
2Q�WKH�&RLQFLGHQFH�RI�WKH�2UGLQDU\�/HDVW�6TXDUHV(VWLPDWRUV�ZLWK�WKH�*HQHUDOL]HG�/HDVW�6TXDUHV�RQHV6XOOD�&RLQFLGHQ]D�GHJOL�6WLPDWRUL�GHL�0LQLPL�4XDGUDWL�2UGLQDUL�FRQ�JOL�6WLPDWRUL�GHL�0LQLPL�4XDGUDWL�*HQHUDOL]]DWL$PHGHR�'H�/XFD'HSDUWPHQW�RI�6WDWLVWLFV�± 8QLYHUVLWj�&DWWROLFD�GHO�6DFUR�&XRUHHBPDLO��DPHGHR�GHOXFD#PL�XQLFDWW�LW
5LDVVXQWR��QHO�PRGHOOR�GL�UHJUHVVLRQH�OLQHDUH�FRQ�YDULDELOH�GLSHQGHQWH�GLFRWRPLFD��FD�GHQGR�O¶LSRWHVL�GL�RPRVFKHGDVWLFLWj�GHOOD�FRPSRQHQWH�DFFLGHQWDOH��SHU� OD�VWLPD�GHL�SD�UDPHWUL�VL�XWLOL]]D�LO�PHWRGR�GHL�PLQLPL�TXDGUDWL�JHQHUDOL]]DWL��*/6��VXJJHULWR�GD�*RO�GEHUJHU���������6H�LQ�GHWWR�PRGHOOR�� LQ�XQ�FRQWHVWR�VSHULPHQWDOH�� DQFKH�L�SUHGLWWRUL�VR�QR�GL�QDWXUD�GLFRWRPLFD��XWLOL]]DQGR�LO�PHWRGR�*/6�VL�RWWHQJRQR�L�PHGHVLPL�VWLPDWRUL�GHO�PHWRGR�GHL�PLQLPL�TXDGUDWL�RUGLQDUL��2/6���FRPH�VL�GLPRVWUD�QHO�FRQWULEXWR��1HOOH�FRUUHQWL�DSSOLFD]LRQL�LO�ULVXOWDWR�WHRULFR�UDJJLXQWR�KD�ULOHYDQ]D�QHOO
LPSLHJR��ROWUH�FKH�QHOOD�UHDOL]]D]LRQH��GHO�VRIWZDUH�SHU�O
DQDOLVL�GHL�GDWL�FDWHJRULFL�
.H\ZRUGV��KHWHURVNHGDVWLFLW\��JHQHUDOL]HG�OHDVW�VTXDUHV�
���,QWURGXFWLRQ
7KH�PRVW�LPSRUWDQW�SDUW�RI�WKH�H[SHULPHQWDO�GHVLJQ�FRQFHUQV�WKH�FDVH�LQ�ZKLFK�WKH�WKHR�UHWLFDO�PRGHO��OLQNLQJ�WKH�GHSHQGHQW�YDULDEOH�ZLWK�OHYHOV�IDFWRUV��LV�D�OLQHDU�IXQFWLRQ��,I�WKLV�YDULDEOH�LV GLFKRWRPRXV���������FRQVLGHULQJ�WKH�KHWHURVNHGDVWLFLW\�RI�WKH�GLVWXUEDQFH�WHUP��ZH�FDQ�KDYH�UHFRXUVH�WR�WKH�*/6�PHWKRG�WR HVWLPDWH�WKH�SDUDPHWHUV�RI�WKH�PRGHO��(YHQ�LI�WKH�TXDOLWDWLYH�H[SHULPHQWDO�IDFWRUV�DUH�UHSUHVHQWHG�LQ�WHUPV�RI�GXPP\�YDULDEOHV���������WKH�*/6�HVWLPDWRUV FRLQFLGH�ZLWK�WKH�2UGLQDU\�/HDVW�6TXDUHV��2/6��HVWLPDWRUV��WKLV�LV�ZKDW�ZH�KDYH�WR�VKRZ�LQ�RXU�FRQWULEXWLRQ��
�� (VWLPDWRUV�RI�WKH�/LQHDU�5HJUHVVLRQ�0RGHO�RQ�'XPP\�9DULDEOHV�
&RQVLGHU�D�OLQHDU�UHJUHVVLRQ�PRGHO�ZLWKRXW�FRQVWDQW�WHUP�LQ�ZKLFK�WKH�ELQDU\�GHSHQGHQW�YDULDEOH�< DVVXPHV��WKH�YDOXH���LI D�JLYHQ�FDWHJRU\�LV�REVHUYHG��RWKHUZLVH�LW�DVVXPHV�WKH�YDOXH����6LPLODUO\��WKH�LQGHSHQGHQW�YDULDEOHV�DUH�UHSUHVHQWHG�E\�GXPP\�FRGLQJ��ZH�GH�ILQH�IRU�HDFK�YDULDEOH�D�VHW�RI������GXPP\�YDULDEOHV =L��L  �������«���,��VR�WKDW�=L  ���LI�FDWHJRU\��LWK�LV�REVHUYHG��LQ�DOO�RWKHU�FDVHV�=L� ����7KH�PRGHO�IRUP�LQ�PDWUL[�QRWDWLRQ��FRQVLGHULQJ�� ZLWKRXW� ORVV�RI�JHQHUDOLW\�� D�VLQJOH�TXDOLWDWLYH�LQGHSHQGHQW�YDULDEOH��FDQ�EH�ZULWWHQ�\� �= GG ��H������ ���ZKHUH��\ GHQRWHV�WKH�Qu� FROXPQ�YHFWRU�RI�WKH�REVHUYHG�GLFKRWRPRXV�UHJUHVVDQG \M��M  �������«��Q��= GHQRWHV�WKH ,Qu PDWUL[�RI�REVHUYDWLRQV�RQ�WKH�GXPP\�UHJUHVVRUV��ZKRVH�
