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Abstract The problem of clustering functional data is considered nigikinto account possible
misalignment of the data. In the proposed setting, joint alignraedtclustering of curves is de-
fined via the solution of an optimization problem. This is solMeatigh an iterative procedure,
which is detailed in two alternative specifications: a k-meansio@ and a k-medoid version. The
robustness of the alignment and clustering procedure undeiffitiedt specifications is illustrated
via applications to cerebral vascular geometries.

1 Introduction

A frequently encountered problem in functional data arnalissunsupervised clas-
sification of a set of curves. Various authors solve the @obbf curve cluster-
ing developing functionak-mean inspired procedures (see, e.g., [1, 11]). However,
when dealing with clustering of curves, we need also to atmrsa problem which
is peculiar to functional data, namely the possiblisalignmenof the data. An in-
stance of this issue is given by the data in Figure 1, whichreleged to the three
spatial coordinates of 65 Internal Carotid Artery (ICA) tafines (the picture in
particular shows the estimated first derivatives of theatdinensional centerlines).
Clustering of these data is of interest for the identificatid ICA's with different
morphological shapes; however, the evident misalignmgtiiteodata acts as a con-
founding factor when trying to cluster the data, and a plaimcfionalk-mean al-
gorithm would fail to give efficient results (see [10]). Thighlights the need for a
clustering procedure which is able to jointly deal with dalignment.

The problem of curve alignment (or curve registration) hasrbconsidered by
a number of authors. Following a line of research advocayedl ©. Ramsay (see,
e.g., [5, 6, 7]), alignment can be performed defining a slétalmilarity index and
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Fig. 1 Estimated first derivatives,,y’, Z, of the three spatial coordinates of the 65 ICA centerlines.

a class of transformations of the abscissa, and then findiafpeence curve maxi-
mizing the total similarity.

In [10] we proposed a procedure which is ablgdimtly cluster and align a set
of functional data. We stated the problem of joint clustgrémd alignment of func-
tional data as an optimization problem, and we proposedeaative procedure for
its solution. We developed two alternative specificationthis same procedure, a
k-mean algorithmversion and &-medoid algorithnmversion, which only differ in
the chosen approach to the template identification. In thedag fully described in
[10], the template is estimated by means of a loess, in apaldtlp the multivari-
ate and functionak-mean algorithms. In the latter, introduced in [9], the téate
is chosen among the curves belonging to the cluster as ththaheaximizes the
total similarity, thus reducing the potential sensitivitythe presence of anomalous
data.

2 Curve clustering when curves are misaligned

The variability among two or more curves can be thought ofeagny two compo-

nents:phase variabilityand amplitude variability Heuristically, the aim of align-
ment procedures is to fully capture phase variability, etiie focus of clustering
procedures is on amplitude variability. However, in oraeavtoid that one of the two
variabilities acts as a confounding factor while the analistrying to capture the
other, we shall decouple them jointly through a clustering alignment procedure.
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Two basic elements have to be defined in order to fully descaito alignment
Procrustes procedure:

e asimilarity index p(-,-), which measures the similarity between two curves;
e aclass W of admissible warping functigniedicating the allowed transforma-
tions for the abscissa.

Then, aligninge; to ¢, according top, W), means findind* € W that maximizes
p(cioh,cp).

Here we shall consider the following bounded similaritygrdintroduced in [7],
between two curves;, ¢, € HY(R; RY), not constant:

j]R C/lp(s)c/Zp(S)ds
Cho(9205, /i op(5)%ds

with ¢y indicating thepth component ot;. Geometricallyp(cy, o) is the average
of the cosines of the angles between the derivatives of hagools components of
c1 andcy. The two curves are said to benilar when the index assumes its maximal
value 1. The choice of the similarity ind@x-, -) expressed in (1) comes along with
the following definition for the clasé/

1)
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W = {h:h(s) = ms+q with me R" g€ R}, (2)

the group of strictly increasing affine transformationse @ouple(p,W) satisfies
some minimal requirements for coherence, necessary toettseiwell-posedness
of the clustering and alignment optimization problem, aedde the possibility to
obtain a coherent procedure; they are described in [10].

2.1 Clustering and alignment iterative procedure

Consider the problem of clustering and aligning a seh @urves{cy,...,c,} C
Hl(R;Rd). Ideally, in order to solve the problem of clustering andjatent, we
should find thek template curves (one for each of thelusters) and the warping
functions that maximize the total similarity between eadrped curve and the
most similar template. Since this problem is highly noreéinand computationally
intensive, we choose to deal with it through an iterativecpdure.

