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Riassunto: Una definizione di convergenza in distribuzione per elementi aleatori non
(necessariamente) misurabili, dovuta a Hoffmann-Jorgensen, viene caratterizzata in ter-
mini di convergenza debole di misure di probakifinitamente additive.
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1. Introduction

In some problems, the need arises of a notion of convergence in distribution for non
(necessarily) measurable random elements. Examples can be found in the theory of em-
pirical processes. Accordingly, a few definitions of convergence in distribution have been
proposed. See Dudley (1966), Pyke and Shorack (1968) and Pollard (1984).

One more definition, due to Hoffmann-Jorgensen, has been recently analyzed by
van der Vaart and Wellner (1996) and taken as a basis for asymptotic statistics. In fact,
most asymptotic results in statistics are just consequences of convergence of empirical
processes.

Despite its utility and fortune, Hoffmann-Jorgensen'’s definition (HJ, in what follows)
does not possess a clear, intuitive probabilistic meaning. Moreover, if uncritically used,
HJ can lead to subtle and annoying technical problems.

In this paper, the probabilistic content of HJ is investigated. The main result (Theorem
1) is a characterization of HJ, as well as of one of its variants, in terms of weak conver-
gence of finitely additive probabilities (f.a.p.’s). In this way, HJ assumes a transparent
probabilistic meaning.

A last, general remark is the following. There are problems in probability and statistics
which can not be solved in the usual countably additive setting, while admit a finitely
additive solution. Examples can be found in conditional probability, statistical inference,
stochastic integration and the first digit problem. Moreover, some widely used statistical
procedures, like formal posteriors of improper priors, can be justified in a finitely additive
setting only. See Heath and Sudderth (1978), Scozzafava (1984), Regazzini (1987), Berti
and Rigo (1994), Dubins and Prikry (1995), Berti and Rigo (1999), Berti, Regazzini and
Rigo (2001). In a sense, convergence in distribution of non measurable random elements
is one more example of this type. Indeed, by next Theorem 1, HJ is basically a finitely
additive definition.
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2. Hoffmann-Jorgensen’s definition

As far as possible, the notation is that of van der Vaart and Wellner (1996). Rhus,
is a directed set) a metric spaceD the Borelo-field onD, and G (D) the class of real
bounded continuous functions @h For alla € A, (Q,,.A,, P,) is a probability space
and X, : Q, — D anarbitrary map. Moreover(2, A, P) is a probability space and
X : Q — D ameasurablemap, i.e., X !(D) C A. In the standard theory, thg, are
measurable (i.eX ;' (D) c A,) and “X,, — X in distribution” means that f(X,) —
Ef(X) for all f €Cy(D). The point is how to generalize the standard definition to the
present case, where th&, need not be measurable.

In order to give an answer, for eachc A andT : Q, — R, let us define the
outer expectation of’ as E*T =inf {EU : U > T, U : Q, — R measurable and
EU exists. Here,EU exists if at least one oEU+ and EU ™ is finite, and in that case
EU = EUT — EU". In this notation, Hoffmann-Jorgensen'’s definition, HJ, is:

X, — X indistribution < E* f(X,) — Ef(X) forall f € Cy(D).

As noted in Section 1, HJ allows a rich and elegant theory and is very handy in applied
situations. However, from a probabilistic point of view, what HJ really means is not
totally clear. Indeed, using outer expectations looks something like a trick for avoiding
measurability problems. A related shortcoming is that, as it stands, HJ heavily depends
on the underlying probability spacéQ,,, A., P.). This is very disturbing, in principle,

since one is obliged to assume something on such spaces. For instance, in van der Vaart
and Wellner (1996), th&2,,, A, P.) are often taken to be the canonical spaces.

3. Two finitely additive solutions

Let us first introduce some notation. Throughoutis the distribution ofX, i.e.,

w(B) = P(X € B)for B € D. Fora € A, letD, = {B € D: X;'(B) € A,}
andu,(B) = P,(X, € B) for B € D,, where(Q,, A, P,) is the completion of
(Qa, Aa, P,). Roughly speaking, sinc&, is not necessarily measurable, its distribution
can not be defined on the whole B D,, is the subs-field of D where such distribu-
tion, which is justu,, can be unambiguously defined. Cleafly, = D wheneverX, is
measurable. Further, | , andP, , denote the following classes of f.a.p.’s:

Py, = {those f.a.p's» onD of the formv = Q, o X,

for some f.a.pQ,, on the power set df,, extendingP, },

P, , = {those f.a.p./3» onD such thav|p, = 11, andv* (X, () = 1}.

Here,v* is the usual outer measure, and the requé&sk, (€2,)) = 1 is to grant that
v can be furtherly extended in such a way that the extension is support&d(by, ).