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HOHPHQWV�DUH�]HURV�RU�RQHV��ZLWK�FDWHJRULHV�]LM� L  �������«��,��RI�,� FRQVLGHUHG�OHYHOV�IDF�WRU��M  �������«��Q��GG GHQRWHV�WKH� �u, FROXPQ�YHFWRU�RI�XQNQRZQ�SDUDPHWHUV LG ��H GH�QRWHV�WKH�Qu��FROXPQ�YHFWRU�RI�VWRFKDVWLF�HWHURVNHGDVWLF� MH HUURUV��ZH�DVVXPH�WKDW�WKH�HM�DUH�XQFRUUHODWHG�ZLWK�HDFK�RWKHU�DQG�ZLWK� WKH�=L��7KH�GLFKRWRPRXV�REVHUYDWLRQV�\M DUH�LQWHUSUHWHG�DV�YDOXHV�RI�%HUQRXOOL¶V�UDQGRP�YDULDEOHV��ZLWK�SDUDPHWHU�SM �IUDFWLRQ�RI�WKH�FDVHV�ZLWK�YDOXH���LQ�\ YHFWRU�IRU�ZKLFK�WKH�LWK�FDWHJRU\�RI�WKH�SUHGLFWHG�YDULDEOH�LV�RE�VHUYHG���7KH�TXDQWLWLHV� MH KDYH�]HUR�PHDQ�DQG�YDULDQFH�SM���± SM���WKH�ODWWHU�FDQ�EH GH�QRWHG�LQ�WKH�IROORZLQJ�IRUP�� �� �MH0  � �� 
 GGM] ��� 
 GGM]� ��ZKHUH� 
M] LQGLFDWHV WKH�URZ�YHF�WRU�RI� WKH� LQGHSHQGHQW�YDULDEOH IRU� WKH�MWK�REVHUYDWLRQ�LQ� WKH�PDWUL[�= RI� WKH�LQGLFDWRU�YDULDEOHV��7R�HVWLPDWH�WKH�HOHPHQWV�RI WKH�YHFWRU�RI�FRHIILFLHQWV GG WKH */6 PHWKRG�LV�UH�TXLUHG��LQ�WKLV�FDVH�WKH�YDULDQFH�FRYDULDQFH�PDWUL[�RI�GLVWXUEDQFHV�LV�VKRZQ�
�� 
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�*ROGEHUJHU�� ������SS�� ����������7KH� EHVW� OLQHDU� XQELDVHG�HVWLPDWRUV� DUH�REWDLQHG�E\�PHDQV�RI�D�WZR�VWHS�SURFHGXUH��RQFH�REWDLQHG�WKH�2/6�HVWLPDWRU� �LG IRU�WKH�SDUDPHWHUV�
LG �ILUVW�VWHS���WKH�VDPH�DUH�LQVHUWHG LQ�WKH�PDWUL[�RI�H[SUHVVLRQ������7KHQ�WKH�UHVXOWDQW�PDWUL[� LV� XVHG� WR�REWDLQ� WKH� HVWLPDWRUV� L|G RI� WKH�*/6� �VHFRQG� VWHS��� DV� LW� LV� KHUH�GH�VFULEHG��'HILQLQJ�WKH�IROORZLQJ�GLDJRQDO�PDWUL[��
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SUHPXOWLSO\LQJ�WKH�HOHPHQWV�RI�HTXDWLRQ�����E\�WKH WUDQVIRUPLQJ PDWUL[�//� ZH�KDYH�//\� �//=GG ��//H�������������������������������������������������������� ����FRQVHTXHQWO\�WKH�YDULDQFH�FRYDULDQFH�PDWUL[�RI�WKH�WUDQVIRUPHG�GLVWXUEDQFH�YDULDEOH LV�
�

 �� V ////HH0 
, ������������������������������������������������������������� ����7KXV�LW�LV�FRUUHFW�WR�DSSO\�WKH�2/6�PHWKRG�GLUHFWO\�WR�WKH�UHODWLRQVKLS�LQ�HTXDWLRQ �����,Q�WKH�VSHFLILF�FDVH�KHUH�VWXGLHG�RI�WKH�GHSHQGHQW�YDULDEOH�DQG�WKH�GLFKRWRPRXV�SUHGLFWRUV��WKH�FRLQFLGHQFH�RI�WKH�*/6�ZLWK�2/6 HVWLPDWRUV KDV�EHHQ HPSLULFDOO\�FKHFNHG��([WHQG�LQJ�WKH�UHVXOW�JLYHQ�LQ�'H�/XFD���������WKH�IRUPDO�GHPRQVWUDWLRQ�LV�QH[W�JLYHQ�

���7KH�&RLQFLGHQFH�RI�WKH�2/6�(VWLPDWRUV�ZLWK�WKH�*/6�RQHV
/HPPD�,Q� WKH� OLQHDU� UHJUHVVLRQ�PRGHO� ��� ZLWKRXW� LQWHUFHSW� RI� D� GLFKRWRPRXV� UHJUHVVDQG� RQ�GXPP\� YDULDEOHV�� WKH� HOHPHQWV� LG RI� � WKH� YHFWRU� RI� SDUDPHWHUV� G FRUUHVSRQGHQW� WR� D�
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TXDOLWDWLYH� LQGHSHQGHQW� YDULDEOH� HVWLPDWHG� E\� WKH 2/6�PHWKRG�� DUH� HTXLYDOHQW� WR� WKH�FRQGLWLRQDO�H[SHFWDWLRQV�RI�<�JLYHQ ]L��DQG�DUH�GHQRWHG�E\� �L]_<�0 ��DV�LW�LV�LQ�'H�/XFD��������
��� _�� L]QM LMLMQM ML <0]]\   ¦ ¦ G ��������L  �������«��,�����������������������������������������������������

7KHRUHP,Q�D� OLQHDU� VWRFKDVWLF� UHJUHVVLRQ�PRGHO� LI�WKH� UHJUHVVDQG� LV�GLFKRWRPRXV�DQG�DOVR� WKH�SUHGLFWRUV�DUH�GLFKRWRPRXV��WKH�*/6�HVWLPDWRUV� L|G RI�FRHIILFLHQWV LG DUH�HTXDO�WR�2/6�
HVWLPDWRUV� L�G �

