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Abstract Small area estimators based on M-quantile regression have been recently
introduced by [4]. The aim is to obtain reliable small area estimates robust with re-
spect to the presence of outliers and without the demanding distributional assump-
tions typical of the predictors based on linear mixed models. These M-quantile pre-
dictors do not make use of the unit level survey weights and, as a result, they are not
design consistent as the area sample sizes become large, unless the sampling design
is self-weighting within areas. In this paper, exploiting a GREG-like representation
of the bias-adjusted M-quantile predictors, we introduce design consistent small
area estimators based on quantile regression that use unit-level sampling weights.
These estimators are compared with pseudo-EBLUP predictors, and a bootstrap al-
gorithm for the estimation of their design-based variance is introduced.
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1 Introduction

In statistical inference about a finite population, estimates of population descriptive
quantities for a target variable y are usually needed for the population as a whole
and for different collections of sub-populations (domains or areas). A small area
estimation problem arises when the available samples are not large enough to allow
for reliable estimation using standard design-based estimators for all or most of the
domains (areas) being considered. A large and growing literature is devoted to this
subject; see [11] for a general introduction to the topic.

All small area estimation methods are based on the availability of population-
level auxiliary information to improve the precision of estimation process. They
have their own specificity in the way of linking auxiliary information and target
variable and in the properties of the obtained small area predictors.

Unit-level models, including nested error regression [1], multi-level [10] and,
more recently, quantile regression models [4] are used to obtain efficient model-
based predictors of small area means and other parameters. In particular we will
focus on this latter class of models; they are based on the assumption of a quantile-
specific linear relationship between y and x, and, differently from nested error re-
gression and multilevel models are free of distributional assumptions. Moreover the
recourse to M-estimation of quantile regression coefficients as in [4], protects from
presence of outliers and influential observations and do not require explicit specifi-
cation of the random part of the model.

Model-based estimators typically do not make use of the unit level survey
weights; as a result the estimators are not design consistent as the area sample sizes
become large, unless the sampling design is self-weighting within areas, but this is
seldom the case in practice. Several methods have been proposed to make use of
survey weights in small area estimation based on linear mixed and generalized lin-
ear mixed models ([8], [12], [6]). This paper proposes a design consistent estimator
based on M-quantile regression.

In section 2 the estimator is introduced and its properties explored. In section
3 we introduce a simulation exercise comparing weighted and non-weighted M-
quantile based small area estimators along psuedo-EBLUP (design consistent) and
EBLUP predictors associated to linear mixed models.

2 A design-consistent small area estimator based on M-quantile
regression

Let’s suppose that a population U of size N is divided into m non overlapping subsets
(domains of study or areas) of size Ni, i = 1, ...,m. We are interested in a target
variable y and more specifically in estimating the area level means Ȳi = N−1

i ∑
Ni
j=1 yi j.

Suppose that a sample is drawn according to some, possibly complex, sampling
design from the population, so that area-specific samples of size ni ≥ 0 are available
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for each area. Values of yi j and p−vector of auxiliary variables xi j are known only
for sampled values; moreover we assume that area means of auxiliary variables X̄i
are accurately known.

A recently proposed approach to small area estimation is based on the use of M-
quantile models (see [4]). Since much of the development in this paper is based on
the application of linear quantile/M-quantile regression, we now give a brief defini-
tion of these concepts. Ordinary linear regression is based on the idea of modelling
the expected value of the dependent variable as a function of the regressors; that is,
in our notation, on the assumption that E(yi j|xi j) = xT

i jβ . In quantile regression it is
the q-th quantile that is assumed to be a linear function of the auxiliary information,
i.e. Qq(yi j|xi j) = xT

i jβ (q), q∈ (0,1). This means that a distinct (hyper)plane is fitted
to the data for each q ∈ (0,1) according to quantile-specific regression coefficients
β (q). See [7] for a general introduction to quantile regression. The vector of β (q)
may be determined according to some minimization criteria such as least absolute
deviations. [2] introduced the application of robust M-estimation to quantile regres-
sion. M-quantile regression provides a ‘quantile-like’ generalization of regression
based on influence functions. For specified q and influence function ψ , estimate of
the vector of the regression parameters β ψ(q) may then be obtained by solving the
following normal equations:

m

∑
i=1

ni

∑
j=1

ψq(yi j−xT
i jβ ψ(q))xi j = 0,

in β ψ(q), where ψq(r) = 2ψ(s−1r)
{

qI(r > 0) + (1− q)I(r ≤ 0)
}

. The influence
function ψ may for instance chosen as in Huber proposal 2 (see [5]) , i.e. ψ(r) =
rI(−c ≤ r ≤ c)+ csign(r) as we will do in the application of next section; in this
case c is a tuning constant assumed to be bounded away from 0. The quantity s in
the definition of ψq(r) is a robust estimate of the scale of the data such as the mean
absolute deviation s = med |r|/0.6745. For specified q an estimate β̂ ψ(q) of β ψ(q)
is then obtained via iterative re-weighted least squares.

