A Note on the Plotting Position Controversy
and a New Distribution-free Formula

Pasquale Erto' and Antonio Lepore’

Abstract The recent work “Bringing closure to the plotting position controversy”
(Makkonen, 2008a) states the impossibility of a different solution from the classical
plotting position proposed by Weibull (1939) and promoted by Gumbel (1958). In this
paper, a new and better distribution-free solution is obtained via axiomatic approach.
The applicative implications of a comparative study, carried out by using a wide Monte
Carlo simulation, are presented. The new solution advantages are confirmed in
estimating the median Return Period.
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1 Introduction

Any item must generally ensure a specified reliability level even before it is completely
realized. Also for this reason, the estimation of the return period of an extreme event
(i.e., the inverse of the probability of such event) is a basic and a strategic task in many
applicative fields, e.g., engineering and environmental sciences. In such critical
contexts, practitioners find the graphical estimation process more friendly and under
control, especially when the data are scarce.
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The visualization of the data is generally performed by using probability papers that
allow a graphical analysis of the fit provided by the selected model and an
understanding of visual information otherwise easily wasted. The basic problem of the
graphical estimation is how to determine the best estimate F, of the cumulative
distribution function (cuff) (i.e., the best plotting position) corresponding to the i-th
order statistic X, . In particular, the appropriate plotting position choice becomes
crucial when estimating the return period (i.e., inverse of the probability of exceedance
a fixed value x; ). If the parent distribution is known it is trivial to observe that, exact
unbiased plotting positions can be obtained via order statistics-theory. Unfortunately,
they are usually complex to be determined, thus invalidating the practical aim of the
graphical estimation.

However, the practical purposes of the plotting position choice often overlook

theoretical point of view. Engineers, hydrologists and statisticians have discussed
probability plotting positions for many years. Harter (1984) provided a detailed review
of the main plotting positions up to 1984, concluding that the optimum choice of
plotting position depends on the distribution of the variable under consideration (i.e.,
the parent distribution) and on the use that has to be made of the results. It is worth
mentioning that extremes are generally estimated by utilizing the theory developed by
Fisher and Tippett (1928). The Generalized Extreme Value (GEV) distribution is often
adopted since it is linked to the three asymptotic distributions of extremes (Fréchet,
Weibull and Gumbel distributions) by a shape parameter (Kotz and Nadarajah, 2000).
In (Erto, 1977) the possibility of obtaining linear estimates of Gumbel distributions
parameters, whose precision is comparable with the Maximum Likelihood ones, was
outlined.
On the other hand, thank to Makkonen (2008a) who endeavours to bring closure to the
plotting position controversy, the question of determining distribution-free plotting
positions has been lighted again. Despite of the above approach, Makkonen (2008a,
2008b) states that the probability of non-exceedance of the i-th value in N order
ranked events equals

i
N +1

F = i=1,.,N 1)

the so-called Weibull formula. The same author concludes that, regardless of the parent
distribution and the application, the many other suggested plotting formulas and
numerical methods to determine them should thus be abandoned.

The crux is that ideally the parent distribution does not necessarily need to be
known (Yu, Huang, (2001)); in fact, probability papers are often utilized to determine
the underlying distribution.

2 New distribution-free Plotting Position

In order to be useful, the plotting position must have the following properties (partly
already postulated by Gumbel)
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1) The plotting position should be analytically simple and should avoid the use of
particular tables.

2) The plotting position should be adequate to also represent censored samples.

3) The plotting position should ensure that the whole available sample could be
reported on the graph.

4) The estimate of F(X,), corresponding to the median observation, should equal
exactly 0.5.

5) The return period Ty=1/[1-F(Xx)] of a value larger than the largest
observation X ,, should exactly equal its median value Ty (which is independent
from the parent distribution) (Lepore, 2009)

The practical form

Fe—t=Ad 1N 420 @
N+1-24

already proposed by Blom (1958) satisfies the first four properties listed previously.
Moreover imposing that formula (2) satisfies also property 5, the following value for
the constants A is deduced (Lepore, 2009)

A=N+——— 3)

which results in the new plotting position

N-i-2"(1-2i+N)
N-1

F = i=1,..,N 4)

3 Calculation and Analysis of the Results

For comparison purpose, the plotting position ability in estimating the median value 7,
of the return period

T,=1[1-F(X,)] i=1.,N 5)

of a value larger than the i-th order statistic is tested. The adopted criteria to test
plotting positions is the value of the Mean Absolute Relative Error ( MARE ) of the
median return period.
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In order to investigate the predicted performances of the graphical estimates based on
the proposed plotting position, 10000 pseudo-random samples having dimension
N =5,15,30,50 are generated and ordered from three typical underlying distributions
(Weibull, Gumbel and Normal).

T, is calculated as the median value of return period of the i-th pseudo-random
ordered variable, obtained from the 10000 pseudo-random samples grouped by
position. Furthermore, in Figure 1 and Figure 2 box plots of the return period (for
N =5,15) are drawn in order to visualize simultaneously the plotting positions
behaviour in estimating the return period as well. The value of the MARE’s
corresponding to the plotting position (1) and the one proposed in equation (4) are
compared. The less is the MARE , the more the plotting position is to be preferred.

It is worth pointing out the need to refer to 7, rather than to the expected value
E[T]. In fact, for a random sample X,...,Xy from a continuous population with cdf

F (x) and probability density function (pdf) f (x) , it results

lr)={ ) [P - r ] (01
- ,[]lv j j [F] - F] ar

By using the Beta function (e.g., Davis, 1972), it follows

that is not finite if i =N .
3.1 Weibull Distribution
The values of MARE in the case of a Weibull distribution:
F(x)=1-exp|~(x/a)"]  x>0;a,8>0 ®)

with parameters @ =1 (scale) and £ =2 (shape) are calculated and reported in Table
1.
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3.2 Gumbel Distribution

The values of MARE in the case of a Gumbel distribution:
F(x)zexp{fexp[f(xfa)/b:” 0<a,x<+w; b>0 )

with parameters a =100 (location) and b =20 (scale) are calculated and reported in
Table 1.

3.3 Normal Distribution

The values of MARE in the case of a Normal distribution with parameters =100
(mean) and o =25 (standard deviation) are calculated and reported in Table 1.

Table 1: MARE for the Weibull, Gumbel and Normal distribution

plotting position
MARE .
of the median return period Erto-Lepore Weibull
N=5 0.002 0.069
Weibull N=15 0.004 0.041
(a=1, p=2) N =30 0.003 0.027
N =50 0.003 0.019
S N=5 0.005 0.068
5 Gumbel N=15 0.004 0.043
kS (a=100, b=20) N =30 0.003 0.029
£ N =50 0.004 0.022
N=5 0.005 0.068
Normal N=15 0.002 0.043
(=100, c=25) N =30 0.003 0.028
N =50 0.002 0.019

4 Conclusion

In this paper, a new distribution-free plotting position is proposed and compared with
the Weibull one, marked by Makkonen (2008a, 2008b) as the best and appropriate
plotting position. Even so, a wide Monte Carlo simulation shows that the proposed
plotting position performs always better than the Weibull ones in estimating sample
return periods. In particular, the best results are found when samples are very small
(N =5,15) both in the case of skewed models (such as Weibull and Gumbel
distribution) and in the case of a symmetrical one (Normal distribution).
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Therefore, to graphically estimate the Return Period, the new distribution-free plotting
position is generally suggested in all those situations where data are very scarce.

Figure 1: Box plot of the Return Period 7; i=L..,5
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Figure 2: Box plot of the Return Period 7; i=1.,15
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