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Abstract Data depth is a rapidly growing area in nonparametric statistics, espe-
cially suited for the analysis of multidimensional data. This paper covers influence
functions and robustness, depth-based dispersion measures and a generalization of
the basic naotion of depth function, called local depth, able to cope with multimodal
data.
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1 Introduction

Data depth provides a coherent framework for nonparametric analysis of multivari-
ate data and is currently registering several new methodological achievements. Let
X = (X1,...,Xp)T be a random vector with distribution F and let Fa}, denote the
distribution of AX +b. A depth function d(-;F) : RP — R* U {0p} should meet
several requirements (Liu, 1990; Zuo and Serfling, 2000):

1. affine invariance, i. e., d(x;F) = d(AXx+b;Fap);

2. if F is centro-symmetric about ¢ € RP, then d(c;F) > d(x;F) for all x € RP;

3. ray—monotonicity: if 8 € RP satisfies d(0;F) > d(x; F) forall x € RP, then d (6 +
A1U;F) > d(0 + Ayu; F) for any p-vector uand 0 < A < Ay;

4. whenthe norm || x || is large enough, the rank of x is negligible, i. e., lim | _, d(X;F) =
0.
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The main result of data depth is a ranking of the points of Euclidean space with
respect to F which describes the degree of centrality of x, highest values corre-
sponding to the center of the distribution, lowest values corresponding to the tails.
Several depth-based functionals summarizing the features of F have been suggested.
The most important one is the deepest point 8(F) = argmaxxd(x; F) describing the
location of F. In general, for a given depth value d > 0, one can consider the depth
regions D(d;F) = {x e RP: d(x;F) > d} whose boundary is the d-contour of the
depth function. When properties (1) to (4) hold, the depth regions form a family
of nested affine equivariant subsets of RP whose features convey valuable informa-
tion about F. For example, the spread of F can be described by the scale curve
(Liuetal, 1999) y(d) = {(p(d),vol(D(d;F))),d > 0}, where p(d) is the probabil-
ity mass enclosed by D(d;F). In a similar way, the correlation curve (Romanazzi,
2004) summarizes the degree of interdependence of the components of F. The D-D
plot is another graphical display for pairwise comparison of observed versus theo-
retical depth distribution and it can be used for informal inference and data check,
similarly to a Q-Q plot. The reader is referred to Liu et al (1999) for a comprehen-
sive coverage of the methodology.

In this work more recent developments are presented. The influence function and
breakdown point for the simplicial depth and its maximizer are presented in Section
2, while depth—based dispersion functionals are discussed in Section 3. The final
topic is local depth illustrated in Section 4. Results are available for several geo-
metrical depth functions based on simple structures, like Tukey’s halfspace depth,
Liu’s simplicial depth and Oja’s simplicial volume depth, but here we concentrate
on simplicial depth.

Definition 1. The simplicial depth function (Liu, 1990) ds(-;F) = ds(+) is the prob-
ability that a random simplex Sp; 1 = S(X1,...,Xp41) COVersx,

ds(X) = Pe(Sps1:X € Spya).

Full details and results for other geometrical depths are given in the references.

2 Robustness

The Influence Function (IF) (Hampel, 1974) is the main tool to investigate local
sensitivity of a statistical functional to an infinitesimal perturbation of F. In this
section the IF of depth values d(x;F), x € RP, and depth maximizer 8(F) are re-
viewed. Proofs and illustrations of the results can be found in Chen (1995), Ro-
manazzi (2001, 2008) and Chen and Tyler (2002).

For 0 <k < p+1, let Ax be the event that a random sample of p + 1 elements
from F(g,z) = (1 — €)F + €6, includes exactly k observations from &, and let py (&)
be the corresponding probability
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Pe(e) = P(AK) = (p N 1) (1 gk

Moreover, let ds(x|A, ) be the simplicial depth of x conditional on Ay, that is, eval-
uated from random simplices with 0 <k < p+1 vertices coincident with z. The per-
turbed simplicial depth value turns out to be ds(x; F (g,2)) = Zfié pk(€)ds(x|Ak, 2)
and the IF is (Romanazzi, 2008)

IF (z:ds(F)) = (p+1)(ds(x|A1.2) — ds(x:F)). @

The IF of simplicial depth is a bounded function of x € RP, linearly dependent on
the dimension of the space. This suggests that the simplicial ranks could be exposed
to the risk of distortion by outliers in high dimensions. However, the rank of the
center of a symmetric distribution seems to be remarkably stable.

Example 1. Let F be an absolutely continuous distribution centro—symmetric about
the origin Op. The origin is the deepest point and ds(0p) = 2~ P. Moreover,

(p+1)(1—27P), z=0p,closed simplices
IF(z;ds(0p;F)) = ¢ —(p+1)/2P,  z=0p,0pensimplices
0, z # 0Op.