Following [4] an alternative to random effects for characterizing the variability
across the population not accounted for by the regressors, is to use the M-quantile
coefficients of the population units. For unit j in area i with values yi j and xi j, this
coefficient is the value θi j such that Qθi j(yi j|xi j;ψ) = yi j. [4] observe that if a hi-
erarchical structure does explain part of the variability in the population data, units
within areas defined by this hierarchy are expected to have similar M-quantile co-
efficients. When the conditional M-quantiles are assumed to follow a linear model,
with β ψ(q) a sufficiently smooth function of q, the following predictor of Ȳi may be
proposded:

ˆ̄Y MQ
i = N−1

i

[
∑
j∈si

yi j + ∑
j∈ri

xT
i jβ̂ ψ(θ̂i)+

Ni−ni

ni
∑
j∈si

{yi j−xT
i jβ̂ ψ(θ̂i)}

]
, (1)

where θ̂i is an estimate of the average value of the M-quantile coefficients of the
units in area i. These unit level coefficients are estimated by solving Q̂q j(yi j|xi j;ψ)=
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yi j for q j with Q̂q denoting the estimated value of Qq(yi j|xi j;ψ) at q. When there is
no sample in area i then θ̂i = 0.5.

We may refer to (1) as the bias adjusted M-quantile predictor of Ȳi that is derived
as the mean functional of the [3] estimator of the distribution function. It may easily
be shown that (1) has an interesting GREG-like representation:

ˆ̄Y MQ
i = n−1

i ∑
j∈si

yi j +
{

N−1
i ∑

j∈Ui

xT
i j−n−1

i ∑
j∈si

xT
i j

}
β̂ ψ(θ̂i). (2)

Put in the form (2), ˆ̄Y MQ
i may easily be modified to make use of unit level survey

weights; that is

ˆ̄Y MQ
iw = ȳiw +

(
X̄i− x̄iw

)T
β̂ ψ(θ̂i) = ∑

j∈si

wi jyi j +
(

∑
j∈Ui

xT
i j−∑

j∈si

xT
i jwi j

)
β̂ ψ(θ̂i), (3)

where wi j = w̃i j/∑ j∈si w̃i j and w̃i j = π
−1
i j are the inverse of the inclusion probabil-

ities. If we assume β ψ(θi) known, it is straightforward to note that ˆ̄Y MQ
iw is design

unbiased and consistent under ordinary, mild conditions on the sampling design. For
a given quantile q, a weighted estimator β̂ ψw(q) may be obtained as the solution of
the following system of estimating equations:

m

∑
i=1

∑
j∈si

w̃i jψq(yi j−xT
i jβ (q))xi j = 0, (4)

using re-weighted least squares. Note that β̂ ψw(θi) is a design consistent estimator
of Bψw(θi) defined as the solution of the following system of ‘Census’ equations:

m

∑
i=1

∑
j∈Ui

ψq(yi j−xT
i jβ (q))xi j = 0. (5)

Design consistency of ˆ̄Y MQ
iw follows regardless of the chosen θi. In practice, a feasi-

ble ˆ̄Y MQ
iw will be obtained replacing q with an estimated θ̂i along the lines illustrated

above.
For fixed θ̂i a variance estimator based on Taylor linearization for area i is given

by

V̂ ( ˆ̄Y MQ
iw ) = N̂−2

i ∑
j∈si

∑
k∈si

πi jk−πi jπik

πi jk

(yi j−xT
i jβ (θ̂i))

πi j

(y jk−xT
ikβ (θ̂i))

πik
, (6)

where N̂i = ∑ j∈si wi j. The estimator is a first order approximation because (6) does
not take into account both the variability due to the estimation of the value θ̂i and
that associated to the estimation of β̂ ψw(q). Since the M-quantile estimator is an
approximately unbiased estimator of the small area mean, the squared bias will not
impact significantly on the estimator’s mean square error MSE

( ˆ̄Y MQ
itw

)
. An estimator
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of the MSE taking into account all sources of variability, can be found implementing
a bootstrap procedure ([9], chapter 11). The bootstrap procedure is briefly described
as follows:

• Using the sample data to build an artificial population U∗ by using the sample
weights wi j.

• Draw T independent samples s∗ from U∗ by using a design identical to the one
used to draw s from U .

