ψi ≈ 1/ψi− (1/ψi)c/a= (a−c)/ψia, Vi = ψia/(a−c). Note that

c is again function ofσ2
v , but the values ofa andc can be computed beforehand. If

we start now from the restricted version of the likelihood function,

lREML(β ,σ2
v ) = −

m− p
2

log2π −
1
2

log|V|−
1
2

log
∣∣X∗′V−1X∗

∣∣

−
1
2
(ŷ∗−X∗β̂WLS)

′V−1(ŷ∗−X∗β̂W LS),

and we rewrite thêβGLS estimator in the form

β̂GLS =
(
X∗′X∗− γ∗X∗′X∗

)−1(X∗′ŷ∗− γ∗X∗′ŷ∗
)
,

we can easily show that̂βGLS ≡ β̂W LS, while REML function takes the form

lREML(γ∗) = −
1
2

[
(m− p) log2π − (m−1) log(1− γ∗)+∑

∥∥∥ŷ∗−X∗β̂WLS

∥∥∥
2

− γ∗∑(ŷ∗i − ŷ
∗
)2
]
.

Sinceβ̂GLS = β̂WLS and independent ofV, by taking derivatives onlREML with re-
spect toγ∗, we obtain the closed-form solution for̂γ∗, i.e.

∂ lREML(γ∗)
∂ (γ∗)

=−
1
2

[
m−1
1− γ∗

−∑(ŷ∗i − ŷ
∗
)2
]
= 0, γ̂∗REML =

∑(ŷ∗i − ŷ
∗
)2− (m−1)

∑(ŷ∗i − ŷ
∗
)2

.

Applying the first-order approximationσ2
v b2

i /(ψi +σ2
v b2

i )≈ ψ−1
i σ2

v b2
i , we get

c = vec′(X∗)(I p ⊗Γ )vec(X∗)≈ σ2
v vec′(X∗)(I p ⊗Φ)vec(X∗) = σ2

v c∗,

whereΦ = diag(φ−1
i ), φi = ψi/b2

i andσ2
v b2

i /(ψi+σ2
v b2

i )≈ ψ−1
i σ2

v b2
i . Substituting

the corresponding values on the estimate ofβ̂WLS, we obtain
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γ∗ =
σ2

v

φ∗+σ2
v
=

c
a
≈

σ2
v c∗

a
, σ̂2

v,REML =
a
c∗

∑(ŷ∗i − ŷ
∗
)2− (m−1)

∑(ŷ∗i − ŷ
∗
)2

.

3 The leverage matrix

Since the leverage matrix for the traditional mixed model is∂ ŷH

∂ ŷ , in the sequel we
compute some useful vector and matrix derivatives, in orderto get the leverage
matrix of fixed and random effects. We start from the definition of A as∑(ŷ∗i − ŷ)2 =
ŷ∗′ŷ∗− 1

m (ŷ
∗′1m)

2. We have the following relations:

1) ∂A
∂ ŷ = ∂

∂ ŷ ∑(ŷ∗i − ŷ)2 = ∂
∂ ŷ

[
ŷ∗′ŷ∗− 1

m (ŷ
∗′1m)

2
]
= 2ŷ′Ψ−1− 2

m(ŷ
′1Ψ

m )(1
Ψ
m )

′,

1Ψ
m =Ψ−1/21m

2)
∂ σ̂2

v,REML
∂ ŷ = ∂

∂ ŷ

[
a
c∗

A−(m−1)
A

]
= a

c∗ A−2
[
2ŷ′Ψ−1− 2

m(ŷ
′1Ψ

m )(1
Ψ
m )

′
]
= σ2

∂

3) ∂ V̂
∂ ŷ = ∂

∂ ŷdiag(ψi + σ̂2
v,REMLb2

i ) =
∂
∂ ŷ(Ψ +B1/2σ̂2

v,REMLB1/2) = B⊗σ2
∂

4) ∂ V̂−1

∂ ŷ =−(V̂−1BV̂
−1
)⊗σ2

∂

5) ∂ (X′V̂−1X)−1

∂ ŷ =− ∂ (X′V̂−1X)
∂ ŷ [(X′V̂−1X)⊗ (X′V̂−1X)]

= [(V̂−1BV̂
−1
)⊗σ2

∂ ](X ⊗X)[(X′V̂−1X)⊗ (X′V̂−1X)].

