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Abstract The contribution proposes an approach to identify in datasets collected by
statistical offices gross anomalies such as collecting and recording errors or manifest
false declarations. The approach is based on the Forward Search, a robust outlier
detection technique, and its use for automatic data transformations. The work is
motivated by concrete problems in international trade and agricultural census data.
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1 Introduction

The statistical institutions (e.g. the national statistical offices, Eurostat and interna-
tional organisations such as United Nations Statistics Division, WTO, OECD, etc.)
have to ensure the accuracy of the published official data. Many factors can affect
data quality. In collecting numerical data a wrong unit of measurement may be used.
Then, during the usual stages of coding, data entry or data editing, human operators
may introduce recording errors such as the inversion of contiguous digits, the sub-
stitution of one digit with another, the inclusion or omission of one or more digits,
the omission of separator of decimal values (commas or dots). These kinds of er-
rors may obviously affect differently the final statistics,depending on the order of
magnitude of the quantity involved and the position of the mistake in the number.
Statistical analyses must not be exposed to these gross errors and their identification
is therefore of undoubted importance.
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Recording and collecting errors can be treated as any anomalous observation,
i.e. as outliers [5]. Of course, not all anomalous observations are errors. Therefore
procedures for cleaning data from collecting and recordingerrors should be used
with caution to not discharge relevant data. For example, ininternational trade cer-
tain price outliers are informative of specific market dynamics or may lead to cases
of unfair competition or fraud. Similarly, in agriculturalcensus certain anomalous
declarations of breeding could refer to cases that we need tohighlight in subsequent
phases of the analysis. In this paper we will focus on multivariate survey data of
the Italian census on agriculture and bivariate trade data collected by the national
customs and published after appropriate aggregations by Eurostat. We describe our
approach to detect gross outliers in multivariate data in Section 2. Then, in Sec-
tions 3 and 4 we demonstrate the approach on a multivariate dataset, the agricultural
census data from the Italian Statistical Office (ISTAT), anda bivariate international
trade dataset taken from the COMEXT database of Eurostat.

2 Methodologies

The identification of outliers is the main subject of robust statistics, which main
goal is to build estimators independent from model assumption deviations. The ro-
bust statistic discipline has grown considerably in the last two decades and several
methodologies have been proposed in contexts including regression, multivariate
statistic and time series analysis. For the robust analysisof multivariate data one
of the most popular methods is the Minimum Mahalanobis Distance by Rousseeuw
and Van Driessen [8]. It consists in building a subset of the data with the small-
est determinant, computing the desired estimators with reference to this subset and
declaring outliers on the basis of these estimators. The Minimum Mahalanobis Dis-
tance estimators, after proper calibrations built to control the test size, have quite
good power, as shown in [6]. However the Minimum MahalanobisDistance, as most
high breakdown estimators, assume that the data are normal.Unfortunately, in the
contexts addressed in Sections 3 and 4, deviations from normality happen with a
certain frequency and these cases would produce an increasein the number of false
outliers. An approach to treat non-normal data consists in exploring proper transfor-
mations to normality and apply robust estimators on the transformed data. A family
of parametric transformations that can be used for general data was proposed by [9].
This family generalises the well known Box and Cox exponential family [3] that is
applicable to strictly positive data like those of this paper. In multivariate data the
transformation can be applied to one variable at the time (univariate transformation)
or to all variables at the same time. In the following we will consider for simplicity
the univariate transformation case. The Box and Cox family is:

z(λ ) =

{

yλ−1
λ ẏλ−1 λ 6= 0

ẏlog(y) λ = 0
(1)



Detection of gross anomalies in datasets used for official statistics production 3

where ˙y = exp(∑(log(yi)/n)) represents the geometric mean of the data. Ifλ = 1
no transformation is needed, ifλ = 1

2 or λ = 0 or λ = −1, the square root, the
logarithmic and the reciprocal transformations are respectively required.λ is found
as the solution of the multiple regression modelz(λ ) = Xβ +ε. The statistic used in
the Box-Cox test for transformation is the so calledscore test, which indicates the
goodness of a specific transformation valueλ .