• For each bootstrap sample compute the replication ˆ̄Y MQ∗
itw of ˆ̄Y MQ

itw for i = 1, · · · ,m
and t = 1, · · · ,T .

The bootstrap estimator of the MSE of ˆ̄Y MQ
iw for each small area can be computed as

M̂SE i = T−1
T

∑
t=1

(
ˆ̄Y MQ∗
itw − ˆ̄Y MQ

iw

)2
.

3 A simulation exercise

In this section design-based simulation experiments are carried out to evaluate the
performance of the ˆ̄Y MQ

iw estimators in the context of real population and realistic
sampling methods. The population underpinning the simulation, denoted MU284,
is taken from [9]. The data consists of N = 284 municipalities in Sweden. The vari-
able of interest is the revenues from 1985 municipal taxation (y = RMT 85) and it
follows a highly skewed distribution. The covariate is the real estate values accord-
ing to 1984 assessments for each municipality (x = REV 84). The municipalities
making up the population are grouped into 8 regions that are defined, in our sim-
ulations, as the small area of interest. Samples of municipalities are drawn under
the Poisson sampling scheme with three different methods to construct the selection
probabilities:

• Scenario 1: π j ∝ 0.2x j + 0.05 where x j = REV 84 j is highly correlated with the
study variable (ρ > 0.9);

• Scenario 2: π j ∝ SS82 j where SS82 is the number of Social-Democratic seats
in municipal council and it has a medium correlation with the study variable
(ρ ≈ 0.3);

• Scenario 3: π j ∝ z where z are generated as independently and identically dis-
tributed from a lognormal distribution with a mean of 1 and a standard deviation
of 3 on the log scale and it is not correlated with the study variable.

Each scenario is independently simulated 10000 times. The predictor (3) is com-
pared to the ˆ̄Y MQ

i , the P-EBLUP of [12] and the EBLUP estimator of [1]. The per-
formance of these estimators across the different areas and simulations is assessed
by computing the mean and the median values of their area specific relative bias
(Rbias) and relative root mean squared error (RRMSE). Table 1 sets out these mean
and median values for the different simulation scenarios and different estimators.
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Mean area revenues are estimated with less bias under the MQ approach, even when
MQ estimator is crude as not modified by the sampling weights. This is probably
due to the presence of outliers in the data and to the skewness of the distribution
of the study variable. Under varying probabilities sampling designs, the result is
confirmed, but the major effect in reducing bias is achieved when the probabilities
are highly correlated with the study variable and they are included in the expres-
sion of the estimator. In Scenario 1 the relative bias of ˆ̄Y MQ

w is about one half of
the P-EBLUP bias, and in Scenario 2, even if the correlation is reduced, the ˆ̄Y MQ

w
estimator has the minimum value of bias (mean RBias 0.39) of the whole result set
of the simulation. As concerns the variability, MQ and EBLUP approach to estimate
the mean give competing results when the estimators are not weighted, although it
seems on average that EBLUP is slightly more accurate in this simulation set. How-
ever, when introducing highly correlated weights in Scenario 1, ˆ̄Y MQ

w is less variable
than P-EBLUP. The gain in precision is not confirmed when we relax the correla-
tion between the probabilities and the study variable (Scenario 2) or we generate
independent weights (Scenario 3).

Table 1 Mean and median values of the Rbias and RRMSE for the three scenarios and the small
area predictors.

ˆ̄Y MQ
i

ˆ̄Y MQ
iw EBLUP P-EBLUP

Scenario Index Rbias
Scenario 1 Median -19.96 -0.97 -48.33 -3.80

Mean -11.17 -1.60 -48.19 2.11
Scenario 2 Median 1.06 0.39 -6.13 -1.88

Mean 2.37 0.62 -1.90 1.42
Scenario 3 Median -7.73 -6.00 -10.83 -10.82

Mean -4.98 -4.39 -7.53 -7.08
RRMSE

Scenario 1 Median 34.74 14.64 54.76 16.32
Mean 51.63 17.22 62.22 22.38

Scenario 2 Median 25.32 22.14 22.90 18.87
Mean 29.69 24.58 25.79 23.53

Scenario 3 Median 22.59 27.84 20.10 23.43
Mean 21.73 27.13 18.96 23.65

In the simulation we have also investigated the performance of the bootstrap
procedure of MSE estimation. The behaviour of the ’true’ root MSE estimated from
MC replications and its estimator for each area is shown in Figure 1. It can be seen
that the bootstrap MSE estimator for the MQ tracks the irregular profile of the area-
specific empirical MSE very well.
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Fig. 1 Region-specific values of actual design-based RMSE (solid line) and average estimated
RMSE (dashed line). The estimates of RMSE are obtained by bootstrap procedure.
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