L|G  � L�G ���L� �������«��,� �����������������������������������������������������������������������������������������3URRI�:LWK� UHIHUHQFH� WR� WKH� WUDQVIRUPHG�PRGHO� LQ� HTXDWLRQ� ����� LQ� RUGHU� WR� HVWLPDWH� WKH� SD�UDPHWHUV���WKH�H[SUHVVLRQ�WR�EH�PLQLPL]HG�LV�
��� |GG//\6  � LM,L MMQM M ]\ ¦ ¦ � ��� OO ��L|G ����

VR�WKH�OHDVW�VTXDUHV�HVWLPDWRUV�DUH�WKH�VROXWLRQ�RI�� �� ww |K
6G K  �������«��,��'LIIHUHQWLDW�

LQJ� ��� |GG//\6 ZLWK�UHVSHFW�WR�HDFK�HOHPHQW� K|G RI� |GG DQG�VHWWLQJ�H[SUHVVLRQ�����HTXDO�WR����ZH�KDYH�
��� ��  �� |¦ ¦ LLM,L MMMKMQM M ]\] GOOO ��������

LW�IROORZV�
KMMQM MQM LMKMM,L L ]\]] ¦ ¦ ¦ 

|  ��� �� OOG K  �������«��, �� ����
7DNLQJ� LQWR�FRQVLGHUDWLRQ� WKDW�]KM�DQG�]LM DUH�GXPP\�YDULDEOHV�ZKLFK�FDQ� WDNH�RQ�RQO\WZR�YDOXHV�ZH�KDYH GHVLJQDWHG � DQG ���DQG�WKDW�IRU� LK z WKH�UHVXOW�LV� LMKM ]]  ����ZKLOH�IRU� LK  WKH� UHVXOW� LV� LMLMLMKM ]]]]   � ��GHYHORSLQJ� WKH� VXPPDWLRQ�GHQRWHG ZLWK� ¦ ,L � LQ�WKH�ILUVW�PHPEHU�RI�HTXDWLRQ�����IRU�HDFK�HTXDWLRQ��WKH�V\VWHP�����LV�UHGXFHG�WR�D�OLQHDU�V\VWHP�RI , HTXDWLRQV�LQ�RQH�XQNQRZQ�

��� �� LMMQL MQM LMML ]\] ¦ ¦ 
|  OOG L  �������«��, ����� ����

DQG�WKH�JHQHULF�HVWLPDWRU�RI�WKH�HTXDWLRQ������LV�UHSUHVHQWHG�LQ�WKH�IROORZLQJ�IRUP�
�� �� ¦ ¦ 

|  QM LMMLMMQM ML ]]\ OOG L  �������«��, �� ����
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,Q�WKH�QXPHUDWRU�RI�HTXDWLRQ������LW�LV�� LMM ]\  ���LI� � � LMM ]\ � LMM ]\  ���LI� � � LMM ]\ ��,Q�DGGLWLRQ� DFFRUGLQJ�WR�HTXDWLRQ�����LW�LV�
 MO ����� 

 �� � GG MM ]] ��������������������������������������������������������������������������������������������

WKHQ��WDNLQJ LQWR�DFFRXQW�WKDW�WKH�HOHPHQWV LM] RI�WKH�URZ�YHFWRU� 
M] DUH�PXWXDOO\�H[FOX�VLYH�DQG�H[KDXVWLYH��IRU�WKH�JHQHULF�HVWLPDWRU� |LG ZH�KDYH��IRU�H[DPSOH���IRU�L  ���� �GG
M]  �
LM] �GG@�����> �LG  � �LG �� LW IROORZV�WKDW�LQ� WKH�YHFWRU� 
M] WKHUH�LV�RQO\�RQH�HOHPHQW��LWK��ZKLFK�LV�QRW�QXOO��6LQFH�WKH�ILUVW�PHPEHU�RI������GRHV�QRW�GHSHQG�RQ�M��FRQVLGHULQJ�HTXD�WLRQ������WKH�UHVXOW�LV�� OO  M ��LW IROORZV�WKDW�WKH�QXPHUDWRU�RI������FDQ�EH�ZULWWHQ��

