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Abstract The skew-normal distribution is a class of densities that preserves some
useful properties of the normal distribution while allowing a shape parameter to ac-
count for skewness. It has various remarkable properties in terms of mathematical
tractability and turned out to be quite useful in modelling real data. However from
an inferential point of view its use gives raise to many difficulties, that are intrinsi-
cally tied with the shape of the likelihood function. This fact suggests to solve the
problem by calibrating the likelihood with a weight function, and perhaps the most
intuitive calibration can be obtained in the Bayesian framework, where the prior dis-
tribution plays naturally the role of the weight function. Here we consider in details
the problem of testing normality in the general skew-normal model, and solve it by
means of different tools for hypothesis testing in the Bayesian framework, namely
the Bayes factor and the Jeffreys divergence, pointing out benefits and problems of
both approaches
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1 Introduction

The skew-normal (SN) distribution is a class of densities that preserves some useful
properties of the normal distribution while extending the normal model by allowing
a shape parameter to account for skewness. It appeared several times in the literature
(Roberts, 1966; O’Hagan and Leonard, 1976), and was widely studied and given
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the present name by Azzalini (1985). Here we consider a specific testing problem in
the scalar case; for an overview including inference problems consider for instance
Dalla Valle (2004), while for generalizations to the multivariate case see Azzalini
and Dalla Valle (1996) and Azzalini and Capitanio (1999).

A random variable Z has a standard skew-normal distribution if its probability
density function is given by fz(z|A) = 2¢(z)®P(Az), where z € (—o0,00), ¢ and P
denote respectively the probability density function and the distribution function
of a standard normal, and A is a real parameter controlling the skewness of the
distribution. In particular, if A = 0 one gets back to the normal case. If we then add
a location parameter (1 and a scale parameter &, the random variable Y = u +ocZ is
said to have a SN(u, 0, 4) distribution, with probability density function given by

2 y—H y—Hu
frolro.2) = Zo(E o),
where |1 € (—o0,00), 6 >0, A € (—oo0,00), and ¢ and P are defined as before.

Notice that the SN class of distributions has various remarkable properties in
terms of mathematical tractability and turned out to be quite useful in modelling
real data. However, as pointed out for instance in Azzalini and Capitanio (1999),
in Chiogna (1998) and in Pewsey (2001), from an inferential point of view the use
of the SN gives raise to many difficulties that cannot be solved simply by introduc-
ing an alternative parametrization of the SN model, or by using different standard
estimators such as the one based on the method of moments. These difficulties are
intrinsically tied with the shape of the likelihood function, and this fact suggests to
solve the problem by calibrating the likelihood with a weight function; work along
this line can be found for instance in Sartori (2006), but perhaps the most intuitive
calibration can be obtained in the Bayesian framework, where the prior distribution
plays naturally the role of the weight function. In this sense, it is particularly in-
teresting to see the papers by Liseo and Loperfido (2006) and Bayes and Branco
(2007), that look at a non-informative Bayesian analysis of the SN model.

In particular, Liseo and Loperfido (2006) consider an approach based on refer-
ence priors (Bernardo, 1979): the joint reference prior for the SN parameters i, o, A
factorises into the usual non-informative prior for location-scale parameters (that
effectively play the role of nuisance parameters), i.e. T(l,0) o< 1/0, and a default
prior for A which is proper (although the support of the parameter is unbounded)
with tails of order O (1’3/ %), and this compensates the fact that the likelihood of
the SN might not vanish in the tails. The problem of introducing a sensible prior
distribution for A has also been considerated in Bayes and Branco (2007). In partic-
ular, as the reference prior for A in Liseo and Loperfido (2006) is not particularly
easy to work with, Bayes and Branco (2007) find that a good approximation for it is
given by a #(0,7/2;1/2), where t(a,b;d) denotes a Student-¢ distribution centered
in a, with scale b and d degrees of freedom. Moreover, they propose an alternative
non-informative Bayesian analysis based on a uniform prior for a reparametrization
of A: if one assumes that 8 = A /v'1+A2 ~ Up_; ), then it is straightforward to

prove that A ~£(0,/1/2;2); this is clearly not a vague distribution on A4, but Bayes
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and Branco (2007) claim that it is objective, in the sense that it was not built using
one’s prior knowledge about A.