A schematic flowchart of the proposed clustering and alignnpeocedure is
sketched in Figure 2: given a set ofcurves, the procedure iteratively alternates
template identification stepsnd assignment and alignment stepsdeed, within
the template identification steptemplate curves are estimated on the basis of the
cluster assignments and of the warped curves detected ptahieus iteration; in
the alignment and assignment step, theurves are respectively aligned to one
of the k templates and assigned to the corresponding cluster. Mesply, the
latter is split in two sub-stepglignmentandassignmentin the first sub-step, for
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Clustering and alignment iterative procedure

ncurves

For each curve, find Ak that maximizes similarity between
each template curve ¢g* and the candidate warped curve ¢; o h; ¥

Assign ¢;to the k-th cluster if the similarity between €y* and ¢; ¢ h;¥
is maximal over k=1, 2, ..., Kand then warp c; along h; = h;¥

n aligned and assigned curves, n warping functions and K cluster templates

Fig. 2 Schematic flowchart of the clustering and alignment genergdtite procedure. Indek
refers to the sample unit while indéto the cluster.

each curve, a warping function is found which maximizes thalarity between
the warped curve and each of the templates; in the secondtsppeach curve is
assigned to the cluster to whose corresponding templatesssimilar, and warped
along the associated warping function.

2.2 Template identification

While the assignment and alignment steps constitute a cissaximization prob-
lem, the template identification step can be further dissdi$om a statistical per-
spective. In particular, we should estimate khemplates as the curves that max-
imize within-cluster similarity among all curves belongito H:(R;RY). The ap-
proximation of this infinite dimensional identification fmem has resulted in two
different specifications of the clustering and alignmelicedure, and hence in two
different algorithms:

k-mean alignment algorithm. At each iteration the template is estimated by
means of a loess, with Gaussian kernel and appropriate bmesd parameter,
of the curves assigned to the cluster at the prevoius iterggee [10] for
details on the implementation). The algorithm obtainedhhis specification
for the template identification step is namiednean alignment, in analogy
with thek-mean clustering algorithms for multivariate and functibdata.
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k-medoid alignment algorithm. A more direct approximation to the maxi-
mization of the total similarity, consists in restrictinget set over which the
maximization is carried out, limiting the search to funogdelonging to the
cluster (see [9] for details on the implementation). Theoatgm obtained
with this specification is namekimedoid alignment, in analogy with the
medoid clustering algorithms described for instance ir8]2,

3 Analysisof cerebral vascular geometries

The described clustering and alignment procedure has hemessfully applied
in the analysis of simulated data, and of benchmark datdsefsinctional data
analysis, like the growth curves from Berkeley Growth St(fdyther details can be
found in [10, 12]).

In this Section, we describe the results obtained{nyean andck-medoid align-
ment on the AneuRisk Projéctlataset (previous exploratory statistical analyses of
this dataset are detailed in [7, 10]). Aim of the AneuRiskjé€ebis the evaluation
of the possible effects of vascular geometry and hemodygon the disrupting
pathology of cerebral aneurysm. The data considered inrthlysis here presented
are the three spatial coordinates (in mm) of 65 Internal Whvrtery (ICA) cen-
terlines, measured on a fine grid of points along a curviliresscissa (in mm),
decreasing from the terminal bifurcation of the ICA towatks heart. Estimates
of these three-dimensional curves are obtained by meahsedf-tlimensional free-
knot regression splines, as described in [8]. Figure 1 dyspthe first derivatives,
X,y andZ, of the estimated centerlines. We are interested in cinsté¢he three-
dimensional centerlines, with the aim of identifying ICAisth different morpho-
logical shapes. Since the shape of the ICA influences thegattesis of cerebral
aneurysms through its effects on the hemodynamics, sudsaifitation could in
fact be helpful in the determination of the risk level of aagiypatient.

In the medical literature (see, e.g., [4]) ICAs are classifin I -shaped,Q-
shaped, an&shaped ICA’s, according to the form of their distal part,ethmay
resemble the letterS, Q or S, in presence of zero, one, or two siphons, respectively.
We want here to discuss, in the light of this classificatitwe, ¢lustering results ob-
tained byk-mean and-medoid alignment. Details on these analyses can be found
in [9, 10].

