A Monte-Carlo study to evaluate value-added
models for institutions’ rankings
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Abstract The aim of this paper is to assess the quality of the ranking of institutions
obtained with different types of widely used random and fixed effects value-added
models. Through a Monte Carlo simulation study we assess the robustness of the
ranking obtained in the presence of different model misspecifications and data struc-
tures. Coherently with the well-established literature, we find that it is quite hard to
obtain a reliable ranking of the whole effectiveness distribution, while it is possi-
ble to identify institutions with extreme performances under various experimental
conditions. Multilevel models where the between and within cluster components of
first-level covariates are distinguished perform significantly better than both multi-
level models where the two effects are set to be equal and fixed effect models. We
also find that the estimated rankings are of poor quality when the effectiveness dis-
tribution does not follow a symmetric and unimodal distribution. For these situations
we plan to explore simple data transformations, as the Box-Cox, and non-parametric
methods for the estimation of random effects that can help to obtain a better ranking.

1 Introduction

In many fields of applied research and policy evaluation it is of interest to rank in-
stitutions with regard to their performance. This is a widely addressed issue in the
educational literature, where it is often required to rank schools or universities with
respect to their effectiveness in order to implement a system of actions and counter-
actions aimed at improving the general quality of the performed activities. Schools
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effectiveness, as measured by one or more indicators, depends not only on the char-
acteristics of the institution but also on those of their components (students). As a
consequence, simple descriptive measures are not satisfactory since they do not net
out the institution compositional effects. With reference to the general problem of
ranking schools, the seminal work by [1], successively discussed by [4], describes
the advantage of using multilevel regression models compared to one-level mod-
els. Subsequently, many other applied works in the same context of analysis used
similar methodologies (see e.g., [10], [9], [2], [5], [15]). The quality of the ranking
obtained through multilevel models depends on the validity of the assumptions un-
derlying the multilevel regression model, that are similar to those used in ordinary
multiple regression analysis, such as homoscedasticity and normal distribution of
the residuals. While some Monte Carlo simulation studies have been carried out in
order to evaluate the robustness of multilevel models with respect to the parameter
estimates and their standard errors in case of violations of these assumptions (see,
as an example, [6], [14]), we focus on the effect of different model misspecifications
on the ranking quality. Furthermore, [11] developed an estimator to derive school
ranking by using aggregated data and compared the performance of their estimator
with the performance of OLS on aggregate data and multilevel models on disaggre-
gate data. Our focus is, instead, on comparing multilevel and fixed effect models
with disaggregate data.

2 Ranking in multilevel linear models

In the paper, the issue of ranking schools will be used as an illustrative example.
Let Y;; be a performance indicator, such as a test result, measured on student i at-
tending school j, fori=1,...,n;and j=1,...,J. Our aim is to rank the schools
with respect to the performance indicator in order to identify and reward the best-
performing institutions. A general approach to obtain such a ranking is through
regression analysis having Y;; as dependent variable, while the characteristics of the
institutions and those of their components are included as covariates. Within this
general framework, fixed and random effects (multilevel models) approaches can
be used. To illustrate how it is possible to derive a ranking of schools that adjusts
for student characteristics using multilevel techniques, we will consider a simple
example of a random intercept linear regression model with two level-1 covariates:

Yij = a+ B Xuij+ By O Xaij + eij+u, (D

where Xj;; and Xp;; are level-1covariates, 1T OT and ﬁzT OT are the regression coef-

ficients measuring the total effect of the covariates on the outcome variable, ¢ is a
constant, and e;; and u; are the level-1 and level-2 errors. In all the paper, with o and
B we indicate fixed unkown parameters. The usual assumptions of multilevel linear
regression models are made [12]: exogenous covariates, uncorrelated errors, nor-
mality and homoskedasticity of the level-1 and level-2 error distributions. In a mul-
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tilevel context, the relationships at the cluster level, measured by the between-cluster
effects, can be very different from the relationships at the micro level, measured by
the within-cluster effects ([7], [13]). The regression model in equation (1) “mixes”
the two types of relationships and its estimated total regression coefficients, B77
are an average of the between-cluster and the within-cluster effects. From model 1,
we can obtain purely between-schools (32) effects of the covariates by aggregating
the response and exploratory variables at the school level:

Y.j=(X-i-ﬁlBXl.j-f—ﬁsz.j-l-e.j-i-Mj 2)

where the dot is the common notation to denote that the variable has been aver-
aged over the corresponding index. In this model, all the information on the within-
schools variability is ignored.