It is interesting to note that both in Liseo and Loperfido (2006) and in Bayes
and Branco (2007), the prior assumptions for A are tested for different inferential
procedures, but only for the standard case. In particular, both papers consider the
problem of comparing the SN(0,1,0) model against the SN(0,1,4) model, i.e. the
problem of testing Hy : A = 0 versus H; : A = 0 for the standard skew-normal model,
and solve it by means of the Bayes factor, assuming that a Bayes factor less than 0.5
indicates strong evidence against the null model (and conversely a Bayes factor
greater than 2 indicates strong evidence in favour of the null model). The results
(in terms of a simulation study) were found to be encouraging, although under the
uniform prior the Bayes factor seemed to have a tendency to reject the null model
more often than other methods, even when it was the correct model.

Here we begin our analysis by considering again the problem of testing Hy: A =0
versus H; : A # 0, but for the general SN(u,0,A) model. Section 2 shows the re-
sults of a simulation experiment similar to those of Liseo and Loperfido (2006) and
Bayes and Branco (2007), that are not so encouraging when we assume that all three
parameters of the SN are unknown. And if instead of fixing (arbitrary) thresholds
for the Bayes factor, we assume that there is evidence in favour of the null model
SN(u,0,0) when a Bayes factor is greater than 1 and evidence against the null
model when a Bayes factor is less than 1, which is the standard practice, the results
get even worse, with a disastrous behaviour in the case of uniform prior. In Section
3 we consider a different tool for Bayesian hypothesis testing on the skewness pa-
rameter of the SN, which is based on the Jeffreys divergence (Jeffreys, 1948), and
its behaviour is compared to that of both the Bayes factor and the classical test of
Salvan (1986).

2 A Bayes factor approach

Here we consider the problem of comparing the SN(u,c,0) model against the
SN(u,0,A) model, i.e. the problem of testing Hy : A = 0 versus H; : A # 0 for
the general SN model, by means of the Bayes factor. Recall that given two models,
say My and M, and letting f, (y|6,) and 7, (6,) be respectively the distribution of
the data and the prior distribution of the parameters 6, under model M, (r =0, 1),
the Bayes factor for My against M is defined as

_ J fo(y[60) 70 (60) d6o
[ fi(y|61)mi(61)d6;’
and represents the weight of evidence in the data in favour of My against M;. Mul-

tiplying By by the prior odds, i.e. by the ratio of the prior model probabilities
(M) and m(M,), we then obtain the posterior odds, i.e. the ratio of the poste-

o1 (¥)
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rior model probabilities 7(My|y) and 7w(M;|y), which represents the key tool for
Bayesian model selection.

Now, following what is standard practice, here we assume that there is evidence
against the null model when By, (y) < 1 (and conversely there is evidence in favour
of the null model when By, (y) > 1); this is equivalent to assuming equal prior model
probabilities for the null and the alternative models, so that the Bayes factor is equal
to the posterior odds. However, in order to compare our results with those of Liseo
and Loperfido (2006) and Bayes and Branco (2007), we will also look at some
sort of strong evidence against the null model, i.e. at the proportion of the times
By (y) < 0.5; it is important to stress that this is equivalent to assuming that the
prior odds are equal to m(Mp)/m(M;) = 2, and that any other possible threshold
could be employed in the same way (and therefore in our opinion is rather arbitrary):
if we believed that a priori My is k times more likely than model M1, then we should
reject the null model when By (y) < 1/k.

As in Liseo and Loperfido (2006) and Bayes and Branco (2007), here the be-
haviour of the Bayes factor for choosing between the particular models under com-
parison is analysed in a simulation experiment. In particular, we simulated a large
number of data sets of size n from a SN(0,1,A*) distribution, for given n and 1%,
and computed the proportion of the times the Bayes factor rejected the null model
SN(u,0,0). The results are shown in Table 1 for both the Jeffreys prior for A and
the uniform prior on &, and are directly comparable with those of Table 1 in Liseo
and Loperfido (2006) and with those of Table 8 in Bayes and Branco (2007).

Table 1 Proportion of the times Hy : A = 0 is rejected by the Bayes Factor when simulating 1000
data sets of size n from a SN(0,1,4%)

n{A*| BFy (Jeffreys prior)| BFy; (uniform prior)
evidence strong evidence |evidence strong evidence
0| 092 0.14 1.00 0.02
0.5 091 0.11 1.00 0.01
10| 1| 0.92 0.14 1.00 0.01
5| 097 0.26 1.00 0.05
10| 0.97 0.36 1.00 0.08
0| 027 0.07 0.99 0.09
0.5 0.29 0.07 1.00 0.11
50| 1| 0.28 0.09 1.00 0.13
51 095 0.81 0.99 0.81
10| 0.99 0.94 0.99 0.92
0| 0.16 0.04 1.00 0.07
0.5| 0.16 0.05 0.99 0.08
100{ 1| 0.23 0.09 1.00 0.11
5| 0.99 0.95 0.99 0.98
10| 1.00 1.00 1.00 0.99

