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Riassunto: Nel presente lavoro si propone una scomposizione sottrattiva in due termini
dell’indice di concentrazione di Herfindahl (H) valutato per les aziende che operano in un
settore industriale e che vendono i loro prodotti ink “regioni”. La scomposizione mostra
come l’indiceH calcolato sulle quote complessive di mercato delle aziende, può essere
ottenuto sottraendo un termine positivo dalla media aritmetica ponderata degli indiciH
calcolati per le singole regioni. Tale termine può essere interpretato come una misura della
dipendenza del fatturato delle aziende rispetto alle regioni. La stessa scomposizione può
essere applicata anche all’indice di omogeneità di Gini nel caso di un collettivo composto
da n individui classificati rispetto a due mutabili.
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1. Introduction

In this paper we will analyze some properties of the Herfindahl1 measure of concentration
(H) in the case ofs firms, of an industryI, selling their products ink regions. In partic-
ular, we will show that the index computed on the “overall” shares of the firms, can be
obtained by subtracting a positive term from a weighted arithmetic mean of the indexes
evaluated for each region. This term provides a measure of dependence of firms’ sales on
the regions.
The existing literature focused mainly on the decomposability of inequality measures
(Civardi 1987), (Schmid 1994), (Maasoumi 1999) and (Zenga 1986); some authors also
proposed decompositions ofH: (Clarke and Davies 1983), (Dagum 1997), (Piesch 1975)
and (Zenga 2001). The decomposition we propose has the advantage that its components
can be easily interpreted.

2. Notation

The ith firm of the industryI is denoted withAi, i = 1, ..., s. The jth region is denoted
with Rj, j = 1, ..., k. The amount of sales ofAi in Rj is denoted withxij.

1For an introduction to the Herfindahl index the reader could refer to (Hall and Tideman 1967) and
(Michelini and Pickford 1985).
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The total sales ofAi are denoted withTi· and are given by:

Ti· =
k∑

j=1

xij (1)

The total sales in thejth regionRj are denoted withT·j and are given by:

T·j =
s∑

i=1

xij (2)

The total sales of thes firms in thek regions are denoted withT·· and are given by:

T·· =
s∑

i=1

Ti· =
k∑

j=1

T.j =
s∑

i=1

k∑
j=1

xij (3)

The Herfindahl index computed on the “overall” shares of firms is:

H(I) =
s∑

i=1

(
Ti·
T··

)2

(4)

The Herfindahl index computed on the sales inRj is:

H(Rj) =
s∑

i=1

(
xij

T·j

)2

(5)

H(Rj) denotes the weighted arithmetic mean of the indexesH(Rj) with weights
T·j
T··

(jth

region sales relative to the total sales of the industryI).

H(Rj) =
k∑

j=1

H(Rj)
T·j
T··

(6)

The amount of sales ofAi in Rj under the hypothesis of independence ofAi from Rj is

x̂ij =
Ti·T·j
T··

.

A measure of the dependence of firms’ sales on the regions is:

DA/R =
1

T··

k∑
j=1

1

T·j

s∑
i=1

(xij − x̂ij)
2 (7)

The next sections show that subtractingDA/R from H(Rj) we obtainH(I).

3. Marginal and conditional shares

The “total” share - marginal share - ofAi in the whole industry is given by the ratio:

qi· = Ti· / T·· (8)
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The “conditional” share ofAi in Rj is given by the ratio:

qi/j = xij / T·j (9)

The “total” share - marginal share - ofRj in the whole industry is given by the ratio:

q·j = T·j / T·· (10)

The share (8) is equal to the weighted arithmetic mean of the conditional sharesqi/j with
weightsq·j:

qi· =
1

T··

k∑
j=1

xij =
1

T··

k∑
j=1

qi/j T·j =
k∑

j=1

qi/j q·j (11)

4. Variance of the conditional shares and subtractive decomposition

A measure of the “dependence” of the sales of firmAi on the regions may be obtained
from the varianceV (qi/j) of the conditional sharesqi/j. From the results of the previous
section we can write:

V (qi/j) =
k∑

j=1

(
qi/j − qi·

)2
q·j =

k∑
j=1

(
qi/j

)2
q·j − (qi·)

2 (12)

Equality (12) holds for each firmAi (i = 1, ..., s); consequently we have:

s∑
i=1

V (qi/j) =
s∑

i=1

k∑
j=1

(
qi/j

)2
q·j −

s∑
i=1

(qi·)
2 (13)

From (8), (9), (10), (12) and (13) we obtain:

s∑
i=1

k∑
j=1

(
xij

T·j
− Ti·

T··

)2
T·j
T··

=
s∑

i=1

k∑
j=1

(
xij

T·j

)2
T·j
T··
−

s∑
i=1

(
Ti·
T··

)2

(14)

and, inverting the order of the summations:

k∑
j=1

T·j
T··

s∑
i=1

(
1

T·j

)2 (
xij − Ti· T·j

T··

)2

=
k∑

j=1

T·j
T··

s∑
i=1

(
xij

T·j

)2

−
s∑

i=1

(
Ti·
T··

)2

(15)

From (4), (5) and (7) we get:

1

T··

k∑
j=1

s∑
i=1

1

T·j
(xij − x̂ij)

2 =
k∑

j=1

H(Rj)
T·j
T··

−H(I) (16)

where.
1

T··

k∑
j=1

s∑
i=1

1

T·j
(xij − x̂ij)

2 =
s∑

i=1

V (qi/j) is the “measure of dependence” of firms’

sales on the regions that we have denoted, in (7), withDA/R.
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Now from (6), (7) and (16) we get:

DA/R = H(Rj)−H(I) > 0 (17)

An important result from (17) is thatH(Rj) > H(I) with equality holding only if
xij = x̂ij : i = 1, ..., s; j = 1, ..., k.
We conclude this section writing the “two term subtractive decomposition” forH(I):

H(I) = H(Rj)−DA/R (18)
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