Therefore, the simplicial rank of the center should be highly resistant to perturba-
tions, for all p.

Let us now pass to depth maximizers. Suppose F to be absolutely continuous
and centro-symmetric about the origin. Under the same hypotheses, the perturbed
simplicial median is the maximizer of

| (1 )P X(ds( F) + (p+ 1) E50s(x | Av.2)). X2
BHFED = (1 epeaostoR) + 00 K=z

When F is absolutely continuous and spherically symmetric about the origin, the
perturbed simplicial median can be represented as 8s(&,z) = t(€,z)uz, with 0 <
t(g,z) < | z ||, which shows that it belongs to the closed segment joining the origin
and the perturbing point z. However, a complete characterization of t(¢,z) and IF
are still lacking. We end with a result on the breakdown point. The finite breakdown
point (Donoho and Gasko, 1992) of the empirical simplicial median satisfies

PPN 2Psup, ds(x; F) 1
< <
r!|—>n<]o£ (65(Fn)) < p+1+2Psup,ds(x;F) — p+2’

almost surely (Chen, 1995, Proposition 5).
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3 Multivariate dispersion

The information on F provided by a depth function is by no means confined to
location but also includes dispersion, as confirmed by the scale—curve (Liu et al,
1999) and the generalized quantile curves (Serfling, 2002). Hereafter, we will show
that some well-known multivariate dispersion coefficients are the Lebesgue integral
of a depth function. For any simplex Spy1 = S(X1,...,Xps1), We write V for the
(p+1) x p matrix whose rows are the vertices X, . ..,Xp41 0Of the simplex and we
write 1,1 for the (p+ 1)-vector with unit elements. We recall that the volume of

the simplex is a function of the determinant of the augmented matrix (1p+1fV), ie.
(Sommerville, 1958, p. 124)

Vol (Sp1) = (1)1 | det(Lpi1V) | -
Moreover, for any non singular affine transformation x — Ax +b
VOl (S(AXy+D,...,AXpr1+Db)) =| detA | vol(S(X1,...,Xp+1)) - )

Standard dispersion orderings in the univariate case are based on the comparison of
interquantile intervals. For random numbers X and Y with cumulative distribution
functions F and G, X is said to be less dispersed than Y if F~1(8) —F%(a) <
G Y(B) -G (a) forall 0 < a < B < 1 (Bickel and Lehmann, 1979). A multi-
variate generalization of the above formula to the multivariate setting based on the
volume of simplices was suggested by Oja (1983) and is reproduced below.

Definition 2. Suppose there is a function h : RP — RP such that Y = h(X). The
p—variate random vector X ~ F is less dispersed than the p—variate random vector
Y ~ G if for any set of p+ 1 points Xy, ...,Xp+1 Of RP

Vol (S(Xq,...,Xps1)) < vol(S(h(x1),...,h(Xpt1)))-

We write X <5 Y (or F <, G) to mean that Definition 2 holds. Let .# be a suitable
family of probability distributions on RP including the absolutely continuous distri-
butions. A sensible dispersion measure is required to be a A-monotone function and
it must be translation invariant and satisfy a type of scale equivariance with respect
to linear transformations (Oja, 1983, Definition 4.2).

Definition 3. A function ¢ : .# —R" U{0} is a dispersion measure if

i.forF,G e %, F <, Gimplies ¢(F) < ¢(G);
ii. a non singular affine transformation Y = AX + b with distribution Fa p, satisfies
W(Fap) =| detA | ¢(F).

Two well-known examples of dispersion measures based on the volume of random
simplices are Gini’s multivariate coefficient ¢/ (F) = Ex, .. x,., {vol(Sps+1)} and
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det (Cov(X)). We now illustrate the relations between the previous coefficients and
the depth functions.

Proposition 1. For F € .7,

W (F) = / ds(x; F)dx.
RP
Proof. The result is a particular application of Robbins’ theorem (Robbins, 1944).

Recall that for continuous univariate distributions ds(x; F) = 2F (x)(1 — F(x)) and
2 [ F(X)(1 — F(x))dx is a well-known computational formula of Gini’s mean dif-
ference. The next example deals with the multivariate normal distribution.

Example 2. Let X ~ N(0Op, Ip). According to Proposition 1,

/2 o0
W00 = [ dstsF)x=dp o+ D [ oo,

where I" (+) is the gamma function and ¢(-) denotes the probability density function
of the standard normal distribution (see Efron, 1965, p. 343, for further details).
Hence @M (X) only depends on dimension p. The results for Wilks’ generalized
variance are similar.