First, if we look at the strong evidence against the null hypothesis, the fact that we
are introducing uncertainty also with respect to y and o implies that the behaviour
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of the Bayes factor is a lot less encouraging than in Liseo and Loperfido (2006) and
Bayes and Branco (2007). In particular, and this is obvious, we see that here we
need larger sample sizes than in the standard case: for instance 10 observations are
not enough for an effective hypothesis testing on A when all three parameters of
the SN are unknown. Moreover, and this was also expected, even when n is large
enough both under the Jeffreys and the uniform prior the power of the test is lower
than in the standard case, with the proportion of correct rejections for instance for
n = 100 reaching values close to 1 only for A* = 10 (as opposed to A* = 1 when u
and o are known). It is also interesting to note that if we focus the attention on the
evidence in favour of the null hypothesis, rather than against the null, then when
U and o are also unknown the Bayes factor is hardly ever greater than 2, so that
even when A* = 0 the evidence in favour of the normal model is never strong (in the
sense advocated by Liseo and Loperfido, 2006, and Bayes and Branco, 2007).

If we now look at the proportion of the times the SN(u, 6,0) model is rejected for
By (y) being less than 1, i.e. at the standard evidence against the null hypothesis, the
main point arising from Table 1 is that the behaviour of the Bayes factor under the
uniform prior is disastrous, in that it always rejects the null, no matter what the true
generating process is, and for all values of #; this tendency has been already noted in
Bayes and Branco (2007) for the standard case, but here it becomes really extreme.
Instead, when we assume the Jeffreys prior and » is large enough, the behaviour of
the Bayes factor is quite reasonable, except for the percentage of (wrong) rejections
when A* = 0, that is definitely too high; it clearly improves as n gets bigger, but
we found that at least 200 observations were required in order for this percentage to
reach the nominal value 0.05.

Summarising the results of Table 1, the Bayes factor behaves well enough (al-
though obviously not as well as in the standard case) under both priors if n is large
enough and if, following Liseo and Loperfido (2006) and Bayes and Branco (2007),
we look at some (arbitrary) concept of strong evidence against the null. Instead, if
we refer to the standard notion of evidence against an hypothesis, then the behaviour
of the Bayes factor in this context is clearly not very encouraging, especially as a
tool for local testing, so that it is interesting to explore the performance of different
tools for Bayesian hypothesis testing.

3 A divergence-based Bayesian approach

An alternative to the Bayes Factor for testing for normality in the Azzalini skew-
normal distribution class is an approximate Bayesian test based on the Jeffreys di-
vergence derived in Carota (2010). Here we are going to compare the performance
of the Bayes factor considered in the previous section to that of this alternative
testing tool, assuming again that ¢ and o are nuisance parameters, distributed ac-
cording to the non-informative prior m(u,o) o< 1/0, and assuming an informative
prior 7(A) for the skewness parameter A. If (1) is taken to be sufficiently concen-
trated around the null value A = 0, then it is possible to test the null hypothesis of
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normality Hy : A = 0 versus the alternative H; : A #£0 by computing a measure of
divergence between 7(A) and the corresponding posterior distribution (A]y). The
idea is that by means of the peakedness of 7(A) around A = 0 we express strong
prior beliefs in the normal model and the null hypothesis of normality is confirmed
by the data if the posterior distribution of A turns out to be close to the prior, i.e. if a
suitable measure of the divergence between m(A|y) and 7(A) is sufficiently small.
In particular, we adopt the Jeffreys divergence

= (S o 010

and the calibration suggested in McCulloch (1989). This is based on the comparison
of two Bernoulli distributions with parameters 0.5 and p respectively, and here we
assume that sample evidence in favour of Hy is represented by J(zw(A|y) : (1))
being less than 0.44 = J(Bernoulli(0.5) : Bernoulli(p = 0.9)). The meaning of this
calibration in our testing problem can be described as following: we reject Hy for
J > 0.44 since predicting outcomes with the prior of A (very concentrated around
A = 0), rather than with its posterior, is comparable to describing an unobserved
event as having probability greater or equal to 0.9, when in fact the probability is
0.5. Moreover, by expanding the logarithmic function around the null value A = 0,
we approximate J(7(A]y) : @(1)) by

Ir(m (M) 7(2) = 5 [~ B i

where Is denotes the locally most powerful invariant test for Hy : A = 0 against
the one-sided alternative H; : A > 0 provided by Salvan (1986) (see also Azzalini,
2006). Notice that Jr represents the first non-zero term in the Taylor expansion of
J, and that g is proportional to the sample skewness.

