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Abstract A permutation test for the location-scale problemproposed within the
nonparametric combination framework. The test isebaon the combination of the
permutation version of the Studdntest and the permutation version of R&®D test
for scale. Type-one error rate and power of thés &aee compared with those of Lepage
and Cucconi tests. It is shown that the proposedidgsreferable under normal- and
light-tailed distributions.
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1 Introduction

Two samples, theX, sample and theX, sample ofn; and n, independent

observations from populations with continuous disttion functions F; and F,
respectively, are considered. The problem is totkesnull hypothesis

F1(t)=F(t) OtO]-oo,+0o[.

In particular, we consider the location-scale peafyland therefore we assume that

_al -4 - t—-4,
Fl(t)—G[ . ]and thatF, (t) G[ . ]

whereG(.) denotes the distribution function for a conting variable with location 0
and scale 14 and i, (0, and o) the locations (scales) of population 1 and 2,
respectively. Since the normal assumption is oftenfulfilled in practice and sample
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sizes are often not large, the problem is addressidin the nonparametric
permutation framework.

The better known nonparametric method for the looascale problem is the test
of Lepage (1971) which is a rank test based orditeet combination (i.e. the sum) of
the squares of the standardized Wilcoxon-Mann-Vdyitstatistic, and the standardized
Ansari-Bradley statistic. In the literature, nonpaedric tests for jointly detecting
location and scale changes are based on the catiolired two tests, one for location
and another for scale. Generally, as in the cagheof.epage test, the combination is
achieved through the sum of the squared standardést statistics. Cucconi (1968)
proposed a different solution based on the squafreanks and contrary-ranks. This
test has been recently studied by Marozzi (200Ba) performed a detailed power
simulation study of the Cucconi test and computéabte of critical values that were
missing in the literature. Moreover he showed that test of Cucconi maintains the
size very close tor and is more powerful than the Lepage test.

Pesarin (2001) proposed a very general framewonkerming the nonparametric
combination of tests. The idea of this paper iptopose a permutation test for the
location-scale problem within the nonparametric boration framework. More
precisely, we propose in section 2 a test basatt@weombination of a test for location
and a test for scale. In section 3 a simulationysia performed to compare type-one
error rate and power of the proposed test withdhafsthe Lepage and Cucconi tests.
Some concluding remarks ends the paper in section 4

2 ThePermutation Test

Let X =(X1.X,) = Xy Xan s Xogrooe X, )= (X0 X X g X,,)  denote  the

pooled sample. To obtain tfRkS permutation test for the location-scale problenst f
we separately address the location problem anddhle problem. Let

Y =(X,/MAD(X,). X,/MAD(X, )= (X,/MAD(X, ),....X,/MAD(X ,)) = (¥,.....Y,)
be the median absolute deviation rescaled pooleglsaand let

z=(x,-MED(X,), X, -MED(X,))= (X, -MED(X,).....X, ~-MED(X, ) = (2,.....Z,)

be the median aligned pooled sample. (thun) be a random permutation of unit
labels (Ln) then the corresponding permutation ¥f and Z are respectively

Yozly oy, )=y ) and 2 =(z, 2, )= (20 20).

U Un

To compare locationg; and/s, of the two populations we use the test based on

erfe)- [Eh X,
\/(nl_1 ¥ n;)(zgl(y; P3N /nl)z +Zin:nl+1(Yi* - ZinznﬁlYi*/nZ)zj/(n -2)
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which is the permutation version of the Studentistta computed on the median
absolute deviation rescaled elements.

To compare scaleg; and ¢ of the two populations we use tRe50 test, which is
the permutation version (Marozzi, 2009b) of &0 test due to Pan (1999) and based
on

‘mii—mil
ENA SN
“2) )

/nz, (\/1*)2: iril(|Zi*|—Zj2/(nl—l) and

—\2
—Zz) /(nz—l). In detecting differences in scale, tR&50 test

PLso(;*)

where Z; :ziril|2i*|/n1 . Z :zin:nlﬂ

boF =

behaves better than the original version undengeaf distributions from symmetric
to skewed and from low to high kurtosis (Maroz202b). The originalL50 test was
proposed as a modification of the traditional Leveéest to fix a structural problem of
this latter.

Resampling fromY and Z respectively for théT test and théL50 test, instead
of resampling directly fromX , is necessary in order that pooled sample elenvesris

at least approximately exchangeable under the smoreling partial null hypothesis
Hoa: th=1b in the first case andg,: ;=05 in the second one. To compute thealues
of PT andPL50 we compute the permutation null distributiodP@fandPL50 statistics
as the distribution function of the permutationues of them:, PT,..., PT,..., . PT

where  PT = PT(kf), Y is thekth permutation ofY andk=1,... K=n!/ny!/n,!; and

,PL50.,...,, PL50,...,.PL50 where , PL50=PL50(,Z"), ,Z is thekih permutation of
Z andk=1,... K. Therefore th@-values are respectively

z

*

Z

M, (,PT)= ”lln':z! SH(,PT2,PT) and M p(, PL50) = ”ﬂn':z! S°1(, PL502,PL50),
e e

wherePT andPL50 are the observed valug®T = PT(\_() and ,PL50= PLSO(;) of

the statistics ant{.) denotes the indicator function.

