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Riassunto: In questolavoro si consideral’uso combinatodi verosimiglianzaempiricae
equazionidi stimaper dati censuraticon l’obiettivo di ottenereintervalli di confidenza
robustiperparametriequantili di distribuzioni largamenteusatenell’analisidi datidi du-
rata.I risultatidi alcuniesperimentidi simulazionerelativi adun’applicazioneal modello
log-normalemostranol’utilit à delmetodoproposto.
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1. Intr oduction

Let ��� � � � � � � � be � independentobservationsonarandomvariable� with cumulative
distribution function �
	 ��� 
�������� � � ��� ��� dependingon an unknown parameter
�����

IR� �! �"$# . Let %&	 ��� 
�� denotetheprobabilitydensityof � and '(	 ��� 
��&��#�) �
	 ��� 
��
thesurvival function.A general* -estimatorfor 
 is asolutionof theequation�+, - �/. 	 � , � 
��&�102� (1)

where. 	 3 � 3 �54 IR 6 �$7 IR� is asuitableunbiasedestimatingfunction,i.e. 8 � . 	 � � 
�� ���0�� Examplesincludemaximumlikelihoodestimators,generalizedmethodof momentes-
timators,quasi-likelihoodestimatorsandmany robustestimators.

Robusttechniquesprovide protectionagainstoutliersandmodelviolation (seeHam-
pel et al., 1986,asa generalreference).Maximum likelihoodestimatorsareefficient if
the modelis correctlyspecifiedbut aretipically not robust sincethey may be very sen-
sitive to outliers. The level of the gross-errorsensitivity specifiesthe extent to which a
singleoutlier caninfluenceanestimatorandit is generallyunboundedfor themaximum
likelihoodestimator. Flexibility in choosingtheshapeof thefunction . 	 3 � 3 � in (1) allows
for the constructionof estimateswith desirablerobustnessproperties.In particular, ro-
bust * -estimatorswith boundedgross-errorsensitivity correspondto boundedestimating
functions.

In lifetimedataanalysis,dataaretipically rightcensoredbycensoringvalues9 � � � � � � 9 �
so that oneobserves � 	 : , � ; , � �=<2��#>� � � � � � � , where : , �@?
A B 	 � , � 9 , � and ; , �@C 	 � , �9 , � , with C 	 3 � the indicator function. When the censoringmechanismis independent
(KalbfleischandPrentice,1980,Section5.2), asin many usualcensoringschemes,the
maximumlikelihoodestimatefor 
 is generallyobtainedby solvingthelikelihoodequa-
tion �+, - � � ; , D 	 : , � 
��FE 	 #()G; , � D H 	 : , � 
�� ���102� (2)
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whereIKJ L�M N�O&PQJ RTS R�N�O�U V>W(X!J L�M N�O and I
Y J L�M N�O5PQJ RTS R�N�O�U V>W[Z(J L�M N�O .
SinceI Y J \ ] M N�O5P1^
_ IKJ `
M N�O a `cbd\ ] e undermild regularityconditions,equation(2)

suggeststhatthenaturalestimatingequationanalogueof (1) for censoreddataisfg] hTi/j J \ ] k l ] M N�O5P1m�k (3)

where j J \ ] k l ] M N�OnPcl ] o[J \ ] M N�O!p�J qnrdl ] O ^
_ o[J `
M N�O a `sbQ\ ] e . It follows that robust t -
estimatorsfor censoreddatacanbereadilyobtainedfromrobustestimatingfunctionsused
in theuncensoredcase.James(1986)studiestheasymptoticbehaviour of theestimators
obtainedfrom (3), andwewill refersuchestimatorsasJames-typet -estimators.

In this paperwe combineempirical likelihood(seeOwen,2001,asa generalrefer-
erence)andestimatingequationsthatdefineJames-typet -estimatorsto obtainerobust
confidenceintervals for parametersandquantilesof distributionsusedin lifetime data
analysis.

2. The proposedmethod

For completedata,thecombineduseof empiricallikelihoodandestimatingfunctions
thatdefinerobust t -estimatorsfor N givesriseto confidenceintervalsthat,in someway,
maintaintherobustnesspropertiesof theassociatedestimators.Typically suchintervals
have coveragelevel that is little sensitive with respectto small departuresof the data
distribution from the specifiedmodel. Furthermore,they aremoreaccuratethan those
basedon theasymptoticnormalityof thecorrespondentt -estimator.