If we are interested exclusively on the within-schools effects (8"), we can sub-
tract model 2 from 1, obtaining:

Yij— Y= o+ Bl (Xuij — Xo.j) + B (Xaij — Xa.j) + (eij — ¢.5)- 3)

The same within-school estimates can be obtained by replacing the random effect
u; in equation (1) with a fixed intercept o; for each group j ([8]), obtaining:

Yy = Bl Xuij+ By Xaij+eij + . “)

In order to simultaneously estimate both the between and within-cluster effects,
we can combine model 2 and 3:

Yij = o+ B (Xiij — X1.j) + BPX1j+ B (Xaij — Xo.j) + B Xo.j+ eij+uj. (5

When the within and between effects are equal for each covariates, B = Bf
(r = 1,2), the models in equation (5) and (1) are equivalent. To derive a ranking
of schools using a two-level model with students clustered into schools we can give
a value-added interpretation to the models we introduced above. In random effects
models in equation (1) and (5), the level-2 residuals, u;, can be interpreted as a
measure of the residual effect of the schools on the outcome variable measured at
student level, after the effect of the independent variables included in the model
has been controlled for. Through the ranking of the errors u#; we obtain our ulti-
mate goal, which is the ranking of schools j. There are two methods commonly
used to assign values to u;: the maximum likelihood estimation and the Empirical
Bayes prediction; the former treats u; as an unknown fixed parameter, while the lat-
ter treats it as a random variable ([13]). Let define the total readuals for models in
equation (1) and (4) as &;; = e;j + u; and the predicted errors, <§,], as 511 =Y — Y,J
In a two-level random intercept model, the ML estimates of u; can be obtained as

the sample mean of é, ; for each cluster ([12]). The Empirical Bayes predictions ufB

are obtained as the mean value of the posterior distribution of u;, where the prior
is usually a normal distribution with zero mean and the estimated variance of u;
plugged in ([8]). In two-level random intercept linear models there is a simple rela-
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tionship between the estimates obtained with these two approaches: =§* ﬁjj‘-“ ,
where § = 72 /(1% + 62 /n;) is the so-called shrinkage factor that ranges from 0 to 1
and causes the empirical Bayes prediction to be shrunken toward 0. When the data
structure is balanced (constant number of first-level units in each cluster) the values
assigned by the two methods to u; are equal up to a constant and, as a consequence,
the rankings of u; (and of j) are the same. Since in the simulation studies we present
in this paper we use balanced data structures, we will only focus on ML estimates
of u; and we will refer to these simply as #;. Since in real word examples unbal-
anced data structures are the norm and the shrinkage effect can be substantial on the
ranking of u;, we plan to extend the current work in that direction. In particular, we
will contrast ML and EB results to assess the effect of shrinkage.

~EB
uj

3 Simulation procedure and preliminary results

The setup of the simulation study builds on the setup used by [6], where the authors
focus on the issue of bias and efficiency of fixed and random effects estimators,
while we focus on the quality of the u; ranking. Our study consists in 5 main steps:

1. we generate the data representing the performance of schools through a multi-
level regression linear model with different types of distribution of the level-2
error term, u;;

2. we obtain the true ranking of u; (and j) for each true distribution of u;

we estimate the model parameters through three different estimation methods;

4. for each estimation method we obtain, as explained in section 2, the maximum
likelihood estimates of u;, and we rank them (and, consequently, we rank the
clusters j);

5. for each estimation method, we compare the true and estimated rankings of u;.

W

3.1 Steps 1 and 2

As the first step of our simulation study, we generate two-level balanced data struc-
tures, where the overall sample size N is determined by the product of the number of
clusters, nc, and the fixed cluster size, cs. In the data generating model we use two
level-1 covariates, X; and X,, which are allowed to vary both within and between
clusters. Finally, the outcome is generated accordingly to equation (5).