The big problem behind the use of the score test is that it is computed using
all the data and therefore it is affected by the presence of outliers. To avoid this
problem, one could remove backward one observation at the time, compute the score
test for then−1 remaining observations and estimate the influence of the removed
observation on the score test. Outliers would have big influence and a significant
score test. Unfortunately this traditional backward approach is subject to the well
known masking effect, that takes place when multiple outliers are present and they
are placed so that one masks the presence of another and none appear significant
in terms of score test (or in terms of other statistics in other contexts). A natural
remedy to the issue is to removek observations at the time instead of 1, and estimate
the score test on the remainingn− k observations. But also this solution is of no
practical use for increasing values ofk, because the problem is combinatorial: the
combinations to test would be

(n
k

)

, beingn the dataset size.
We propose an approach that can at the same time estimate robustly the score test,

select the best transformation parameter, transform the data and detect the outliers
on the transformed data. The approach is based on theForward Search of Atkinson,
Riani and Cerioli [1, 2]. The main idea of the Forward Search is to start from a
small homogeneous subset of the data, chosen for instance asintersection of units
selected with bivariate boxplots, and iteratively includeobservations based on the
Mahalanobis distance measure. The step from am-size sub-sample to the following
consists in taking them+1 observations with smaller Mahalanobis distance values.
The good performances of the Forward Search in terms of both test size and power
have been proved in the multivariate context by [6].

While the search progresses from the initial subsetS(m0) to S(n), one can mon-
itor many statistics relative to the subset or to the observations not yet included. A
robust tool to understand the percentage of observations inaccordance with the dif-
ferent values of the transformation parametersλ is the forward plot of the score test
statistic for transformation for different valuesλ , using a separate search for eachλ .
The trajectories of the score tests together with their confidence bands, can be com-
bined in a single picture named thefan plot [1]. One can choose the most appropriate
transformation value by looking at the overall progressionof the the different tra-
jectories and by selecting the trajectory which, during thecentral-last part of the
search, is more likely to lye inside the envelopes; then one can identify a subset of
homogeneous data in the transformed data and detect the outliers. Typically for large
and complex datasets many transformation parameters should be studied. Here we
limit the analysis to the parameter valuesλ = −1,−0.5,−0.25,0,0.25,0.5,1,1.5
and, if no trajectory is inside the bands, we check if there are twoλ with trajectories
progressing just above and below the bands and reasonably close to them, and we
choose their average.
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3 First case study: agricultural census data

The data collected for the agricultural census can be grouped according to the kind
of farming or breeding that each firm declares to own and they represent the quan-
tity of farming or breeding owned. Any agricultural firm can declare one or more
farming or breeding types. All these are response variablesof a multivariate prob-
lem. The data can be hierarchically clustered according to geographical areas, typ-
ically regions, provinces and communes. We can assume that data from the same
geographical area are homogeneous. Possible outliers are likely to originate from
mendacious or erroneous declarations and recording errors. Severe errors should
be removed to ensure the quality of the census analysis. In this Section we discuss
three representative examples of what we found in agricultural census data and we
show how to treat them with the Forward Search methodology proposed before. To
simplify the exposition, we will analyse data with two variables, sayX1 andX2.

The scatterplot matrix of the first dataset is in the top-leftpanel of Figure 1.
The shape of the points is quite far from the typical ellipsoidal shape of a Normal
distribution. The Forward Search applied to this dataset detects three clear outliers
represented with red circles. Other robust methods are expected to produce the same
result. However, if we apply to each variable the transformation procedure described
in Section 2, we obtain the two fan plots on the bottom panels of the same Figure.
From the fan plot of variableX1 (on the left) we can see that the score test for
transformation parameterλ = 0.25 lies inside its 99% envelopes for almost all the
steps of the Forward Search, while in the fan plot of variableX2 (on the right) it is
λ = −0.25 which lies inside the envelopes. These are the optimal transformations
parameters suggested by the Forward Search. The top-right panel of the same figure
gives the scatterplot matrix of the data transformed with these parameter values. The
elliptical shape, characteristic of normal data, is now evident and the transformed
data look homogeneous. In fact, now the Forward Search detects no outlier.

A second representative case is shown on the top-left panel of Figure 2. Also
in this case the original data are not elliptical and three outliers are detected by
the Forward Search (red circles). According to the fan plotson the bottom panels,
the most appropriate Box-Cox transformation parameters inthis case are 0.5 for
variableX1 and−0.25 for variableX2. Once transformed (top-right panel), the data
have a more elliptical shape and the Forward Search now detects only one outlier.
We have highlighted this outlier as a filled red circle also inthe scatterplot of the data
in the original scale (top-left panel). At first sight the result seems counter-intuitive:
the filled red circle coincides with none of the three outliers detected in the original
scale data (red circles) and, besides, it seems situated well in the cloud of the data.
In reality, it corresponds to the observation with the lowest value (3) of variableX2.

