A Skew Normal Stochastic Frontier
Model for Panel Data
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Abstract We introduce a stochastic frontier model for longitudinal data
where a subject random effect coexists with a time independent random in-
efficiency component and with a time dependent random inefficiency compo-
nent. The role of the closed skew normal distribution in this kind of modeling
is stressed.
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1 Introduction

A stochastic frontier defines a random upper bound of a response variable
called output as a function of variables called inputs plus an idiosyncratic ran-
dom error. The observable output is given by the stochastic frontier minus a
non negative random variable called subject random inefficiency component.
Stochastic frontiers have been mainly used as statistical models for produc-
tion functions (Kumbhakar and Lovell, 2000) but we believe that they are
random effects models of wider applicability. In this paper a three random
component stochastic frontier for panel data is introduced. Subject unobserv-
able heterogeneity is modeled by a random component and the presence of
both a time invariant and a time dependent random inefficiency component
is allowed. In this way, subject heterogeneity is not wrongly modeled as in-
efficiency (Greene, 2005) and it is possible to disentangle a time persistent
component from the total inefficiency. The models here presented are related
but not identical to the stochastic frontiers introduced by Dominguez-Molina
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et al. (2004) and to the linear mixed models with skew normal errors of Lin
and Lee (2005) and Arellano-Valle et al. (2005).

2 A Stochastic Frontier for Panel Data

We consider the stochastic frontier model:
Yir = Bo + 5B 4 bi — wio — i + e (1)

where the index ¢, ¢+ = 1,2,...n, denotes n units or subjects and t, t =
1,2,...,T, the T time points at which every subject is observed. The vari-
able y;; is the logarithm of the output of the i-th unit at time ¢, x}, is a
row vector of p regressors and 3 is a column vector of unknown parameters.
The random variable e;; is the idiosyncratic random component and b; is
the random subject effect. Finally u;o is the time invariant stochastic inef-
ficiency and wu;; is the time dependent stochastic inefficiency. We note that
y3, = Bo + x},8 + b; + e;; is the subject specific stochastic frontier and that
yh, = Bo + ], 8 + eir is the population stochastic frontier. We assume that:
(Ala) for i=1,2,...,n, the 2 x (T'+1) components u;g, b;, i, €, t = 1,2,..., T,
of the vector €; are independent random variables; (A1b) the random vectors
€, i = 1,2,...,n are independent; (A2) for every 4, u;p is a normal random
variable with null expected value and variance 0%, left truncated at zero and
b; is a normal random variable with null expected value and variance o7 ;
(A3) for every i and t, u; is a normal random variable with null expected
value and variance o3, left truncated at zero and e;; is a normal random
variable with null expected value and variance o2; (A4) the x;; are vectors of
known constants. The following special cases of the full model (1) (denoted
by TTT) are important:

the model TFT without time dependent inefficiency:

Yir = Po + B + b — wio + et (2)
the model FTT without subject specific component:

Yit = Bo + X3, 8 — wio — wit + € (3)

the Greene (2005) true random effect stochastic frontier TTF without time
independent inefficiency:

Vit = Bo + 5B+ b — i + e (4)

the model FFT (Pitt and Lee model I, 1981) without time dependent
inefficiency and subject specific component:
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Yit = Bo + T3 — uio + €3 (5)

the pooled stochastic frontier FTF (Pitt and Lee model 11, 1981) without
time independent inefficiency and subject specific component:

Vit = Bo + @iy B — Uit + €. (6)

The main contribution of this work is that time independent inefficiency can
coexist with time dependent inefliciency or subject random effects (as in
the new models TTT, FTT, TFT) and that it is not necessary to resort to
simulated maximum likelihood methods as suggested by Greene (2005) with
respect to the model TTF. Testing one of the previous models against the
general model TTT is a non standard problem because under the null hypoth-
esis one or two parameters are on the boundary of the parametric space. In
fact, under reasonable assumptions, in this case the asymptotic distribution
of the log-likelihood ratio test statistic is a mixture of chi squared distribu-
tions known as chi-bar-squared distribution (Silvapulle and Sen, 2005). For
the sake of simplicity we consider only the case of balanced panel data with a
fixed number of observations per unit but the results of the following sections
are easily extended to unbalanced panels.

2.1 Log Likelihood of the Closed Skew Normal
Stochastic Frontier

Let 17 be the vector of ones, 07 be the vector of zeros and I be the identity
matrix of dimension 7'. Moreover y, is the vector of the T' observations on
the i-th unit, X; is the T' x p matrix with rows x},, u; is the (T' + 1) vector
with components w;qg, w;1, Ui2, ..., u;7 and e; is the vector of the idiosyncratic
random components of the i-th unit. From (1) it follows that: y, = 17(8y +
b;) + X8+ Au; + e; where the matrix A is so defined: A = —[1p Ip]. We
also need the following variance matrices:

2 /
Olu 0T

V= [OT U%uIT

}, ¥ =027 + 02171 (7)

A=V - VA (X +AVA) AV, R=VA (X +AVA) ! (8

With ¢4 (x, p, £2) we denote the density function of a ¢-dimensional normal
random variable with expected value p and variance £2 and @q(u, £2) is the
probability that a g-variate normal random variable of expected value pu and
variance matrix §2 belongs to the positive orthant. From now on it will be
q=T+1.