Taking into account that the leverage matrix with fixedV is

L(β̂ , v̂) = L(β̂ )+L(v̂) = H1+H2 = X(X′V̂−1X)−1X′V̂−1+ σ̂2
v,REMLBP̂,

with H1 = X(X′V̂−1X)−1X′V̂−1, H2 = σ̂2
v,REMLBV̂−1(Im − H1) and P̂ = V̂−1 −

V̂−1X(X′V̂−1X)−1X′V̂−1. The explicit form, in terms of sampled observations, of
the leverage matrix is

L∗(β̂ , v̂) =
∂ ŷH

∂ ŷ
=

∂ (Xβ̂ )
∂ ŷ

+
∂ (B1/2v̂)

∂ ŷ
= L∗(β̂ )+L∗(v̂).

Based on the derivative

∂H1

∂ ŷ
=

[
∂ (X′V̂−1X)−1

∂ ŷ
(X′⊗X′)

]
(V̂−1⊗ Im)+

∂ V̂−1

∂ ŷ
(Im ⊗ [X(X′V̂−1X)−1X′]),

the leverage matrix for the fixed effects is given by

L∗(β̂ )=
∂ (Xβ̂ )

∂ ŷ
=

∂
∂ ŷ

[X(X′V̂−1X)−1X′V̂−1ŷ] =
(

∂H1

∂ ŷ

)
(ŷ⊗ Im)+H′

1=H∗
1+H′

1.

Denoting withH∗
1,ii the diagonal element of the matrixH∗

1 for the i-th area, and re-
membering that tr(H′

1) = p, influential observations that affect the fixed-effects es-
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timates, through the estimation of the model variance more directly, can be checked
comparing the quantity(H∗

1,ii −
1
m tr(H∗

1)) with [L∗(β̂ )ii −
1
m tr(L∗(β̂ ))]. When we

assess the potentially influential values, this is very useful in analyzing the contri-
bution to the leverage of the single observation in estimating the model variance,
respect to the marginal leverage. The leverage for the random effects is

L∗(v̂) =
∂ (B1/2v̂)

∂ ŷ
=

∂
∂ ŷ

[B1/2σ̂2
v,REMLB1/2V̂−1(ŷ−Xβ̂)]

= [(B⊗σ2
∂ )(V̂

−1⊗ Im)+ (
∂ V̂−1

∂ ŷ
)(Im ⊗ σ̂2

v,REMLB)][(ŷ−Xβ̂)⊗ Im]

+[Im −L∗(β̂ )](σ̂2
v,REMLBV̂−1).

Combining the above results, we get

L∗(β̂ , v̂) = L∗(β̂ )(Im − σ̂2
v,REMLBV̂−1)+ (σ̂2

v,REMLBV̂−1)

+[(B⊗σ2
∂ )(V̂

−1⊗ Im)+ (
∂ V̂−1

∂ ŷ
)(Im ⊗ σ̂2

v,REMLB)][(ŷ−Xβ̂)⊗ Im]

= L∗(β̂ )[Im − H2(Im −H1)
−1]+H2(Im −H1)

−1+T

T = [(B⊗σ2
∂ )(V̂

−1⊗ Im)+ (
∂ V̂−1

∂ ŷ
)(Im ⊗ σ̂2

v,REMLB)][(ŷ−Xβ̂)⊗ Im].

4 Influence analysis on the MSE area estimates

Now take a look on the influence of observations on the estimation of the mean
squared error (MSE) of the EBLUP estimates. With regard to componentG1 =
diag(g1i) = ΓΨ of MSE, influential area estimates can be detected by

∂G1

∂ ŷ
=

∂
∂ ŷ

(ΓΨ ) =
∂

∂ ŷ
(σ̂2

v,REMLBV̂−1Ψ )

= (B⊗σ2
∂ )(V̂

−1Ψ ⊗ Im)+ [
∂ V̂−1

∂ ŷ
(Ψ ⊗ Im)](Im ⊗ σ̂2

v,REMLB).

Finally we have the influence on the mean squared error component related to the
variation of the fixed effects. Starting from the matrix

G2 = (Im −Γ )X(X′V̂−1X)−1X′(Im −Γ ) = (Im −Γ )U(Im −Γ ),

we have

∂G2

∂ ŷ
=

∂ (Im −Γ )

∂ ŷ
([U(Im −Γ )]⊗ Im)+

∂ [U(Im −Γ )]

∂ ŷ
[Im ⊗ (Im −Γ )],
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where

∂ (Im −Γ )

∂ ŷ
= −(B⊗σ2

∂ )(V̂
−1⊗ Im)+ (

∂ V̂−1

∂ ŷ
Im2)(Im ⊗ σ̂2

v,REMLB),

∂ [U(Im −Γ )]

∂ ŷ
= [

∂ (X′V̂−1X)−1

∂ ŷ
(X′⊗X′)][(Im −Γ )⊗ Im]+

∂ (Im −Γ )

∂ ŷ
(Im ⊗U).

