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Riassunto: In questolavoro si considerd’'uso combinatodi verosimiglianzeempiricae

equazionidi stima per dati censuraticon I'obiettivo di ottenereintervalli di confidenza
robusti perparametrie quantilidi distribuzionilargamenteusatenell’analisidi datidi du-

rata.l risultatidi alcuniesperimentdi simulazioneelatvi adun’applicazionel modello

log-normalemostrand’utilit a del metodoproposto.
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1. Intr oduction

Lety,...,y, ben independenbbsenationsonarandomvariableY with cumulatve
distribution function F'(y; 8) = pr,{Y < y} dependingon anunknonn paramete &
© C R%, s > 1. Let f(y; #) denotetheprobabilitydensityof Y andS(y; §) = 1— F(y; 0)
thesurvival function. A generalM -estimatorfor ¢ is a solutionof theequation

n

> a(y;0)=0, )

i=1

wherea(+; ) : Rx 0 — IR® isasuitableunbiasecdstimatingunction,i.e. E{«(Y;0)} =
0. Examplegncludemaximumlik elihoodestimatorsgeneralizednethodof momentes-
timators,quasi-likelihoodestimatorsaandmary robustestimators.

Rolusttechniquegrovide protectionagainstoutliersandmodelviolation (seeHam-
pel etal., 1986,asa generalreference).Maximum lik elihood estimatorsare efficient if
the modelis correctly specifiedbut aretipically not robust sincethey may be very sen-
sitive to outliers. The level of the gross-erroisensitvity specifiesthe extentto which a
singleoutlier caninfluencean estimatorandit is generallyunboundedor the maximum
lik elihoodestimator Flexibility in choosingthe shapeof thefunctiona(-; -) in (1) allows
for the constructionof estimateswith desirablerobustnesgproperties.In particular ro-
bust M -estimatorsvith boundedyross-errosensitvity correspondo boundedestimating
functions.

In lifetime dataanalysisdataaretipically right censoredby censoringraluest,, . . ., t,
sothatoneobseres{(z;,d;), i = 1,...,n}, wherez; = min(y;, ;) andd; = I(y; <
t;), with I(-) the indicator function. When the censoringmechanismis independent
(Kalbfleischand Prentice, 1980, Section5.2), asin mary usualcensoringschemesthe
maximumlik elihoodestimatefor 6 is generallyobtainedby solvingthelikelihoodequa-
tion

S8 (56) + (1 - 8)Acl56)} =0, @
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whereA(y; 0) = (0/90) log f(y; ) andA.(y; 0) = (8/90) log S(y; 0).
SinceA.(z;0) = E{A(Y;0)|Y > z;} undermild regularity conditions,equation(2)
suggestshatthe naturalestimatingequationanalogueof (1) for censoredlatais

n

> (2, 0;;0) =0, 3

i=1

wheren(z;, 8;;0) = 6;a(z;6) + (1 — 6;) E{c(Y;0)|Y > z}. It follows thatrobust M-
estimatordor censoredlatacanbereadilyobtainedrom robustestimatingunctionsused
in theuncensoredase.Jameg1986)studiesthe asymptotichehaiour of the estimators
obtainedrom (3), andwe will refersuchestimatorsasJames-typé/-estimators.

In this paperwe combineempiricallikelihood (seeOwen, 2001, as a generalrefer
erence)andestimatingequationghat defineJames-typélf -estimatorgo obtainerobust
confidenceintervals for parametersand quantilesof distributionsusedin lifetime data
analysis.

2. The proposedmethod

For completedata,the combineduseof empiricallik elihoodandestimatingiunctions
thatdefinerobust M -estimatordor 6 givesriseto confidencantervalsthat,in someway,
maintainthe robustnesgpropertiesof the associate@stimators.Typically suchintervals
have coveragelevel that is little sensitve with respectto small departuresof the data
distribution from the specifiedmodel. Furthermorethey are more accuratethanthose
basedn the asymptoticnormality of the correspondent/ -estimator

In thecensoreatase|jf theobjectiveis to constructtonfidencentervalswith a certain
level of protectionagainstoutlying obsenationsor small deviationsfrom the assumed
model,we canopportunelycombineempiricallik elihoodandestimatingequationf the
form (3), namelyestimatingequationghatdefineJames-typeobust M -estimators.This
approachs appealingatleastfor two reasonskFirst, it is quitegeneralandapplyto mary
practicalsituationswherethe censoringmechanisncanbe assumedo be independent.
Secondunlike the normalapproximation-basedpproachthe empiricallikelihoodone
doesnotrequireestimationof the asymptoticvarianceof ary statistic.

In the following, to illustrate the proposedmethodwe considerinferencefor log-
location-scalaistributions, suchasthe log-normalandthe Weibull distributions,which
arefrequentlyusedin lifetime modelsin medicaland biological sciencesaswell asin
engineering.In lifetime dataanalysis,one often considerghe logarithmof the lifetime
variablesothattheresultingtransformedifetime belongsto alocation-scaldamily. The
featuresof the location-scalgdamily may facilitate the inference. From now on, we as-
sumethat the randomvariableY describeghe logarithm of lifetimes andthat the z;’s
valuesarethetransformedbsenedlifetimes.