We use five different processes to generate the “true” distribution of the error
terms u;:

a. homoschedastic, Normal (N.Hom);
b. heteroschedastic, Normal (N.Het);
c. homoschedastic, asymmetric (Chi-Square with one degree of freedom, CHI);
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d. homoschedastic, symmetric and bimodal (50:50 mixture of two normal distribu-
tions, BIM);

e. homoschedastic, symmetric and heavy-tailed (t-Student with two degree of free-
dom, STU).

The first specification (a.) conforms to the usual assumptions; the other four spec-
ifications imply different forms of model misspecification when the normality and
homoskedasticity assumptions are used in the estimation procedure. In all cases,
the values sampled from the assumed distribution of u; are used to obtain the true
ranking of j, indicated with RT;. Besides the error term distribution, three other
conditions have been varied: (i) number of clusters (nc = 30, 50, 100), (ii) cluster
size (c¢s = 5, 30, 50) and (ii) the intraclass correlation coefficient value, p = 121762,
(p = 0.1,0.2,0.3); as mentioned by [6], these values are commonly found in the
applied educational literature. The residual variance at level 2 is determined as a
consequence of the imposed values of p and of the residual variance at level 1,
which is set to 0.5. The intercept term o in equation (5) is set to 0; the other regres-
sion coefficients are set to 1, except ﬁlB that is set to 1.5: in this way, the between-
and the within-effects of the first covariate are different. Finally, since we also want
to evaluate the consequences of assuming the equality of the covariates’ between-
and within-effects, we run a set of simulations where the difference between the two
effects for both covariates is varied and takes values -1, 0 and +1.

3.2 Steps 3 and 4

In order to estimate the model parameters and subsequently obtain the ranking of
uj, we use and compare three different estimation models (see section 2):

M1.Y;j = e+ By (Xuij = X1.5) + BPX1.j + B (Xaij — X)) + BY Xo.j +uj + €if6)

M?2. Y,-j:Oc—l—ﬁlTOTXUj-FﬁZTOTXz,'j+I/tj+€ij (7
J
=

where D; in the third equation represent a dummy variable taking on value 1 if the
unit beling to cluster j and O otherwise. M1 and M2 are two-level models corre-
sponding to equations 5 and 1. M3 is a fixed effect model corresponding to equation
4. Each model is used to obtain the estimates of the cluster effects u; and, conse-
quently, the estimated ranking of j (RE;); M1 and M2 by means of the maximum
likelihood estimates of u; and M3 by means of the estimated o; coefficients. In the
estimation of Models M1 and M2 we make the usual assumptions on the error terms
(section 2) and, therefore, these models are misspecified if the true u; distribution
is not normal and/or not homoschedastic (cases from b.-e.). In this case, we aim at
assessing the implications on the ranking quality of these misspecifications by com-
paring M1 and M2 with respect to model M3. Moreover, as we explained in section
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2, the ranking obtained through the three models is expected to be different if B
and BrB (r =1,2) coefficients are different.

3.3 Step 5

As the last step of our Monte Carlo experiment, we evaluate the quality of the es-
timated rankings obtained with different model conditions comparing the closeness
of RE; (estimated ranking) to R7; (true ranking). For each experimental condition
we generate 1000 simulated data sets and we evaluate two measures of the ranking
quality. As a first measure, we compute the average Spearman correlation coeffi-
cient prr re between the true and the estimated distribution of the level-2 residuals
over the 1000 simulated data sets. For each replication, prr rr ranges from -1 to +1
and the closer it is to 1, the more similar the rankings are. The average Spearman
correlation coefficient also ranges from -1 to +1 and shows how well a model per-
forms in the classification of the level-2 units. The Spearman correlation coefficient
is an overall measure and is affected by the difference between the estimated rank-
ing positions of each unit with respect to the true positions. A property of the index
is that the impact of a misclassification increases quadratically with the distance be-
tween the true and estimated position and only the absolute value of this distance
matters. For example, consider the ranking of the school j out of 100 schools. Let
consider the two situations whit RT; =100; RE; =90 and RT; = 50; RE; = 40: in
both cases, the mistake in the classification of the school j has the same weight in
the index, even if the two mistakes can be considered different from a substantive
point of view. In the first case a school with an extreme performance is ranked 10
positions below and this could make a difference in the assignment of a price or a
sanction; in the second case, it probably makes little difference for the school j to be
ranked in the 50th or 40th position. In order to evaluate the quality of the estimated
ranking separately for groups of institutions we use the classification matrixes. The
idea is to divide the true and the estimated distributions of u; into intervals defined
by the deciles of the respective distributions and to evaluate, for each interval, the
percentage of correctly classified schools over the 1000 simulated data sets.