4 Local depth

The monotonicity property is the reason why a depth function always exhibits a
unique center, even for data showing multiple centers. It was recently suggested that
one way to obtain a ranking system able to recognize multimodality is to constrain
the depth function to use information from a neighbourhood surrounding any given
point, instead of using information from the whole space. The ranks of different
points will be comparable provided the neighbourhood size is kept constant. More
theoretical background can be found in Agostinelli and Romanazzi (2007, 2008).
We illustrate the general idea with the local versions of simplicial depth. For any
simplex Sp;1 we denote with t(Sp1) a scalar measure of its size, like diameter,
perimeter or volume.

Definition 4. For any T > 0, the simplicial local depth function is given by
lds(X; T) = Pr(Spt1:X € SpraNt(Spy1) < T). 3)

A discussion of the computational problems of simplicial (local) depth with large
samples and/or high dimensions can be found in Agostinelli and Romanazzi (2008).
An R package | ocal dept h for computing local and global depth is available at
CRAN.
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Example 3. In the scalar case, (3) is equivalent to
lds(x; T) = Pr ((min{Xg, X2} <x < max{Xg,X2}) N (max{Xz,X2} —min{X1,X2} < 1)),

that is, the probability that a random interval with length not greater than T covers
X. In the case of absolutely continuous distributions on the real line the expression
becomes

X X+T
ldsir) = [ (Fy+D-Fo)fmdy+ [ (FO-Fy-)iydy. @)

Local depth functions should meet the general properties of depth functions men-
tioned in Section 1, except monotonicity property. In particular, when the reference
distribution is centro-symmetric and unimodal about ¢ € RP, local depth should
agree with global depth.

Proposition 2. Fix x € RP and let P=({x}) be the probability of the singleton x
according to the distribution function F.

i. Ift(Spy1) =vol(Spy1), lds(+; T) is affine invariant whereas, if t (Sp1) = diam(Sp;1),
Ids(-; T) is translation and rotation invariant;
ii. 0 < 11 < 12 implies ldg(x; T1) < lds(X; 12);
iii. for T > 0, Pe({x}) <lds(x; T) < ds(x);
iv. limr_elds(x; T) = ds(X);
V. if t(Spy1) =diam(Spya), lim_ o+ lds(X; T) = Pe({X}).

Proof. Proofs are straightforward and are omitted.

Local depth Idg(+; 7) is a family of functions indexed by the values of T, the parame-
ter that defines the neighbourhood size and the degree of smoothing. To be effective,
the choice of T must avoid the opposite risks of over-smoothing — potentially impor-
tant information filtered out — and under-smoothing — uninteresting point-to-point
variation shown up. We suggest to set 7 equal to a low-order percentile of the distri-
bution of simplex sizes (e. g., diameters or volumes). Percentile orders ranging from
10% to 30% prove effective in most situations.
Local depth, like global depth, implicitly defines a (vector) location parameter

6:(F)=arg max Ids(x; T) (5)

whose components are the partial centers of F, for a given 1. The following proposi-
tion describes the behaviour of (5) for simplicial local depth in the scalar case, when
F is unimodal.

Proposition 3. Let X have an absolutely continuous distribution with cumulative
distribution function F and density function f strictly positive for all x € R. Suppose
the distribution to be unimodal about ¢ € R with median xg 5.

i. If the distribution is symmetric, 6;(F) = 8(F) =cforall T > 0;
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Fig. 1 Mixture of normal distributions. Left: smplicial globa and local depth (functions are nor-
malized with respect to maximum value). Right: local maxima versus T parameter; horizontal line
marks the median.

ii. if the distribution is asymmetric, simplicial local depth admits a unique maxi-
mizer 6;(F) and ¢ < 6;(F) <min{c+ 1,xg5} or max{c—1,xo5} < 6:(F) <,
according to whether the distribution is positive or negative asymmetric;

iii. if 0 < 11 < 12 and the distribution is asymmetric, 8, (F) < 68, (F) or 6, (F) >
6:, (F) according to whether the distribution is positive or negative asymmetric.

Proof. Agostinelli and Romanazzi (2007).

According to Proposition 3, in the unimodal case the maximizer of simplicial local
depth is intermediate between the mode and the median and it converges to the mode
or to the median according to whether T — 0" or T — oo,

Example 4. Let X ~ 0.5N (1 = —2,01 = 3/2) +0.5N(pz = 2,01 = 1). The simpli-
cial depth function is increasing for x < o5 = 0.4 and decreasing for x > Xg 5. The
local version, with T equal to 10% quantile of interval lengths has two local maxima
Gr(l) ~ —1.994 and 652) ~ 1.962, near to the modes. The plot of the (normalized)
depth functions is shown in the left panel of Figure 1. While the results do depend
on the value of t, both the number and the locations of the local maxima stay almost
constant for a wide range of the smoothing parameter, up to 52% quantile order (see
the right panel of Figure 1). Convergence to the maximum value of the global depth,
i.e., the median of the distribution, is observable starting from 90% quantile order.

In the multivariate case, the behaviour of local depth is more complex and the
details can be found in Agostinelli and Romanazzi (2008).
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