1 The project is a joint research program which involves MOX araltory for Modeling and Sci-
entific Computing (Dip. di Matematica, Politecnico di Milan&pboratory of Biological Structure
Mechanics (Dip. di Ingegneria Strutturale, Politecnicdviiano), Istituto Mario Negri (Ranica),
Ospedale Niguarda Ca’ Granda (Milano), and Ospedale Maggfolielinico (Milano), and is

supported by Fondazione Politecnico di Milano and Siemensdde8olutions Italia.
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Fig. 3 Left: in orange (blue), boxplots of similarity indexes betweke original centerlines and
their mean (medoid) curve, “orig”, and boxplots of similaritgléxes between tHemean aligned

(k-medoid aligned) centerlines and their estimated template&,#ot, 2, 3. Right: corresponding
means of similarity indexes.

Figure 3, left, shows in orange the boxplots of the simyaniidexes between
the original centerlines and their estimated loess (inditan the figure as “orig”),
and the boxplots of the similarity indexes between kkraean aligned centerlines
and the associated estimated templateskferl, 2, 3. In the same panel are also
displayed in blue the boxplots of the similarity indexesaited byk-medoid align-
ment. Figure 3, right, displays the corresponding meaniseo$imilarity indexes, in
orange forkk-mean alignment and in blue fermedoid alignment. Note that both 1-
mean alignment and 1-medoid alignment lead to a large iserethe similarities,
with respect to the similarities of the original curves, bufurther non-neglectable
gain can be obtained in both cases by setkirg?; indeed, an eventual choice of
k=3 is not justified by an additional increase in the similagtiThus, the clustering
and aligning procedure suggests the presendée-a? clusters within the analyzed
centerlines.

Figure 4 compares the first derivatives of 1-mean and 1-ndedldgned cen-
terlines (top left and right, respectively), and the firstieiives of 2-mean and
2-medoid aligned centerlines (bottom left and right, resigely). Both 1-mean and
1-medoid alignment final templates are not able to fully aeptariability in the
data, in particular for values of the abscissa between -80-30. Instead, the bot-
tom panels of Figure 4 show better results. Moreover, thedlusters identified
by both 2-mean and 2-medoid alignment can be described a@-#teaped ICA's
cluster (orange) anfi-shaped ICAs cluster (green).

This can be better appreciated in Figures 5 and 6, that gieettlimensional vi-
sualizations of the two estimated template curves, obddige?-mean and 2-medoid
alignment, respectively. In both figures, in fact, the testglof the orange cluster
is a prototype oif2-shaped ICA (one siphon in the distal part, red circle), whsr
the template of the green cluster is a prototyp&ehaped ICA (two siphons in the
distal part, red circle).
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Fig. 4 First derivatives of 1-mean (top left) and 1-medoid (top rigiiiyned centerlines, and of
2-mean (bottom left) and 2-medoid (bottom right) aligned edimtes, with superimposed first
derivatives of estimated templates (black lines); the curvera®@pends on cluster assignment.

Table 1 Comparison between cluster assignments obtained by 2-mean ando&iraégnment
algorithms (‘Q” stands for theQ-shaped cluster ands® stands for theS-shaped one).
2-medoid
Q S
2-meanQ(34 1

78 3 27

Finally, Table 1 compares the cluster assignments obtdige2tmean and 2-
medoid alignment (" stands for the cluster of2-shaped ICAs, andS’ for the
one ofSshaped ICAS). This table shows that only 4 out of the 65 EKC#&'e differ-
ently clustered by the two algorithms, thus confirming tHeusiness of our cluster-
ing and alignment procedure under different specificatafrthe template identifi-
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Fig. 5 Three-dimensional image of the estiFig. 6 Three-dimensional image of the esti-

mated templates found by 2-mean alignmemhated templates found by 2-medoid alignment

of ICA centerlines. The template of the orangef ICA centerlines. The template of the orange

cluster is a prototype of2-shaped ICA (one cluster is a prototype of2-shaped ICA (one

siphon), whereas the one of the green clustsiphon in the distal part), whereas the one of

is a prototype o5-shaped ICA (two siphons). the green cluster is a prototype®thaped ICA
(two siphons in the distal part).

cation step. Two of these four data might in fact be integutets anomalous data,
one because of the shortness of the observed centerlinthenther because of the
morphological shape, that resembles-ahaped ICA rather than@ or aS-shaped
one.
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