4 Preliminary results and discussion

As a first results, our study shows that the ranking obtained throught multilevel
models is reliable only for extreme institutions. Consistently with multilevel liter-
ature (see, i.e., [3]), we find that it is easier to reliably rank the institutions with
extreme performances but it is hard to precisely rank the institutions with average
performances. However, we do not think this is a reason to abandon the approach
because extremely “bad” and “good” performing institutions are usually the most in-
teresting for researchers and policy makers. Second, the effect of non-normal errors
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at the second level can be detrimental also to rank extreme institutions. In partic-
ular, a highly asymmetric distribution (e.g., Chi-square) of second-level residuals
implies a good ranking quality only of one tail of the distribution and a rather poor
quality of the other tail. A bi-modal distribution, on the contrary, produces a low
ranking quality for both tails. This highlights the importance of testing for normal-
ity of residuals’ distribution. With respect to the data structure, large sample sizes
help to increase the ranking quality, while the number and size of clusters, per se,
play a less important role. We also find that a large ICC facilitates the ranking. Third,
the assessment of ranking quality depends on the research/policy goals. While the
performance of multilevel models in individuating the true best-performing (Top)
institutions can be unsatisfactory in specific conditions, the probability of classify-
ing a true Non Top institution as a Top institution is always very low for all the
setups we used in our simulation study. On the other hand, the error probability
associated to miss-classifying a true Top institution as Non Top is sometimes too
high. Finally, discrepancies in the between and within effects of covariates is a cru-
cial point for the quality of the ranking. In all experimental situations, the multilevel
model with cluster means, that allows the between and within effects of the covari-
ates to be different, performs much better than the others. Only when the between
and within effects are equal for all the covariates, the three models perform very
similarly. These results highlight the importance, also for clusters’ ranking, to take
into account that within-cluster and between-cluster relationships can be very dif-
ferent when dealing with multilevel data structures. These results are in line with
similar remarks made in the multilevel literature, for example by [7] and [12].

Concluding, on the basis of our results two “best-practice” can be drawn. First,
with the respect to the estimation strategy, it is preferable to start from a more gen-
eral random effect model like M1, that allows to test for differences in the between
and within covariates’ effects. If there are no discrepancies, a simpler model M2
or M3 can be employed. Secondly, the suitability of model adjusted ranking should
be judged by policy makers on the basis of the losses associated with the different
potential errors, which in turn depend on the policy goals. For example, if rank-
ing is implemented to identify and reward the best schools or sanction the worst
schools, then policy makers might find misclassifying non-extreme schools as more
costly. Our results suggest that the probability of these mistakes is low and the model
adjusted ranking is, in this case, satisfactory and useful. On the contrary, if, for ex-
ample, the accountability system aims at investing on the worst schools to improve
their performances, then missing investments due to misclassify extreme schools as
non-extreme are more costly. The probability of these misclassifications is higher
and a model adjusted ranking approach could not be satisfactory.

As already mention, the current work will be extended to deal also with unbal-
anced data structures. Furthermore, we plan to extend the current simulation work in
several other directions. First of all, we will explore data structures with larger num-
ber of clusters and bigger cluster sizes. This is driven by the necessity to consider
data structures found in the empirical literatures on multilevel models in different
reserach fields (medical, sociological, etc.). Another important development of the
work consists in the proposal of simple data transformations (Box-Cox type) and
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non-parametric methods for the estimation of random effects, as tools to improve
the ranking quality in the presence of non-normal 2-level residuals.
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