Detecting contemporaneous mean co-breaking
via ART

Carmela Cappelli and Francesca Di lorio

Abstract In this paper we propose a procedure to detect the presenogwéaking
i.e. of a common structural break occurring at an unknowe dat vector of time
series. Co-breaking occurs if a linear combination of tineetiseries cancels the
break. Our procedure employs a regression tree based @ppnamely ART, to
detect the presence of breaks in the mean of each comporentwtidimensional
time series and Principal Component Analysis to estimatériear combinations of
the vector series. On each linear combination ART is peréafagain to detect the
presence of a break. The combination that "hides” the caling time is the one
minimizing the employed splitting criterion. A simulatistudy has been carried out
to evaluate the performance of the proposed approach wkes#s are presented
and discussed.
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1 Introducion

In recent years the analysis of common features in economdidimancial time se-
ries has emerged as a relevant topic of research (for anievesee Urga, 2007).
Indeed economic or financial time series might have sevésaihdtive features and
the knowledge that a group of variables presents the sangedf/feature offers
valuable information for modelling, policy making and foasting.

The notion of common features was formalized by Engle anddko£1993): a
feature possessed by a group of series is said to be commbade series if a lin-
ear combination of the series does not have the feafidegelopments of common
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features includeo-breakingintroduced by Hendry (1996) and Hendry and Mizon
(1998). In particulacontemporaneous mean co-breakisgefined as the cancella-
tion of location shifts of individual series across lineaninations of these vari-
ables. In general, in the last two decades the literaturgwétsiral breaks has flour-
ished and relevant contributions have been provided by BaiRerron who have
presented in various papers (1998, 2003, 2006) a compriebatiscussion of the
issue providing estimation methods, testing procedurdsanfidence intervals for
dealing with multiple structural breaks occurring at unkmalates in a regression
framework. In this streamline, Cappelli and Reale (2008ppsed a fast method
called ART (Atheoretical Regression Trees) that mimicsd@al Perron break dates
estimation procedure by employing Least Squares Regre3sees to locate the
breaks. Extensive simulation studies, comparison witha®al Perron’s and other
current methods as well as applications to various real sierees have provided
evidence of the usefulness of the approach (see Capgpealli2008 and Rea&t al
2009). In this paper we present a ART-based procedure tetd=iatemporaneous
mean co-breaking. In particular, ART is employed for thdiprimary identification
of breaks in the mean of each one-dimensional component afladimensional
time series. The corresponding break dates representdzgadio-breaking dates
and thus they are employed to delimit an interval on whiclmépial Component
Analysis (PCA) is recursively performed to generate thedincombinations of the
series. On each linear combination ART is performed agaidentify the best one
that "hides” the co-breaking date. Although the use of PCAdsnew in the field
of common feature analysis, our approach represents amegimant as it enables
the date of the contemporaneous mean co-breakingagbieri unknown i.e. to be
estimated along the procedure. According to the curresriitire on the topic we
focus on a single level shift and we present the results ahalsition study carried
out considering contemporaneous mean co-breaking inuardels.

2 Atheoretical Regression Trees for structural break analgis

In this section we discuss the issue of detecting multiplettral breaks and we in-
troduce the ART method proposed by Cappelli and Reale (2@06fate multiple
breaks in the mean occurring at unknown dates; finally we dimwthe procedure
can be employed for co-breaking analysis.

Lety; be a series characterized Byregimes and@ — 1 breaks, with =1,...,T.
The objective is to estimates a set of a break-daftgs.(, Tg,..., Te—1) that define
a partition of the serieB(G) into homogeneous subintervals with respect to some
characteristic. In case of level shifts, the subserieswsle thatug # g 1. To iden-
tify these type of breaks a common estimation criterion &seldeon the least square
principle that yields to
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with To = 0 andTg = T. Cappelli and Reale (2005) showed that Regression Trees
can be employed to identify multiple breaks in mean occgrahunknown dates.
The procedure called Atheoretical Regression Trees (ARTkswithin the frame-
work of Least Square Regression Trees (hereafter denot8d ) fRat are based on
the same objective function as the 1. In LSRT a nbdéesplit into its left and right
descendantk, andh; to reduce the deviance of the response varigpfiting to
each node the mean of the correspondiisgvalues (for complete discussion the
reader is referred to Breimaet al, 1984). Thus, the algorithm selects the split that
maximizes the difference:

SSRh) — [SSRh) + SSRy)] )

whereSSRh) = 3y cn(yt — u(h))z, is the residual sum of squares for ndgl¢ (h) is
the mean of the; values in nodé andSSRh;) andSSRh;) are the corresponding
quantity computed for the left and right descendants, i&@sfdy. Once the binary
partition of a node is performed, the splitting process iglied to each subgroup
separately, and so on recursively until either the subgroeach a minimum size or
no improvement of the criterion can be achieved. LSRT presil practical tool for
locating structural breaks in the mean of long time seri¢a.da

At this aim, letw be an arbitrary ascending (or descending) sequence of etehpl
ordered numbers, for sake of simplicity take=1,2,..., T. Tree regressing onw
yields to a partition of the series into homogeneous subgdssuch thafily # [ig 1.
The split points in the tree identify the break-dates whetka different regimes are
given by they; values falling into the tree terminal nodes.