Next, there is a well established theory of weak convergence of f.a.p.'s which includes
the standard theory as a particular case; see Girotto and Holzer (1993). Givenf.a.p.’s
andgonD, 5, — [ weakly whenevep,, f — [f foreveryf €Cy(D). If 3 is o-additive,

Ba — [ weakly if and only if lim sups, (F) < §(F) for all closedF” C D.

To motivate our results, we now discuss a classical example: the uniform empirical

process. Let;, &, ... beii.d. real random variables, defined @h A, P), with & uni-

formly distributed or{0, 1]. Then-th empirical procesX,,(t) = /n (% Yo Tei<t) — t),
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t € [0,1], can be seenasamap, : @ — D = D|0,1]. SuchX, is not measurable
if D[0, 1] is equipped with uniform topology, it is measurabldifo, 1] is equipped with
Skorohod topology, and, in the latter cagg, — X in distribution according to the stan-
dard definition. The limitX is a Brownian bridge process which can be taken, without
loss of generality, as a measurable miap ) — C[0, 1]. Let Dy denote the Boret-field
on DJ0, 1] under uniform topology. Non measurability &, whenD = D, implies that
D,, is strictly smaller tharD;;. Suppose for a moment that egeh admits as-additive
extensiory,, to Dy. Then,v, — p© weakly, with respect to uniform topology, according
to the standard definition. In fact, F C D[0, 1] is closed in the uniform topology and
F 5 denotes its closure in the Skorohod topology, then

lim sup v,(F) <lim sup 11,(Fs) < u(Fs) = u(Fs N C[0,1]) < p(F).
In other terms X,, morally converges in distribution t& with respect to uniform topol-
ogy. The point is that,, can not be extended ®; in a o-additive way

Since convergence in distribution fails only because of a lack of extendibility, although
it is morally true, it is natural to involve finitely additive extensions.gf Indeed, the
latter are always available. Furthermore, for any metric spacdke dual of G(D) is just
a space of bounded finitely additive measures. And finally, the finitely additive theory of
probability, based on de Finetti’'s coherence principle, is well developed and understood.

In any case, calling,, any finitely additive extension qi,, to Dy, the above calcu-
lation for lim supv,(F) < u(F) still works, and since. is o-additive it follows that
v, — pweakly. To sum up, in this basic exampig,— i weakly whenever,, is a f.a.p.
onDy andv,, = u, onD,, for all n.

The above example and remarks suggest reformulating HJ, perhaps in a more trans-
parent way, in terms of weak convergence of f.a.p.’s. There are at least two reasonable
choices:

X, — X indistribution < v, — p weakly whenever,, € P, , for eacha, (@)

X, — X indistribution < v, — p weakly whenever, € P, , for eacha. (b)

Note that, sincé,, C P, ,, (a) implies (b). Under both (a) and (b), the underlying
ideas are: (i) convergence in distribution of thNg should solely concern their distribu-
tions; (ii) in absence of the distributions dn (due to non measurabilitygny finitely
additive extensiom,, to D of the “partial distributions’u,, can play the same role, pro-
vided v} (X,(Q2,)) = 1. Itis a matter of opinion, however, how many extensions to
involve: is it better to extend directly the, (as in (a)), or first extend th&, and then
take the image measures (as in (b)) ?

4. Results

All proofs of the results in this section are omitted, being too long for the present
“reduced-version” of the paper. For eache A and real bounded Borel measurable
function f on D, define: E°f(X,) = inf{E¢(X,) : ¢ : D — R bounded and Borel
measurablep(X,,) is A,—measurablep(X,) > f(X.)}.

We are now able to give our main result. It states that HJ is equivalent to (b), and that (a)
can be expressed, like HJ, in terms of (suitably defined) outer expectations.

Theorem 1 X, — X in distribution according to HJ if and only ik, — X in
distribution according to (b). Moreovek, — X in distribution according to (a) if and
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onlyif E°f(X,) — Ef(X) for everyf eCy(D).
Next result gives an equivalent condition B, = P, ,. Under such condition, by
Theorem 1, (a), (b) and HJ are all equivalent.
Theorem 2Letv € P, . Theny € Py, ifand only ifv(B) < P*(X, € B)VB € D.
Theorem 2 works, for instance, for the uniform empirical proceés®f Section 3.
Corollary 3 Supposé,,, A, P,) = ([0,1], B, \)*> for all n, whereB is the Borel
o-field on[0, 1] and A the Lebesgue measure. Igtbe then-th coordinate projection,,
the n-th empirical process, and ld? = D|0, 1] be equipped with the uniform topology.
ThenpP,,, = P, for all n.
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