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Riassunto: In questo lavoro si ricavano delle diagnostiche bayesiane per I'eteroschedasti-
cita’ dei residui in un modello di regressione multipla che risultano imperniate sulla fun-
zionescorealla base di moltscore testglassici. Questo risultato apre una nuova prospet-
tiva di indagine consistente nella ricerca delle condizioni sotto le quali le statistiche carat-
terizzanti gliscore testglassici possono essere utilizzate piu’ 0 meno direttamente in
ambito bayesiano.
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1. Introduction

A general Bayesian diagnostic tool for model criticism has been introduced in Carota,
Parmigiani and Polson (1996) where a useful linear version of such a tool is also pro-
posed and widely discussed . In the present paper, in order to test for heteroscedasticity in
a multiple regression model, we will employ the linear version of a "symmetrized” form

of this diagnostic defined as follows:

A = J[KLi{p(lly) : p(1)} + K Lo{p(1) : p(1ly)}].

In this formula - denoted by the sample data K L, represents the Kullback-Leibler
divergenge between posterior and prior distributions (&d, viceversa) of a random
parametet, which is assumed to express the heteroscedasticity of the disturbances in the
multiple regression model, as will be shown in next section. Furthermore, by assumption,
a) there is a unique value bfsayl, or null value,such that the homoscedasticity assump-
tion holds, and b) the prior distribution dfis sharply peaked arourg (a plausible cir-
cumstance, given that the the currently entertained model assumes the homoscedasticity
of the disturbances). These two facts justify the linear approximatidn (bfy expanding

the integrands in thé& L divergences) in a neighborhood lgfand the interpretation of

small values ofA as sample evidence in favor of the homoscedasticity assumption, that
Is as a reinforcement of the prior opinion largely favorable to the current model.

The major consequence of the above "symmetrization” is the disappearance of the Bayes
factor in the linear approximation af, A;:

Ap=1[E(lly) — E(l)]%il)h:lo,
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where, beingC the log-likelihood ofl, we are left with the difference between prior and
posterior expectations dfmultiplied by thescore function For example, one of the ad-
vantages of\; with respect to the original diagnostia (= K L) and its corresponding
linear form is that all the results on the robustness to the choice of the prior about posterior
expectations are immediately available as results on the robustndss of
In the next section we consider two different approaches to the heteroscedasticity problem
and in both cases derive the Bayesian diagnastibased on the score function; we then
compare the obtained results respectively with the Goldfeldt and Quandt (1965) and the
Lagrange multiplier test statistics (see Breusch and Pagan, 1979, Godfrey 1978, Cook and
Weisberg, 1983). Finally, section 3 prospects some further research directions.

Before we proceed it is worth observing that in this contegpresents the parameter
of interest, while all the other parameters, including the regression parameters, in this
preliminary phase of model criticism play the role of "nuisance” parameteres. Therefore
their priors will be "default” priors.

2. Different approaches to heteroscedasticity

Consider a partitioned linear modgl:= Xb + u, wherey’ = (y} :y}), X' = (X} : X))

andu’ = (u}:u)) respectively represent two vectors of observations on the dependent
variabley, whose dimensions afe; x 1) and(ny x 1), ny + ny = n; two matrices of
predetermined values @&f independent variables, both with rakk and two vectors of
uncorrelated Gaussian errors with zero means; wiile a common vector of random
parameters. We take up the situation in which the variances in the two groups are unequal
and both unknowns? £ o2. The likelihood function:

L(ba 01, 02|X7 y) X
W%p[—ﬁ(}ﬁ — X;b)'(y1 — Xib) - ﬁ(}’é — Xob)'(y2 — X2b)],

if we change variables from, o7 ando3 tob, o andl = ¢} /02,1 € (0, 00), (see Zellner,
1971), can be written as follows:

trrrerp{— 35 ((y1 — Xib)'(y1 — Xib) +I(y> — Xb) (y2 — Xzb)]}.
1 1
In this way the parameter of interest turns out to/b@ reduces to a scalar) whose
null valueis | = [, = 1, while b ando; are the nuisance parameters. Assuming that
p(b,o1,1) = p(b,o1)p(l) x Jilp(l) and omitting additive constants, we obtain that the
log of the integrated likelihood with respectiboando; is:

L(IX,y) =log [ L(b,o1,l|X,y)p(b, 01)dbdo;

2]ogl — 1log| X[ X + IX,Xo| — M=k

log{yiy1 + lyhys — (Xiy1 + IXbyo) (X{ X5 + 1X5Xo)  (Xy1 + 1Xby2) ),
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whose first derivative evaluated at the null valyie- 1 is thescore functionhere denoted
by S:

S =% — Jer{((KGXe) I X{Xy + 1)) - matpeck i

2 2 2 u'a

withai =y—Xb ,b = (X'X)"'X'y anda, = y,— X,b. On dividing by, ti, numer-

ator and denominator of the last termSmwe obtain thati,a, /a'a = 1/(GQ +1), where

GQ = 0)u; /u,a, mimics the Goldfeld and Quandt (1965) test statistic for heteroscedas-
ticity, the difference being that here we do not fit two separate regressions for the two sets
of observations. This is not necessary because we do not need to known the distributional
properties ofGQ) and no costs in terms of degrees of freedom are therefore involved. In
order to obtainA;, the score functiors must be multiplied by the difference between
prior and posterior expectations of the paramétdiough not necessary, it is quite nat-
ural to assume that the prior expectation coincides with the null value, while to obtain the
posterior expectation ( the posterior distribution! @& p({|X,y) o p(l)exp{L(I|X,y)})
numerical integration techniques are required. Note that if the regression coefficient vec-
tors were not identical in the two data sets, as in Goldfeld and Quandt(1965), and if, for
largem andr, the prior would be as follows:

m if0<l<1
PO 71 <1< 00

then the posterior expectation could be immediately evaluated by suitably referring to the
standardF’ tables.

More generally, we can assume thafollows a multivariate normal distribution with
mean zero and diagonal covariance mattiXV , whose diagonal entries atg, w, ..., w,,
with all w; > 0 andw; = w(z;,1). Now1is ag-dimensional vector of unknown param-
eters andz; = (2, ..., 2i;)’ denotes a known vector, while the unknown constant
represents the part &far(y;) common to all the observations. df; is a twice differen-
tiable function ofl and there is a unique valdgof 1 such thatv; = w(z;,1y) = 1, then,
after some algebra, the corresponding score functign,can be expressed as:

Sw = %[d +D'(v —1)]
whered is aq by 1 vector with typical element, = t{(X'X)"'X'W,X} and W,

denotes the diagonal matrix of the derivativeswgfi = 1, .., n, with respect td,; D is
defined as follows:

3’LU1 awl
o, " Ol

D = : : O
Own, Own,
o, ol

andv — 1 is a¢- dimensional vector with typical elemeft?/5? — 1). Hereg? =

S a?/(T — k), i. e. the unbiased estimation of the common variantestead of the
maximum likelihood estimation appearing in the classical score function (see for exam-
ple Godfrey, 1978, Cook and Weisberg, 1983). As to the difference between prior and
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posterior expectation, for a given prior distributipfl), the posterior is:
p(UIX, ) o p(1) T} ;72 X X |72 (), 1=Ky (X0, X)X Ty}~ (0702

whereX,, = W~/2X andy,, = W~"2y. For further progress an explicit form for
w; must be chosen. Specific families are; = (3 1,z;,)", with ¢ a pre-specified inte-
ger;w; = exp{d Aszi=}, which, if by by convention we take® = logz whena = 0,
yields important sub-families fax = 0 anda = 1 (see Cook and Weisberg, 1983); and
w(z;, 1) = w(x!b, 1), in whichx; is thei-th row of X andl reduces td, so that the vari-
ance is constrained to depend on the expected response.

3. Conclusions

A further possibility, which we do not explore here, is embedding the problem of het-
eroscedasticity in the framework of the mixed linear model. In an interesting (albeit fairly
short) branch of literature, a number of authors have suggested that parameter heterogene-
ity can be reasonably viewed as due to stochastic variation. The most widely cited studies
are Hildreth and Houch (1968), many papers by Swamy (for a survey see Swamy, 1973)
and Hsiao (1975). In this framework, under suitably conditions, we expect even stronger
links of A, with the corresponding Lagrange multiplier tests.
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