Note that, according to the common practice, breaks arelseadrinto a proper
interval, i.e.mingps < w < T — Mingps, Whereming,sis a minimum number of obser-
vations needed for modelling, estimating and testing psepo

As in any tree procedure a criterion to select the relevas¢bbf splits, i.e. the set of
final breaks and corresponding regimes, is needed. At thissither retrospective
pruning or a stopping rule based on a testing procedure camptyed (for details
see Reatal, forthcoming). ART mimics the well known break estimatimethod
of Bai and Perron (1998, 2003) whose method is computatioeapensive be-
cause it is a global minimizer of the sum of squares resid@aighe contrary, ART
is not a global minimizer as Bai and Perron’s method but its&faster. Extensive
simulation studies and comparison with Bai and Perron’soetaind other current
methods can be found in Cappedtial (2008) and Reatal (forthcoming) where it
is shown that ART provides comparable results and, in pddidt performs well in
the simulations for long series for which the compute tinoegtie Bai and Perron’s
method may be prohibitive.
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2.1 Co-breaking analysisvia ART and PCA

The notion ofCommon Structural Breakstroduced by Hendry (1996) and Hendry
and Mizon (1998) can be formalized as follows. bgt= (yi,...,Ynt)’ be an-
dimensional vector of time series with=0,..., T and

Elyo] = Lo

the unconditional expectation around an initial paramation.
A Location Shift is said to occur iw; if, for somet > 0

E(yt— Ho) = ¢ €R"

andp # p-1.
Contemporaneous Mean Co-breakii@MC) occurs when

E[Wy—W o =%k =0

whereW is a(n x r) matrix of rank(r). Then the linear transforng’y; are inde-
pendent of the location shifts and thus they cancel the break

It is worth noting that so far co-breaking literature hasrbéeveloped assuming the
knowledge of the location shift timing (for an overview seertdry and Massmann,
2007). On the contrary we propose a procedure to deal with @btTirring at an
unknown date, i.e. to detect the presence and timing of eaking. The procedure
employs Principal Component Analysis (PCA) to generatditfear transforms in
the framework of ART and it can be summarized as follows:

1. Apply ART to each of the one-dimensional component of time tseries vector
Yyt to detect a single break in the mean andrlet (11...1j...Ty)/ be the vector
of the identified break points i.g; is the best split of thg¢ — th series ofy; into
two subintervals, wherg=1,..nandmingps < 7; < T — Mingps

2. Lettym andty be the minimum and maximum among thes values thus they
represent the earliest and latest candidate co-breakitegrdspectively. Con-
sider the intervalta = (tm — V);tp = (Tm + V)] where=+v is added to expand
the searching interval. For each possible partition okthimsingty < k <ty as
cut-point, estimate the PCA linear combinatigyn= Y&, whereg is the(n x 1)
eigenvector corresponding to the largest eigenvalue ofdineslation matrix of
they; series and = (y1...yn) is the(T x n) matrix that collects the observed
time series.

3. Oneach linear combinatiap ART is performed and the best linear combination
Zx+, i.e. the one "hiding” the co-breaking date, is the comhorathat shows the
minimum value of the splitting criterion (2).

4. The estimated co-breaking date is the cut pkint

It's worth noting that both the preliminary identificatiori the candidate co-
breaking dates and the analysis of the linear combinatiengfit from a fast ap-
proach such as ART to locate the break due to large memory amgwting re-
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quirements.

Also Note that in this context neither a pruning proceduraatopping rule is
needed because a single contemporaneous mean co-breagasgched, thus only
the first split is performed and evaluated.

3 Simulation study

In order to evaluate the ability of our procedure to detectMOCoccurring at an
unknown date, we have carried out a simulation study corisigiéwo alternative
DGP: a basiAR(1) model and arARMA(2,1) model. In both cases we generated
1000 Monte Carlo replications of a 3-dimensional vectoiimktseries; witht =
1,...,200. Each series has a structural brealgithat occurs at tim&. TheAR(1)
model setting is as follows:

_@ot oyt El<t<to .
ylt_{¢;0+¢j,lyj,t1+ej,t torl<t<200 1123 3)

whereg;j; are idiosyncratic gaussian error termps= {0.5,0.7,0.4}, and, at the
aim to obtain an heterogenous set gpg and@;’, are generated from the Uniform
variatesig; o ~ Uniform(1;1.3), ¢ ~ Uniform(3,3.3) and their values are fixed
along the Monte Carlo experiment.

In theARMA(2,1) setting

_ { Go+ @ 1Yjt-1+@2Yjt—2+0j181-1+¢&; 1<t <t 1923
Yit= Got@ayit-1t@Yjt2+6 16 -1+&tlo+1<t <200 I=5as

4)
gj+ are idiosyncratic gaussian error terms and the coefficiahies areq, =
{1.5,0.7,0.2}, @ = {-0.7,-0.2,0.3} and, ¢ o and @y are generated as in the
previous case from the above seen Uniform variates.
Figure 1 depicts one of the 1000 Monte Carlo replicationsegaied according to
(3) and (4) respectively.