To obtain thePLS test we combine thp-values of thePT andPL50 tests. This is
equivalent to combine the test statistics sipeslues and statistics are one to one
decreasingly related. We use the Fisher combiningtfon obtaining the following test
statistic for the null hypotheskdy: Hoa N Hop

PLS= ln(]/M PT )+ ln(]/M PLSO) :
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Pesarin (2001) reports several combining functemd states that there exist situations
in which one combining function is preferable te ththers. For example, the Tippett
combining function may have a good power behavieenvonly one among the partial
null hypotheses is true; that of Liptak is gengrajjood when the partial null
hypotheses are jointly true. The Fisher combinimgcfion is suggested when nothing
is expected about the partial null hypotheses tmxdias an intermediate behaviour,
and for this reason it is adopted here. See alsgiZ@at al. (2002) and Won et al.
(2009).
The observed value #1LS is ,PLS=In(/M (,PT))+In(l/M 4 5 (,PL50)). The

null distribution of PLS is the distribution function ofPLS,...,PLS,...,kPLS where
PLS=In[M, (, PT))+In(l/M, (. PL50)). Large values of,PLS are evidence

against Hp, that should be rejected if MPLS(OPLS)sa where
Mos(oPLS)= 3 1(, PLS2,PLS)/K .

3 A Comparative Simulation Study

A simulation study was designed to evaluate the asizd the power of the proposed
test, the Cucconi test and the Lepage test. We fissedlistributions, that range from
low to high kurtosis, in the simulations to genersample observations:

e standard normal distribution N(0,1);

e uniform distribution;

¢ bimodal obtained as a mixture of a N(-1.5,1) wittokmbility 0.5 and a
N(1.5,1) with probability 0.5;

¢ Laplace double exponential distribution;

e  Student'st with 2 df.

Note that we consider only symmetric distributidrecause if one considers skewed
distributions a change in location is not qualitally different with respect to a change
in scale and therefore it is not well specified tlogeation-scale alternative. We
considered r{;,n,) = (10,10), (10,30), (30,10) and (30,30). The rypothesis tested
was that the populations have the same distribufibie alternative hypothesis is that
1h-16%0 or g/ o#1. We considered three cases for examining the pdiyes-1»=0
and gi/0,>1; (i) -1>0 and oi/o=1; (i) t-16>0 and gi/o,>1. To speed up
computations, 1000 permutations were computed. daach simulation setting 5000
Monte-Carlo simulations were considered. Note thathe Glivenko-Cantelli theorem,
1000 permutations are enough for permutafieralue estimation (see among others
Pesarin (2001) and Marozzi (2004a)).

Tables 1 and 2 display the results, the size ofdkts appears in the first column of
inner cells, which corresponds to the null hypotheEhe Lepage and the Cucconi test
maintain their size very close to the nominal 5%ele The PLS test has a slightly
greater size than that of them, but for the lasgenples its size is very similar. TRES
test is more powerful than theand theC test for the normal, uniform, and bimodal
distributions, with the exceptions of the situasoim which the scale but not the
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location is shifted forr(;,n,)=(10,10) and (10,30). For the Laplace double erptial
distribution thePLS is practically as powerful as ttheand theC test. For the Studeit
with 2 df thePLStest is less powerful. Therefore the combinedtionascalePLS test
works better than thé and theC test under normal- and light-tailed distributions,
whereas thé& and theC test are preferable for heavier than normal tadlistributions.

It should be noted that the Lepage and the Cuceshiperform quite similarly, but the
Cucconi test is on the whole more powerful thanltbpage test, in accordance with
the results found by Marozzi (2009a). The resufitBlcS under the unbalanced sample
size settings worth a comment. The reason is tieatihbalancement is very high: a size
is three times than the other one. This affectzairiicular the power dPLS underH,,
(and therefore unddt,) but not undeH,. The power is higher when the scale shift is
in the larger sample.