It is also important to note that in the divergence-based approach the role of the prior
distribution for A is significantly different from that considered in the approach of
Section 2. In fact, as we already pointed out, the Bayes factor represents a tool for
choosing between two competing models, in our case a N(i,0) and a SN(u,0, 1),
so that (A ) represents one’s prior beliefs on the skewness parameter under the al-
ternative (in fact, 7(1) could be any distribution on the real line, could be skew,
could be multimodal, could represents strong prior beliefs about A, or could be non-
informative). Instead, under this divergence-based approach there is essentially one
model under consideration, the SN(i,0,A), while the model of interest, the one
that we would like to adopt, is the normal one. In this sense, the peakedness of 7(A)
around A = 0 under the SN (u, o, 1) is really part of the definition of model of inter-
est, and the alternative SN model is just an elaboration of the model of interest used
as a tool for model criticism that can handle surprising experimental results reveal-
ing departures from normality in the direction of skewness. For these reasons the
only relevant aspect in the elicitation of the prior is the peakedness of 7(A ), which
has to be commensurated with the sample size n in order for the comparison with the
posterior to make sense. For instance if, for purposes of comparison with the prior
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distributions assumed in Section 2, we assume a prior of the form 7(0, /1/2a;2a)
(for a = 1 this corresponds to the uniform prior on §), then it is the coefficient a
that controls the peakedness of m(A4) around zero, and the strong relationship be-
tween n and a can be observed in Table 2 that shows the proportion of the times
Hy : A =0 is rejected by Jr (under this prior) when simulating 1000 data sets of
size n from a SN(0, 1,0). In particular, the results in Table 2 point out that the value
of a that leads to a proportion of (wrong) rejections close to the nominal value 0.05
varies with n, with larger values of n needing larger values of a. (Correspondingly
the prior probability Pr(|A| < 0.5) increases from 0.45, for a = 1, to 0.85, for a=5.)

Table 2 Proportion of the times Hy : A = 0 is rejected by Jr under the (0, y/1/2a;2a) prior for A
when simulating 1000 data sets of size n from a SN (0, 1,0)

na=la=2a=3a=4a=>5
30{0.75 0.36 0.09 0.00 0.00
50{0.67 0.37 0.12 0.03 0.01
100/ 0.66 0.44 0.24 0.10 0.02
200 0.62 0.49 0.34 0.16 0.07

We can then look at the power of the test, and compare the results obtained with
the Jeffrey’s divergence to those obtained with other methods that are commonly
employed in this context. In particular, Table 3 shows the proportion of the times
the hypothesis of normality was rejected by Jr, by the Salvan test for normality and
by the Bayes factor BFy; when simulating a large number of data sets of size n = 50
and n = 100 from a SN(0,1,4*); note that for computing both J and the Bayes
factor we assumed the 7(0, \/1/2a;2a) prior for A with a = 3.5 when n = 50, and
a =35 when n = 100.

Table 3 Proportion of the times Hy : A = 0 is rejected by Is, BFy; and J7 under the 1(0, \/1/2a;2a)
prior for A, when simulating 1000 data sets of size n from a SN(0,1,4%)

n|fa A¥=0A"=05A"=1A*=51"=10
Is 0.03 0.04 005 052 0.64
50 (3.5|Jr 0.06  0.08 0.10 0.70  0.82
BFy| 094 095 095 095 0.96
Is 004 004 006 089 095
100 5 (Jr 002 002 005 087 093
BFy1| 0.93 0.95 095 09 098

Notice, from Table 3, that while J7 has a behaviour comparable to that of Is, the
Bayes factor nearly always rejects the hypothesis of normality, even when A* = 0,
similarly to what we noticed under the assumption of a uniform prior on J in Section
2. We believe that the reason for this unusual behaviour is that the prior distributions
that we are assuming for A are very concentrated around zero in order for Jr to
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work, but this represents a problem from the Bayes factor’s point of view, since such
peaked priors make the alternative SN (i, 0, 1) model too close to the normal one.
Then it is natural that when the Bayes factor is asked to choose between a normal
model and a model which is just about normal, only possibly slightly asymmetric,
it favours the alternative model since no simulated data sets are really symmetric.
This seems to indicate that also the uniform prior on 6 introduced by Bayes and
Branco (2007), that as we already pointed out is not really non-informative on 4,
is too concentrated on A = 0 for the Bayes factor to work well, at least when the
location and scale parameters of the skew-normal model are also unknown.

Summarising, the Bayes factor seems to work well provided the sample size is
large enough and the prior on A is sufficiently vague. Instead, J; can be applied with
smaller sample sizes, but the peakedness of the prior needs to be roughly commen-
surated with the sample size.
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