5 Cluster deletion diagnostics and Cook’s distance

Cook’s distance assesses the effects of a more drastic (global) change by removing
an entire data point or clusters. In this section subindex(ℓ) is used for estimators that
are calculated after deleting caseℓ. The Cook’s distance for̂σ2

v is

dv
ℓ =

(σ̂2
v − σ̂2

v(ℓ))
2

v̂ar(σ̂2
v )

,

where var(σ̂2
v ) is the asymptotic variance of̂σ2

v that is obtained from the inverse
of the REML Fisher information matrix. The proposed Cook-type distance for the
EBLUP ŷH

i is

d eblup
ℓ =

(ŷH
i − ŷH

iℓ)
2

mse(ŷH
i )

,

where
mse(ŷH

i ) = g1(σ̂2
u )+ g2(σ̂2

u )+2g3(σ̂2
u )

is the Prasad-Rao (1990) estimator of the mean squared errorof ŷH
i , with

g1(σ2
v ) =

σ2
v σ2

i

σ2
v +σ2

i

, g2(σ2
v ) =

σ4
i

(σ2
v +σ2

i )
2

xi(X′V−1X)−1x′i,

g3(σ2
v ) =

σ4
i

(σ2
v +σ2

i )
3

var(σ̂2
v ).

6 An Application

In this section we present an application of the Fay-Harriotarea-level model to of-
ficial Agricultural Census Data (Survey structure and production of Italian farms
(SPA) year 2007), with the aim to compare the estimates of themarginal leverage
matrix of the fixed effects as developed in Section 3. The dataset contains 103 ob-
servations (areas in our context) that are the Italian provinces. The target variable is
the mean of standard gross profit. The selected auxiliary variables are the mean of
irrigable area and the number of worked days. We estimate theREML random-area
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effect variance and we calculate the derivatives for the construction of the leverage
matrix of the fixed effects in two ways:L(β̂ ) andL∗(β̂ ). We present the results in
the scatter plots appearing in Figures 1 and Figure 2.
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1).

In Figures 1 and 2 we observe some differences in the patternsof dispersion
points fromH1 andH∗

1, as there are less outlying observations on the right-hand
side plot. Regarding the detection of the observations having a remarkable effect on
the estimation of the model variance, matrixH1 captures the influential observations
through the projection matrix ofX with respect toV−1 which is, in turn, affected by
the same outlying observations. InsteadH∗

1 suffers less this effect and is more useful
to detect the observations that are influential for the estimation of the whole set of
model parameters. We may interpret this effect by saying that outlying observations
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in the explanatory variables spaceX will tend to have higher leverage, so thatH1

could be more affected by the correlation ofX andy. This can be noted on the esti-
mation ofV−1, of whichH1 is function. SinceH∗

1 is a function of the derivative of
H1 with respect to the direct estimatesy, it gives more information about the influ-
ence of the observations on the fixed effects when the model variance is estimated.
Figure 2 detects potentially influential observations (above the threshold dashed).
In the left-hand plot we get twice as much influential points that in the right-hand
plot. We interpret this fact by noting that some observations might be influential for
the estimation of the regression parameters when the model variance is known and
they are no more influential when, in addition, the variance is estimated. So some
compensation process is some how acting when fitting the datato the model.

7 Concluding remarks

We introduce the leverage matrix for the Fay-Herriot area-level model when we deal
with the restricted maximun likelihood estimate of the model variance. The prob-
lem of the leverage of observed values on predicted values bythe EBLUP arise
when we consider that, although we utilize convenient estimates, the latter depend
on influential values itself. So the leverage matrix of the model can be affected by
influential observations through the estimates of the modelvariance. Detailed for-
mulae on fixed and random effects leverage matrices are presented. This relations
highlight the contribution of the standard leverage matrices in case of fixedV. In-
fluence analysis on mean squared error estimates are furtherinvestigated. They are
based onm×m2-order matrices, that can be very useful in assessing contribution of
single observations (the small area direct estimates) in the evaluation of the mean
squared error of all areas.
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