Table 1. Power estimates withr0.05 andif1,nz)=(10,10) and (10,30).
(n,n2)=(10,10) (1,n2)=(10,30)

Normal Normal
=1k 0 0 1 1 0 0 0.75 0.75
ail o, 1 2 1 2 1 15 1 1.5
PLS 0.053 0.260 0.538 0.513 0.057 0.130 0.522 0.470
L 0.050 0.239 0.416 0.390 0.053 0.198 0.392 0.433
C 0.049 0.269 0.414 0.419 0.050 0.246 0.395 0.478
Uniform Uniform
=1k 0 0 1 1 0 0 0.75 0.75
ol o» 1 2 1 2 1 15 1 1.5
PLS 0.063 0.352 0.494 0.596 0.074 0.190 0.536 0.541
L 0.053 0.381 0.351 0.432 0.046 0.333 0.350 0.434
C 0.056 0.458 0.334 0.479 0.048 0.447 0.356 0.507
Bimodal Bimodal
=1k 0 0 1.5 2.5 0 0 1 2
ail o, 1 15 1 1.5 1 15 1 1.5
PLS 0.062 0.151 0.397 0.624 0.074 0.178 0.348 0.723
L 0.049 0.178 0.266 0.443 0.053 0.312 0.211 0.541
C 0.051 0.204 0.256 0.433 0.049 0.399 0.213 0.607
Laplace Laplace
=1k 0 0 1 1 0 0 0.75 0.75
ail o, 1 2 1 2 1 15 1 1.5
PLS 0.055 0.189 0.579 0.446 0.060 0.091 0.537 0.438
L 0.053 0.160 0.542 0.436 0.057 0.133 0.556 0.531
C 0.050 0.172 0.551 0.454 0.055 0.162 0.553 0.548
to to
=1k 0 0 1 2 0 0 0.8 1.1
ail o, 1 2.4 1 2.4 1 1.8 1 1.8
PLS 0.053 0.236 0.291 0.456 0.060 0.155 0.268 0.306
L 0.050 0.241 0.246 0.499 0.049 0.235 0.253 0.470
C 0.051 0.253 0.253 0.518 0.049 0.275 0.255 0.491
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Table 2. Power estimates withr0.05 andif1,nz)=(30,10) and (30,30).

(n1,n2)=(30,10) (1,n2)=(30,30)
Normal Normal
=1k 0 0 0.75 1 0 0 0.5 0.5
ail o» 1 1.8 1 1.8 1 1.3 1 1.3
PLS 0.060 0.395 0.484 0.711 0.047 0.186 0.473 0.523
L 0.046 0.246 0.386 0.443 0.047 0.148 0.356 0.387
C 0.049 0.246 0.389 0.435 0.045 0.165 0.356 0.405
Uniform Uniform
=1k 0 0 0.75 1 0 0 0.5 0.5
ail o» 1 1.8 1 1.8 1 1.3 1 1.3
PLS 0.066 0.539 0.457 0.813 0.054 0.285 0.463 0.622
L 0.046 0.378 0.337 0.487 0.046 0.251 0.335 0.440
C 0.048 0.456 0.341 0.462 0.048 0.353 0.322 0.483
Bimodal Bimodal
=1k 0 0 1 2 0 0 0.75 1.1
ol o» 1 15 1 1.5 1 1.3 1 1.3
PLS 0.077 0.295 0.314 0.741 0.051 0.268 0.352 0.690
L 0.052 0.208 0.219 0.503 0.049 0.249 0.257 0.515
C 0.053 0.219 0.221 0.442 0.047 0.304 0.250 0.545
Laplace Laplace
=1k 0 0 0.75 1 0 0 0.5 0.5
ol o» 1 1.8 1 1.8 1 1.3 1 1.3
PLS 0.060 0.273 0.527 0.601 0.059 0.129 0.489 0.457
L 0.054 0.153 0.556 0.521 0.055 0.107 0.513 0.484
C 0.050 0.138 0.553 0.544 0.056 0.117 0.506 0.486
to to
=1k 0 0 0.8 1.7 0 0 0.6 0.8
ail o, 1 2.2 1 2.2 1 1.6 1 1.6
PLS 0.054 0.316 0.245 0.517 0.058 0.216 0.251 0.394
L 0.055 0.274 0.268 0.495 0.057 0.250 0.289 0.513
C 0.049 0.249 0.268 0.515 0.054 0.260 0.289 0.522

4 Conclusion

A permutation test for the location-scale probleas hbeen proposed within the
nonparametric combination framework. More preciséie PLS test is based on the
combination of the permutation version of the Shidetest and of the permutation
version of ParL.50 test for scale. Type-one error rate and poweheftest have been
studied and compared with those of the test of gefand of the test of Cucconi. It has
been shown that tHelL S test is more powerful, with few exceptions, thhalt and the
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C test for the normal, uniform, and bimodal disttibos. For the Laplace double
exponential distribution thELS is practically as powerful as ttheand theC test. For
the Student with 2 df thePLS test is less powerful. Therefore the combinedtiona
scalePLS test works better thabh andC under normal- and light-tailed distributions,
whereas the. and theC test are preferable for heavier than normal tairidbutions.
We caution that our results were obtained via sithorh experiments.
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