To give an insight into the problem, in Figures 2 and 3 we refooithe two DGP
the estimated PCA linear combination associated with thgahco-breaking time
t =100 (left panel) and the linear combination associated 80 (right panel),
that is 20 observations before the true co-breaking point.

As we can see in both cases the linear combination corregsppim the erro-
neous co-breaking date (tinhe= 80) does not cancel the break, on the contrary it
shows a false appearance of 2 breaks whereas the linearrmatiobicorresponding
to the actual co-breaking date shows no evidence of breaks.

The procedure described in section 2.1 has been appliedgsé&it both DGP
Mingps = 80 andv = +3. The results, averaged over the 1000 MC replications, are
summarized in Table 1 where, for the two DGP we report the E@grlo mean of
the earliest and latest co-breaking dateand 1y respectively (the associated stan-
dard errors are given in brackets) and the percentages @otadentifications %i



Carmela Cappelli and Francesca Di lorio

[

-
1 CA RS R T
e /\M ; ﬁ\ b B A
R R T
| i \
Y A
100 150 200
Fig. 1 lllustrative example of the simulated 3-dimensional vecictime series. Left panedAR(1)
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Fig. 2 AR(1) model: linear combination corresponding to the actual emking time (t=100) and
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Fig. 3 ARMA2,1) model: linear combination corresponding to the actual emking time

(t=100) and to t=80.

i.e. the number of correctly identified CMC dates within wais intervals around

the actual date.
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Table 1 Results for 1000 MC replications; co-breaking at tim&0T (t = 100)
Tm Tm %Ci+6 %ci+4 %ci+2 %ci+1
AR(1) 100.2 101.8 99.7 949 60.1 427
(1.68) (1.64)
ARMA2,1) 98.7 103.3 95.7 84 49.7 335
(4.68) (4.51)

We see that the values of, andty i.e. of the mean earliest and latest break date
are very close to each other (especially for#i1) model) and to the actual break
datet = 100, confirming that ART is very effective in identifying theeak date
on individual series. As to its application to the linear ¢conations together with
the selection criterion described in section 2.1 it prosigercentages of correct
identifications over or close to the 50% in th€ interval around the actual break
date reaching the 98% and 95/% in the intervah-6. As expected the percentages
of correct identifications tend to be higher for th&(1) model but, for both DGP
the results show that the proposed approach representsésprg fast tool to detect
a relatively short interval to focus on for further analyaisl investigations.

In order to evaluate how sensitive is the method is to thetiposof the break we
have carried out a further simulation considering a breéiktt = 150. The results
are reported in Table 2.

Table 2 Results for the 1000 MC replications, co-breaking at tin#s& T (t=150)
Tm v %Ci+6 %ci+4 %ci+2 %ci+1
AR(1) 150.1 151.7 99.6 96.3 69.2 46.6
(1.82) (1.75)
ARMA2,1) 148.2.7 153.1 96.7 87.8 55.5 37.5
(6.68) (4.00)

As in the previous case the valuesmfandty are close to each other and, sur-
prisingly, the percentage of correct identifications aighsly higher.
The simulations have been carried out with GAUSS routined, an a Intel Core
Duo 1.8 GHz, the CPU time was 2min and 48sec for the break atttim100 and
and 3 min 12 set= 150.
Finally note that in principle, the approach could be agpseparately to the sub-
series identified by the co-breaking date to detect furtheaimto-breaking and we
are currently investigating this issue. Preliminary siatigins carried out consider-
ing two CMC show that the performance of the procedure deperttie size of the
breaks: if one break is noticeably larger then the other,\ierg high percentages
of cases it is correctly detected by our procedure and the®bthe subseries con-
tains the other break and the procedure tends to detecttti@s lareak too although
with lower precision. Actually this is a common problem irusttural break analysis
because, in general, small breaks are difficult to deted¢hemresent case, further
simulations are needed to assess the extent and burdendiffénence between the
two co-breaking sizes.
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4 Conclusions

In this paper we have proposed a procedure to detect a cootangbus mean co-
breaking occurring at an unknown date in multivariate timees. Co-breaking rep-
resents a development of common features whose presentiesrtmat a linear
combination of the series cancels the feature.

Our approach employs a fast approach, namely ART, for thdifitation of breaks
and Principal Component Analysis to generate the lineahdoations of the series
that are then analyzed again by ART to identify the one thatains the co-breaking
date.

The results of the simulation studies have shown that thpge®d procedure
provides high percentages of correct identification of thetemporaneous mean
co-breaking date date and thus it helps to identify interttzdt are likely to contain
the co-breaking date.

However, further, extensive simulations are needed tsaske performance of the
proposed approach when co-breaking size is moderate of, svhain co-breaking
occurs in the tails and in case of multiple breaks.
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