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Riassunto: nel modello di regressione lineare con variabile dipendente dicotomica, ca-
dendo I’ipotesi di omoschedasticita della componente accidentale, per la stima dei pa-
rametri si utilizza il metodo dei minimi quadrati generalizzati (GLS) suggerito da Gol-
dberger (1964). Se in detto modello - in un contesto sperimentale - anche 1 predittori so-
no di natura dicotomica, utilizzando il metodo GLS si ottengono i medesimi stimatori
del metodo dei minimi quadrati ordinari (OLS), come si dimostra nel contributo.

Nelle correnti applicazioni il risultato teorico raggiunto ha rilevanza nell'impiego (oltre
che nella realizzazione) del software per I'analisi dei dati categorici.
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1. Introduction

The most important part of the experimental design concerns the case in which the theo-
retical model, linking the dependent variable with levels factors, is a linear function. If
this variable is dichotomous (0, 1), considering the heteroskedasticity of the disturbance
term, we can have recourse to the GLS method to estimate the parameters of the model.
Even if the qualitative experimental factors are represented in terms of dummy variables
(0, 1), the GLS estimators coincide with the Ordinary Least Squares (OLS) estimators;
this is what we have to show in our contribution.

2. Estimators of the Linear Regression Model on Dummy Variables

Consider a linear regression model without constant term in which the binary dependent
variable Y assumes the value 1 if a given category is observed, otherwise it assumes the
value 0. Similarly, the independent variables are represented by dummy coding; we de-
fine for each variable a set of 0-1 dummy variables Z; (i = 1, 2, ...., I) so that Z;= 1 if
category ith is observed, in all other cases Z;= 0.

The model form in matrix notation, considering - without loss of generality - a single
qualitative independent variable, can be written:

y=7Z03+e, (1)

where: y denotes the nx1 column vector of the observed dichotomous regressandy;, j =
1, 2, ..., n; Z denotes thenx I matrix of observations on the dummy regressors, whose
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elements are zeros or ones, with categoriesz;, i = 1, 2, ..., I, of I considered levels fac-
tor,j =1, 2, ..., n; & denotes the 7x1 column vector of unknown parametersd; ; e de-

notes the nx1 column vector of stochastic eteroskedastic e; errors; we assume that the ¢;

are uncorrelated with each other and with the Z;. The dichotomous observations y; are
interpreted as values of Bernoulli’s random variables, with parameter p; (fraction of the
cases with value 1 in y vector for which the ith category of the predicted variable is ob-
served). The quantities e; have zero mean and variance p,(1 — p)); the latter can be de-
J
tor of the independent variable for the jth observation in the matrix Z of the indicator
variables. To estimate the elements of the vector of coefficients 6 the GLS method is re-
quired; in this case the variance-covariance matrix of disturbances is shown:

noted in the following form: M (e?) = (z'j d) (l—z'j 8), where z ; indicates the row vec-

2, 8(1-2, 5) 0 0

0 2,8(1-2,8) .. 0 )

M (ee') =c?
0 0 . 2,8(1-2,8)
(Goldberger, 1964, pp. 244-245). The best linear unbiased estimators are obtained by

N
means of a two-step procedure: once obtained the OLS estimator §; for the parameters
o; (first step), the same are inserted in the matrix of expression (2). Then the resultant

matrix is used to obtain the estimators §; of the GLS (second step), as it is here de-
scribed. Defining the following diagonal matrix:

Jau o0 .0 1/42,8(1-2,8) 0 0
Aol 0 Va0 | 0 1/, 8(-2,8) .. 0 3)
0 0 . A, 0 0 o 1/\z) 8(1-2,8)
premultiplying the elements of equation (1) by the transforming matrix A, we have:
Ay = AZ3d + Ae, “4)
consequently the variance-covariance matrix of the transformed disturbance variable is:
M(Aee A)=c>T. Q)

Thus it is correct to apply the OLS method directly to the relationship in equation (4). In
the specific case here studied of the dependent variable and the dichotomous predictors,
the coincidence of the GLS with OLS estimators has been empirically checked. Extend-
ing the result given in De Luca (1999), the formal demonstration is next given.

3. The Coincidence of the OLS Estimators with the GLS ones

Lemma
In the linear regression model (1) without intercept of a dichotomous regressand on
dummy variables, the elements &, of the vector of parameters S correspondent to a
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qualitative independent variable estimated by the OLS method, are equivalent to the
conditional expectations of Y given z;, and are denoted by M(Y, ), as it is in De Luca

(1999):

5i:_i§1yjzij/jz1zij:M(YIZi)’ i=1,2, ... 1 (6)
Theorem
In a linear stochastic regression model if the regressand is dichotomous and also the

predictors are dichotomous, the GLS estimators &; of coefficients §; are equal to OLS

A
estimators O;:

Si=68i, i=1,2,..,1 . 7)

Proof.
With reference to the transformed model in equation (4), in order to estimate the pa-
rameters, the expression to be minimized is:

= n I ~
SAY8)= > (J4; 3 = 24, 2 60’ (®)

so the least squares estimators are the solution of: a—‘i: 0, h=1,2, ..., I. Differentiat-
05,

ing S(Ay,g) with respect to each element Sn of 5 and setting expression (8) equal to 0,
we have:

n ! ~
- /ljzhj(,//ijyj—izl A;z2;6i)=0;

j=1

it follows:

I M~

1

Taking into consideration that z,; and z; are dummy variables which can take on only
two values we have designated 0 and 1, and that for # =i the result is: zy2;= 0, while

I
developing the summation denoted with ¥ in
=

the first member of equation (9) for each equation, the system (9) is reduced to a linear
system of / equations in one unknown:

for h=i the result is: zz; =z[-]2- =2z,

i=1,2,...,1, (10)

 on n
0i( 2 A;z)= 24,2y
Jj= i=

and the generic estimator of the equation (10) is represented in the following form:

SR

i=1,2,...1. (11)

M=

i =

J ij>

Aiyizi! 5 Az
j=l

j=1
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In the numerator of equation (11) itis: y,;z; =0if y, vz; =0;y,z;=11f y, nz; =1.
In addition, according to equation (3) it is:

Ay=1/2;8(1-2,6), (12)

then, taking into account that the elementsz; of the row vector z;

are mutually exclu-

sive and exhaustive, for the generic estimator 51- we have, for example, fori=3: z'j 5=
[00100]6=z; &;= &;, it follows that in the vector z] there is only one element (ith)
which is not null. Since the first member of (11) does not depend onj, considering equa-
tion (12) the result is: 4; =4 it follows that the numerator of (11) can be written:

n n
jélﬂ,jyjzl.j: ﬂ,jzlyj Zj - (13)

Taking into account the relationship: 4;,= 4 also for the denominator of (11), this is re-
duced to, by virtue of equation (13):

~ n n n n A
J=1 Jj=1 J=1 J=1

finally equation (7), taking (6) into consideration, is thus shownl’]

4. Conclusions

In the field of data analysis, the theoretical result which has been obtained is most signi-
ficant for the algorithms of iterative calculations, both to estimate the parameters (typi-
cally in the class of generalized linear models, whose development has been increased
by a noticeable improvement in the power of electronic calculus), and to utilize, as well
as to produce, software for the analysis of categorical data. For example, if in some
practical applications the response variable of the linear model does not naturally as-
sume values between 0 and 1, it is necessary to impose the 0 < p < | inequality con-
straints on the expected values (p) and have recourse to Quadratic Programming (QP)
(restricted least squares); by virtue of the coincidence of OLS estimators with the GLS
estimators the objective function of QP is considerably simplified (De Luca, 2001).
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