Let§ = (u,0). We focuson a location-scalefamily with densitiesf(y; u,0) =
o f.((y — p)/o), where f,(-) denoteshe densityof the standardizedy = 0,0 = 1)
elementof the family. For completedata,classicalrobust M -estimatordor the location
andscaleparameteraredefinedthroughthe estimatingequation(1) with

= (i) )= (000 2
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for suitable(boundedyeal-\aluedfunctionsea; (-) andas(-). For censoredlata,related
James-typéocation-scalestimatorsareobtainedirom (3) with

o (e 8m0)  _ (b ((z— u)/o) + (1 - B)aue (= — u)/o)
"“&”—(mm&mw>—(6@«mwww+u—®@4w—mmo>

are ((z = p)/o) = E{ar (Y — p) /o) |Y > z} (5)
aze ((z = p)/0) = E{aa (Y — p)/0) [Y > 2} .
The above expectationgjive the contribution of a censoredbsenationto the estimating
functionn and,in generalmustbe evaluatednumerically
The empiricallikelihoodratio (Owen, 2001, Sections3.5 and 3.14)for (i, o) based
onn andthesample{(z;,d;), i =1,...,n}is

R(u,0) = [T{1 + Nn(zi, 6i; ,0)}
i=1
where) satisfiesy | n(z;, di; 1, 0){1 + A'n(z;, 6i; u, o)}~ = 0. Profile empiricallik e-
lihood ratiosfor a singlecomponenbr functionsof (i, o) canbederivedfrom R(u, o).
For instancethe profile empiricallik elihoodratio for thelocationparametey: is

R(p) = sup R(p, 0) .

Ontheotherhand,if interestfocuseson the ¢g-th quantiler of thedistribution of Y, then
we canusetherelationT = u + y;0 which binds7 to the parametergu, o) andthe
g-th quantiley; of the standardize@lementof the location-scaldamily. Therefore the
empiricallikelihoodratio for 7 is

where

R(7) =sup R(T — y;0,0) .

SinceE{n(Z,6; u,0)} = E{a(Y;u,0)} = 0, thex? approximatiorfor the distribution
of the empiricallikelihoodratio statistic,i(-) = —21log R(-), is justified underthe same
weakregularity conditionsnecessaryn the uncensore@¢ase.Whensuchconditionsare
satisfied{u : lg(p) < ci(v)} and{r : Ig(r) < ¢1(y)} are approximateconfidence
intervalsfor x andr respectrely, with nominalcoveragdevel (1 — ). Herec; (vy) issuch
thatpr{x} > c1(v)} = 7-

3. Infer encefor the log-normal distrib ution

Now we considerinferencefor the log-normaldistribution. In this caseY” belongsto
the normalfamily. For completedata,a well-known simultaneoudocation-scaleobust
estimatoris the Huberestimator(Huber, 1964, ProposaR) definedby (4) with ¢, (u)=
¥(u; ki) anday(u) = ¥?*(u; ky) — ag, for appropriateconstantsk;, k, andag,. The
functiony(u; k) = v min{1, k/|u|} is the so-calledHuber-function.

Extensionof the Huberestimatorto the censorectaseis easy In fact, for the normal
modelthe expectationsn (5) may be computedanalytically In particular we have

& it (z— w)/o > ki
E1(1-8(k1))+¢((z—p)/o)—¢(k1) _

are((z — p)/o) = 1= ((z—p)/0) if |(z—p)/o| <k
k1®((z—w)/o .
ﬁ(&(z%;})/% if (z—p)/o< —k
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where®(-) denoteghe cumulative distribution function of the standarchormaland¢(-)
its density Functionas.((z — p) /o) hasa similar expression.

To show theusefulnes®f the proposednethod,Tablelgivessomeresultsof aMonte
Carlo study designedo comparethe empiricallikelihood-basegrocedurg ELR) with
the classicalmethodbasedon the log-likelihoodratio statistic(LLR). Table1 givesthe
empirical coverageprobabilitiesof the (1 — v)-confidencentervals for the ninth decile
of thedistribution of thelog lifetimes, for two samplesizesanddifferentcensoringates
(w). Eachsimulationexperimentis basedon 5000trials. Thelog lifetimesaregenerated
from the contaminationrmodel ¥, = (1 — €)® + G, whereG denoteshe cumulative
distribution functionof anormalwith ¢ = 0 ando = 5. The contaminatiorpercentage
is setat0% (a) andat5% (b). Typel (fixed)censorings consideredThe Huberestimator
is used,with k;, = k9 = 1.1. Obsene thata confidencanterval for the ninth decile of
the distribution of the lifetime variableis given by exp(-) appliedto eachvaluein the
confidencenterval for the quantileof the distribution of thelog lifetimes.

Table 1: Empirical coverage probabilitiesof the confidencentervalsfor the ninth decile

of thedistribution of thelog lifetimes.
n=20 n=40
11—+~ 71=0.2 7=04| 7=0.2 =04 ==0.6
099 ELR 0.986 0.994| 0.993 0.993 0.994
LLR 0.986 0.990 | 0.990 0.990 0.992
0.95 ELR 0.952 0.962| 0.952 0.957 0.962
LLR 0.942 0.945| 0.948 0.946 0.947
0.90 ELR 0.907 0.920| 0.906 0.909 0.918
LLR 0.895 0.893| 0.899 0.891 0.895

(@)

n=20 n=40
1—7v 7=0.2 7=0.4| n=0.2 7=0.4 #=0.6
099 ELR 0.989 0.991| 0.989 0.993 0.994
LLR 0.948 0.917| 0.860 0.814 0.772
095 ELR 0.958 0.960| 0.953 0.958 0.968
LLR 0.870 0.854| 0.765 0.718 0.688
090 ELR 0.913 0.911| 0.902 0.915 0.923
LLR 0.809 0.786| 0.700 0.653 0.630

(b)
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