Proposition 1. Under the assumptions Ala, A2-A4, the random vector y;
has a (T,q) closed skew normal distribution with density
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D,(R(y; — X3 —170), A)

f(yz) = ¢T(yi7 ]-Tﬂ() + XZ/Bv X + AVA/) 2—q

and moment generating function

B, (VAL V)

1
=7 exp{t' (175 + X.8) + it/(z + AV At}

E(exp{t'y,}) =
When y; is the vector of the logarithms of the outputs and ¢ is the k-th column
of the identity matrix of dimension 7', the moment generating function of the
previous Proposition gives the expected value of the k-th component of the
vector exp{y;} of the outputs.

Proposition 2. Under the assumptions A1-A4, the log-likelihood of nT ob-
servations from model (1) is:

n

L=> (Ingr(y, — XiB, 115, ¥+ AV A') + In®y(R(y; — X:8— 11/%), A)

i=1
(9)
which is the log-likelihood of the n independent closed skew mormal random
variables y; — X ;8.

The proof of Proposition 1 is given in the Appendix. Proposition 2 is an
immediate consequence of assumption Alb and Proposition 1. Note that the
computational complexity of the evaluation of the log-likelihood (9) comes
from the multiple integrals @,(R(y;, — X3 —1150), A), i = 1,2, ...,n. There
are however remarkable exceptions. For the Pitt and Lee models TFT, FFT
with and without the subject random effect, the above integral is one dimen-
sional and for the pooled model FTF it is a product of T one dimensional
integrals. Thus, the computational problem is limited to the models where
the time dependent inefficiency is present together with the subject specific
component or the time invariant inefficiency. For a survey on efficient numer-
ical and Monte Carlo methods to compute the previous multinormal integral
see Genz and Bretz (2009).

3 A Two Step Estimation Method

Instead of using the mazimum likelihood estimator that maximizes the log-
likelihood (9) we propose the following two step or pseudo mazimum likelihood
estimator (Parke, 1986). The idea behind the first step of our proposal is that
consistent estimators of the components of 3 are given by standard methods
of estimation used in the context of panel data or of mixed models. After
having estimated 3, one is interested in assessing the relevance of the ineffi-
ciency random components and of the subject specific effect, which requires
the estimation of the variances o3, 03,, o7, o2. This task is performed by
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the second step of our procedure. In our experience the two step procedure is
less time consuming than the maximum likelihood method and more stable
with respect to bad starting values. Moreover, the two step estimates are
good starting point for the search of the maximum likelihood estimates. The
two step procedure is particularly convenient when different sets of regressors
must be tried in order to specify the deterministic part of the frontier. Ac-
cording to our procedure this can be done without worrying about 0%, o3,
og, o2. Let s; be the subject specific random components s; = b; — u;o and
e}, be the random components e}, = —u;; + e;; (the variances and expected
values of the previous random variables can be easily computed but we omit
the needless details). In the first step we compute the estimate 3 of 3 by a
standard estimation method for panel data models or mixed models applied
to the random effects model: y;x = Bo+x,, B+ s;+ef;. From A.1-A .4 it follows
that ,é' is a consistent estimator of 3 (fy is not consistently estimated because
the random components of the previous model have non-null expected value).
In the second step, we use the fact that y, — X;8, ¢ = 1,2,...n are indepen-
dent closed skew normal random variables with log-likelihood given by (9)
and we maximize the pseudo log-likelihood

L=> (n¢r(y, — XiB, 106, X + AV A) + In®y(R(y, — X:8 — 11/)))
=1

(10)
with respect to o, 07, 03, 03,, 02
The properties of these estimators follows from the general theory of two

step M-estimators (Parke 1986)

4 Prediction of the Random Components

When y, is the vector of the logarithms of the outputs, an important
topic in applied research is forecasting the subject random components by
the expected values E(exp{b;}|y;) and the subject random inefficiencies by
E(exp{—u;}|y;). This section shows how the relevant expected values can be
computed. It is convenient to introduce the following definitions:

ri =1y, — X8 — 178y, 6 =0} — o1 W1y (11)

_ 4
U= (X+AVA) A=A- RlTl’TR’%. (12)
b

Proposition 3. a) Conditionally on y, the subject specific random compo-
nent b; has a (1,q) closed skew normal distribution with density
Q_Sq(RT‘i - RlTaféb_z(bi — ofl’TQri), /])

éq (R’I“i, A)

Fbily;) = o(bs, 01 ®r;,57)
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b) conditionally on y, the random inefficiency vector w; is a left truncated
normal random variable with density:

_ ¢g(ui, Rry, A)

i\Yi) = —= , u; >0
f(uily;) &, (R, A) u; >

Q_sq(R’l"i — RlTUg, A)

E(exp{b;}|y;) = ,(Rr;A)

1.
exp{of 1 Wr; + iab}

d)

@q(R?‘i + At, A)

E(exp{tlulHyz) = ng (R?"Z A)

1
exp{t' Rr; + gt'/lt}

The proof of the Proposition is given in the Appendix. If —t' is the k-th row
of the identity matrix of dimension q the result d) of the previous Proposition
gives the conditional expected value of the k-th component of the inefficiency
vector exp{—u;}. In particular for k = 1 we get the conditional expected
value of the time invariant inefficiency. We stress also that, conditionally on
the observation y,, the random effect has not a normal distribution as it
happens in standard random effect models.

5 Example

We consider the Rice panel data set examined by Battese et al. (2005, pp.
325-326). In this data set the annual rice production (in tonnes) of n = 43
rice producers in the Tarlac region of the Philippines is reported from 1990 to
1997. The Rice production is the output and the inputs are the area planted
(hectares), the labor used (man days) and the fertiliser used (kg). In this ap-
plication the log-linear stochastic frontier is intended to model the maximum
rice production in function of the inputs. The random component b; mod-
els unobserved differences among producers and the inefficiency components
model the producer inability to reach the optimal production. The results re-
ported in the Table 1 were obtained (only the maximum of the log-likelihood
and the estimated variances are reported).

It clearly emerges from Table 1 that both the time invariant and time
dependent inefficiency component are relevant and that their omission inflates
the variance of the idiosyncratic random component. On the contrary the
subject specific random component seem not to be relevant. The only models
to be considered are obviously the models TTT and FTT. The asymptotic
distribution of the log-likelihood ratio statistics to test FTT against TTT
in this case is a 0.5 mixture of a chi squared distribution with zero degrees
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Table 1 Skew normal sthochastic frontiers for the Rice data

model' max. log-lik. o? o2, o?. o?

TTT -65.340 0.0001 0.1744 0.0661 0.0161
TFT -86.430 0 0 0.0721 0.0832
FTT -65.371 0 0.1778 0.650 0.0159
TTF -68.117 0.0228 0.1794 0 0.0154
FFT -86.431 0 0 0.0723 0.0832
FTF -104.907 0 0 0 0.1077
TFF?2 -88.605 0.1584 0 0 0.2901
FFEF? -104.907 0 0 0 0.3283

1 The R (R Development Core Team, 2009) functions: SNF_twostage and
SNF_maxlik, developed by the author, were used to fit the models of the Table.

2 TFF and FFF denote the subject random effect regression model and the classical
regression model respectively.

of freedom and a chi squared distribution with one degree of freedom. The
p-value is P=0.402 and so FTT can be maintained.

Appendix

For an easy reference we report the definition of the closed skew normal
distribution (Arellano-Valle and Azzalini, 2006, Gonzéles-Farfas et al., 2004).

Definition 1. A random vector « has a (p, ¢) closed skew normal distribution
if its probability density function is:

¢P(ma 22 F>¢q(D(y - /'l‘) -V, A)
&,(-v,A+DID") '

f(m’M7F7D’V7A7p7Q):

The moment generating function of the previous random variable is:

&,(DI't —v, A+ DI'D')
$,(—v, A+ DI'D')

1
2

E(exp{t'z}) = exp{t'u+ =t'I't}. (13)

Proof of Proposition 1. From the assumptions Ala, A2-A4 it follows that

fly:) = or(y;, 1060+ X8, X + AV A') x
fooo '/‘Ooo ¢q (U,R(ylelﬁflTﬁo),A)duoduT

x T I 0a(@,0,V )duo..dur

(14)

which proves the first part of the Proposition. It is also straightforward to see
that f(y,) is an instance of the closed skew normal distribution with: p = T,
v=0 A=A D=R, I =X+ AV A'. Thus, the second part of the
Proposition follows from (13).
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Proof of Proposition 3. To prove b) note that:

(bT(yia 1T60 + X1ﬂ7 >) + AVA/)éq('U/, er"liy A)2q
f(y;)

and use the result of Proposition 1 about f(y,). Noting that f(u;l|y,) is
the density of a left truncated at zero multi-normal random variable, d)
follows from Lemma 13.6.1 of Dominguez-Molina, et al. (2004). To prove a)
we observe that:

(15)

f(b1,|y1) = ¢(bl7 O'l?llwria 5'13) X
jooo JOOO (154(’u,RT,,fR]_TU?&;thA)dUOduT

x == g R, A)duy.dur

(16)

Point a) of the proposition follows immediately. Observing that f(b;|y;) is an
instance of the closed skew normal density, point c) follows from the result
(13) on the moment generating function of a closed skew normal random
variable.
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