The third representative dataset is reported on the left panel of Figure 3. These
data, characterised by a very high dense area in correspondence ofX1 = 10000 and
X2 = 0, are again far from the elliptical normal shape. However, contrary to the pre-
vious cases, the fan plot for variableX1 (right panel) suggests that none of the tested
transformation values are suitable for such data. All scoretest statistic trajectories
deviate from the bands since the first steps of the search. At this point the fan plot
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Fig. 1 Agricultural census dataset 1 (48 observations). On the top-left panel, the original dataset
with detected outliers (red circles). On the top right panel, the transformed data: no outliers de-
tected. On the bottom, fan plots for variablesX1 (left) andX2 (right): in both cases at least one
trajectory stays well within the envelopes.

for variableX2, that we do not report, is useless. The Box-Cox transformation is not
appropriate to these data but other transformation models might be tried.

4 Second case study: international trade data

We use a set of trade flows extracted from the Eurostat COMEXT database to
present a forth scenario, where the fan plot trajectories donot progress constantly
within the Box Cox bands. While the agricultural census dataare typically grouped
in sets of the order of one hundred observations, international trade data can include
thousands of observations. This specific dataset includes five years of monthly ag-
gregates of imports of a fishery product in the European Union. Its main features are
the potential presence of multiple populations and the variability increasing from
bottom-left to top-right. The variableX2 is the trade value in thousands of Euros and
X1 is the trade volume in Tons. Given the theoretical relation between trade value
and volume, the dataset could be addressed more naturally asregression problem,
eventually considering the transformation of only the response (trade value) or of
both variables simultaneously (see [1], p.121). However, in what follows we show
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Fig. 2 Agricultural census dataset 2 (121 observations). On the top-left panel the original scale
dataset, with 3 outliers (empty red circles). The filled red circle represents the outlier detected in
the transformed data (top right panel). On the bottom, fan plots for variablesX1 (left) andX2 (right).
In both cases at least one trajectory stays well within the envelopes.
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Fig. 3 Agricultural census dataset 3 (81 observations). On the left panel, the original scale dataset
with many outliers detected (red circles). On the right panel, fan plot for variableX1: since all
trajectories deviate from the envelopes, the Box-Cox transformation model is not appropriate.
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that a large amount of information can be extracted even by approaching the data
as multivariate problem, as in the previous Section, and by transforming the two
variables independently, with the results shown in the bottom panels of Figure 4.

There is no trajectory completely inside the bands, but the methodology of Sec-
tion 2 estimates that a reasonable transformation parameter is the average of the
two λ associated with the trajectories lying just above (λ = −0.25) and just below
(λ = 0) the bands. On the original data the Forward Search identifies a dense homo-
geneous sub-population and declares abnormal so many observations that the plot,
not represented here, becomes uninformative. On the contrary, on the transformed
data the Forward Search detects only 12 outliers, most of which almost overlapping
near the origin of the axes (top right scatterplot of Figure 4). The top left scatterplot
of Figure 4 highlights their position in a zoom of the data in original scale.

One of these 12 outliers is the trade flow with highest unit price in the dataset
(110.9 Euro) and the other 11 are flows characterised by few tons of product of
extremely low price: their mean price is of 3.6 Euro while thepopulation mean
price is of 14.91 Euro. Note that, being the transformation parameter negative, the
low prices appear above the bulk of the transformed data while they are obviously
in the lower part of the original scale data. The 11 low price outliers are among
the 16 lowest price flows in the dataset. The other 5 lowest prices can be easily
identified in the scatterplot of the transformed data for their close position to the
outliers. The fact that they were not detected as outliers might be interpreted as a
failure of the procedure due to the fact thatλ was selected by interpolation between
two sub-optimal cases.

5 Conclusion

We have discussed a Forward Search based procedure to find multivariate outliers
in data that require transformation of the variables. We used datasets ranging from
few tens to few thousands of observations, so that to test thestatistical and compu-
tational properties of the procedure. The four cases were selected to show different
transformation scenarios. When the original data deviate from normality assump-
tions, outliers may be miss-declared and results in transformed data should be more
reliable. To test more extensively the procedure we need extending the approach to
multivariate joint transformations. This paper has not touched upon the regression
context. However we anticipate that if one applies the aboveprocedure only to the
response variable of the international trade dataset, no transformation is suggested
but then the outliers detected on the basis of the minimum deletion residual (see
[1], p. 24) are many and certainly not limited to potential collecting and recording
errors. Again, we need extending the approach to the simultaneous transformation
of both response and explanatory variables. The procedure can be finally extended
to more complex datasets affected by multiple populations along the lines of [7].
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Fig. 4 Fishery data (2379 observations). On the top right panel thescatterplot of the transformed
data with 12 outliers, also highlighted in a zoom of the original scale scatterplot (top left panel).
On the bottom, fan plots for variableX1 (left) andX2 (right): in both cases the transformation value
is set to beλ = average(0;−0.25) = −0.125, as no trajectory is inside the bands.
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