In thecensoredcase,if theobjectiveis to constructconfidenceintervalswith acertain
level of protectionagainstoutlying observationsor small deviations from the assumed
model,wecanopportunelycombineempiricallikelihoodandestimatingequationsof the
form (3), namelyestimatingequationsthatdefineJames-typerobust t -estimators.This
approachis appealingat leastfor two reasons.First, it is quitegeneralandapplyto many
practicalsituationswherethe censoringmechanismcanbe assumedto be independent.
Second,unlike the normalapproximation-basedapproach,the empirical likelihoodone
doesnot requireestimationof theasymptoticvarianceof any statistic.

In the following, to illustrate the proposedmethodwe considerinferencefor log-
location-scaledistributions,suchasthe log-normalandtheWeibull distributions,which
arefrequentlyusedin lifetime modelsin medicalandbiological sciencesaswell as in
engineering.In lifetime dataanalysis,oneoften considersthe logarithmof the lifetime
variablesothattheresultingtransformedlifetime belongsto a location-scalefamily. The
featuresof the location-scalefamily may facilitatethe inference.From now on, we as-
sumethat the randomvariable ` describesthe logarithmof lifetimes and that the \ ] ’s
valuesarethetransformedobservedlifetimes.

Let N$PuJ v!k w!O . We focus on a location-scalefamily with densitiesX!J L�M v&k wFOxPw!y i X z J J L{r|v!O S w!O , where X z J } O denotesthe densityof the standardizedJ v|P~m/k w|P@q>O
elementof thefamily. For completedata,classicalrobust t -estimatorsfor the location
andscaleparametersaredefinedthroughtheestimatingequation(1) witho[J L�M N�O5P � o&i J L�M v!k w!Oo!� J L�M v!k w!On� P � o&iFJ J L�rGv!O S w!Oo!�!J J L�rGv!O S w!On� (4)
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for suitable(bounded)real-valuedfunctions �&� � � � and �!� � � � . For censoreddata,related
James-typelocation-scaleestimatorsareobtainedfrom (3) with� � ��� ��� ���5�s� � � � �/� �/� �!� �!�� � � �/� �/� �!� �!�n� �s� � �&�F� � ���G�F� �>�F�F�1� �(�G��� �&� �T� � ���G�F� �>�F�� � � � � ���G�F� �>�F�F�1� �(�G��� � � � � � ���G�F� �>�F���
where �&� �T� � ���G�F� �>�F�5�1�d� �&�F� � �$�G�F� �>�F�F� �c�|�/��!� �T� � ���G�F� �>�F�5�1�d� �!�!� � �$�G�F� �>�F�F� �c�|�/��� (5)

Theabove expectationsgive thecontribution of a censoredobservationto theestimating
function � and,in general,mustbeevaluatednumerically.

Theempiricallikelihoodratio (Owen,2001,Sections3.5 and3.14) for � �&� �F� based
on � andthesample�/� �   � �   � �&¡&���>� � � � � ¢!� is£ � �&� �F�5�u¤¥  ¦T� ���(�d§/¨ � � �   � �   � �&� �F� �>© � �
where § satisfiesª ¤  ¦T� � � �   � �   � �!� �!� ���(�|§ ¨ � � �   � �   � �!� �!� � © � �Q«�� Profileempiricallike-
lihood ratiosfor a singlecomponentor functionsof � �!� �!� canbederivedfrom

£ � �!� �!� .
For instance,theprofileempiricallikelihoodratio for thelocationparameter� is£ � �!�&�1¬ ­�®¯ £ � �&� �F�5�
On theotherhand,if interestfocuseson the ° -th quantile± of thedistribution of � , then
we canusethe relation ±������$²/³´ � which binds ± to the parameters� �&� �F� and the° -th quantile ²/³´ of thestandardizedelementof the location-scalefamily. Therefore,the
empiricallikelihoodratio for ± is£ � ±T�5�1¬ ­�®¯ £ � ±
�G² ³´ ��� �!�&�
Since �
� � � µ(� �/� �!� �!� �2�Q�
� �[� �
� �!� �!� �{��« , the ¶ � approximationfor thedistribution
of theempiricallikelihoodratio statistic, · � � ������¸&¹ º>» £ � � � , is justifiedunderthesame
weakregularity conditionsnecessaryin theuncensoredcase.Whensuchconditionsare
satisfied, � �~¼=· ½5� �F�x¾�¿ � � ÀF� � and � ±Q¼=· ½5� ±T�K¾�¿ � � ÀF� � are approximateconfidence
intervalsfor � and± respectively, with nominalcoveragelevel � �!�ÁÀF� . Here ¿ � � ÀF� is such
that ®�Â � ¶ � � �|¿ � � ÀF� ���dÀ .