LMMQM M ]\¦ �O  � LMQM M ]\¦ �O ���������������������������������������������������������������������������������������
7DNLQJ�LQWR�DFFRXQW�WKH�UHODWLRQVKLS�� MO  � O DOVR�IRU�WKH�GHQRPLQDWRU�RI�������WKLV�LV�UH�GXFHG�WR��E\�YLUWXH�RI�HTXDWLRQ�������

  ¦ ¦ 
| QM LMLMQM ML ]]\ �� � OOG   ¦ ¦ ��� _�� L]QM LMLMQM M <0]]\ �LG �����������������������������������

ILQDOO\�HTXDWLRQ������WDNLQJ�����LQWR�FRQVLGHUDWLRQ��LV�WKXV�VKRZQ�
���&RQFOXVLRQV�
,Q�WKH�ILHOG�RI�GDWD�DQDO\VLV��WKH�WKHRUHWLFDO�UHVXOW�ZKLFK�KDV�EHHQ�REWDLQHG�LV�PRVW�VLJQL�ILFDQW�IRU�WKH�DOJRULWKPV�RI�LWHUDWLYH�FDOFXODWLRQV��ERWK�WR�HVWLPDWH�WKH�SDUDPHWHUV��W\SL�FDOO\� LQ�WKH�FODVV�RI�JHQHUDOL]HG�OLQHDU�PRGHOV��ZKRVH�GHYHORSPHQW�KDV�EHHQ�LQFUHDVHG�E\�D�QRWLFHDEOH�LPSURYHPHQW�LQ�WKH�SRZHU�RI�HOHFWURQLF�FDOFXOXV���DQG�WR�XWLOL]H��DV�ZHOO�DV� WR� SURGXFH�� VRIWZDUH� IRU� WKH� DQDO\VLV� RI� FDWHJRULFDO� GDWD��)RU� H[DPSOH�� LI� LQ� VRPH�SUDFWLFDO� DSSOLFDWLRQV� WKH� UHVSRQVH� YDULDEOH� RI� WKH� OLQHDU�PRGHO� GRHV� QRW� QDWXUDOO\� DV�VXPH�YDOXHV�EHWZHHQ���DQG���� LW� LV�QHFHVVDU\� WR� LPSRVH� WKH���d S d �� LQHTXDOLW\� FRQ�VWUDLQWV�RQ� WKH�H[SHFWHG�YDOXHV� �S��DQG�KDYH� UHFRXUVH� WR�4XDGUDWLF�3URJUDPPLQJ��43���UHVWULFWHG�OHDVW�VTXDUHV���E\�YLUWXH�RI�WKH�FRLQFLGHQFH�RI�2/6�HVWLPDWRUV�ZLWK�WKH�*/6�HVWLPDWRUV�WKH�REMHFWLYH�IXQFWLRQ�RI�43�LV�FRQVLGHUDEO\�VLPSOLILHG��'H�/XFD��������
5HIHUHQFHV
'H�/XFD�$���������8Q�PRGHOOR�GL�PLVXUD]LRQH�GHOOD�FXVWRPHU�VDWLVIDFWLRQ�FRQ�FRGLILFD�ELQDULD DGGLWLYD�GHL�SUHGLWWRUL�RUGLQDOL��LQ��9DOXWD]LRQH�GHOOD�4XDOLWj�H�&XVWRPHU�6DWL�VIDFWLRQ��*LRUQDWD�GL�6WXGLR�6,6��%RORJQD�����VHWWHPEUH����������'H�/XFD�$�� �������8Q�PRGHOOR�GL�YDOXWD]LRQH�GHOOD�TXDOLWj�SHUFHSLWD�FRQ�YDULDELOH� UL�VSRVWD�SROLWRPLFD��LQ��3URFHVVL�H�0HWRGL�6WDWLVWLFL�GL�9DOXWD]LRQH��$WWL�GHO�&RQYHJQR�,QWHUPHGLR�6,6��5RPD������JLXJQR��������*ROGEHUJHU�$��6���������(FRQRPHWULF�7KHRU\��:LOH\��1HZ�<RUN�
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