3. Infer encefor the log-normal distrib ution

Now we considerinferencefor thelog-normaldistribution. In this case� belongsto
thenormalfamily. For completedata,a well-known simultaneouslocation-scalerobust
estimatoris the Huberestimator(Huber,1964,Proposal2) definedby (4) with � � � ÃT� �Ä � ÃF� Å � � and � � � ÃT�x� Ä � � ÃF� Å � �=��Æ�Ç È for appropriateconstantsÅ � , Å � and Æ/Ç È . The
function

Ä � ÃF� Å��&�1ÃdÉ
Ê Ë������ Å���� Ã&� � is theso-calledHuber
Ä

-function.
Extensionof theHuberestimatorto thecensoredcaseis easy. In fact,for thenormal

modeltheexpectationsin (5) maybecomputedanalytically. In particular, wehave

�&� ��� � ���G�!� � �!�&�
ÌÍÍÍÍÍÍÎ ÍÍÍÍÍÍÏ
Å � if � ���G�F� �>�x�1Å �Ç Ð Ñ � ©�Ò Ñ Ç Ð Ó Ó Ô�Õ Ñ Ñ Ö ©/× Ó Ø ¯ Ó © Õ Ñ Ç Ð Ó� ©�Ò Ñ Ñ Ö ©/× Ó Ø ¯ Ó if � � ���G�F� �>�5�/¾1Å/�Ç Ð Ò Ñ Ñ Ö ©/× Ó Ø ¯ Ó� ©�Ò Ñ Ñ Ö ©/× Ó Ø ¯ Ó if � ���G�F� �>�xÙ$�nÅ �
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where ÚnÛ Ü Ý denotesthecumulative distribution functionof thestandardnormaland Þ!Û Ü Ý
its density. Functionß!à á Û Û â�ã�ä!Ý å æ!Ý hasa similarexpression.

To show theusefulnessof theproposedmethod,Table1givessomeresultsof aMonte
Carlo studydesignedto comparethe empirical likelihood-basedprocedure(ELR) with
the classicalmethodbasedon the log-likelihoodratio statistic(LLR). Table1 givesthe
empiricalcoverageprobabilitiesof the Û ç�ãdèFÝ -confidenceintervals for the ninth decile
of thedistribution of thelog lifetimes,for two samplesizesanddifferentcensoringrates
(é ). Eachsimulationexperimentis basedon 5000trials. Thelog lifetimesaregenerated
from the contaminationmodel êFëÁìíÛ ç2ã|î�Ý Údï|î>ð , where ð denotesthe cumulative
distribution functionof a normalwith äxì1ñ and æxì$ò . Thecontaminationpercentageî
is setat0%(a)andat5%(b). TypeI (fixed)censoringis considered.TheHuberestimator
is used,with ó�ô{ì@ó>à
ì@ç�õ ç . Observe that a confidenceinterval for the ninth decileof
the distribution of the lifetime variableis given by ö ÷�øFÛ Ü Ý appliedto eachvalue in the
confidenceinterval for thequantileof thedistributionof thelog lifetimes.

Table1: Empirical coverageprobabilitiesof theconfidenceintervalsfor theninth decile
of thedistributionof thelog lifetimes.

n=20 n=40ùFú2û ü
=0.2

ü
=0.4

ü
=0.2

ü
=0.4

ü
=0.6

0.99 ELR 0.986 0.994 0.993 0.993 0.994
LLR 0.986 0.990 0.990 0.990 0.992

0.95 ELR 0.952 0.962 0.952 0.957 0.962
LLR 0.942 0.945 0.948 0.946 0.947

0.90 ELR 0.907 0.920 0.906 0.909 0.918
LLR 0.895 0.893 0.899 0.891 0.895

(a)

n=20 n=40ùFú2û ü
=0.2

ü
=0.4

ü
=0.2

ü
=0.4

ü
=0.6

0.99 ELR 0.989 0.991 0.989 0.993 0.994
LLR 0.948 0.917 0.860 0.814 0.772

0.95 ELR 0.958 0.960 0.953 0.958 0.968
LLR 0.870 0.854 0.765 0.718 0.688

0.90 ELR 0.913 0.911 0.902 0.915 0.923
LLR 0.809 0.786 0.700 0.653 0.630

(b)
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