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1. Introduction

In some problems, the need arises of a notion of convergence in distribution for non
(necessarily) measurable random elements. Examples can be found in the theory of em-
pirical processes. Accordingly, a few definitions of convergence in distribution have been
proposed. See Dudley (1966), Pyke and Shorack (1968) and Pollard (1984).

One more definition, due to Hoffmann-Jorgensen, has been recently analyzed by
van der Vaart and Wellner (1996) and taken as a basis for asymptotic statistics. In fact,
most asymptotic results in statistics are just consequences of convergence of empirical
processes.

Despite its utility and fortune, Hoffmann-Jorgensen’s definition (HJ, in what follows)
does not possess a clear, intuitive probabilistic meaning. Moreover, if uncritically used,
HJ can lead to subtle and annoying technical problems.

In this paper, the probabilistic content of HJ is investigated. The main result (Theorem
1) is a characterization of HJ, as well as of one of its variants, in terms of weak conver-
gence of finitely additive probabilities (f.a.p.’s). In this way, HJ assumes a transparent
probabilistic meaning.

A last, general remark is the following. There are problems in probability and statistics
which can not be solved in the usual countably additive setting, while admit a finitely
additive solution. Examples can be found in conditional probability, statistical inference,
stochastic integration and the first digit problem. Moreover, some widely used statistical
procedures, like formal posteriors of improper priors, can be justified in a finitely additive
setting only. See Heath and Sudderth (1978), Scozzafava (1984), Regazzini (1987), Berti
and Rigo (1994), Dubins and Prikry (1995), Berti and Rigo (1999), Berti, Regazzini and
Rigo (2001). In a sense, convergence in distribution of non measurable random elements
is one more example of this type. Indeed, by next Theorem 1, HJ is basically a finitely
additive definition.
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2. Hoffmann-Jorgensen’s definition

As far as possible, the notation is that of van der Vaart and Wellner (1996). Thus,A
is a directed set,ID a metric space,D the Borelσ-field onID, and Cb(ID) the class of real
bounded continuous functions onID. For all α ∈ A, (Ωα,Aα, Pα) is a probability space
andXα : Ωα → ID an arbitrary map. Moreover,(Ω,A, P ) is a probability space and
X : Ω → ID a measurablemap, i.e.,X−1(D) ⊂ A. In the standard theory, theXα are
measurable (i.e.,X−1

α (D) ⊂ Aα) and “Xα → X in distribution” means thatEf(Xα) →
Ef(X) for all f ∈Cb(ID). The point is how to generalize the standard definition to the
present case, where theXα need not be measurable.

In order to give an answer, for eachα ∈ A and T : Ωα → IR, let us define the
outer expectation ofT as E∗T =inf {EU : U ≥ T , U : Ωα → IR measurable and
EU exists}. Here,EU exists if at least one ofEU+ andEU− is finite, and in that case
EU = EU+ − EU−. In this notation, Hoffmann-Jorgensen’s definition, HJ, is:

Xα → X in distribution ⇔ E∗f(Xα) → Ef(X) for all f ∈ Cb(ID).

As noted in Section 1, HJ allows a rich and elegant theory and is very handy in applied
situations. However, from a probabilistic point of view, what HJ really means is not
totally clear. Indeed, using outer expectations looks something like a trick for avoiding
measurability problems. A related shortcoming is that, as it stands, HJ heavily depends
on the underlying probability spaces(Ωα,Aα, Pα). This is very disturbing, in principle,
since one is obliged to assume something on such spaces. For instance, in van der Vaart
and Wellner (1996), the(Ωα,Aα, Pα) are often taken to be the canonical spaces.

3. Two finitely additive solutions

Let us first introduce some notation. Throughout,µ is the distribution ofX, i.e.,
µ(B) = P (X ∈ B) for B ∈ D. For α ∈ A, let Dα = {B ∈ D : X−1

α (B) ∈ Aα}
and µα(B) = Pα(Xα ∈ B) for B ∈ Dα, where(Ωα,Aα, Pα) is the completion of
(Ωα,Aα, Pα). Roughly speaking, sinceXα is not necessarily measurable, its distribution
can not be defined on the whole ofD; Dα is the sub-σ-field of D where such distribu-
tion, which is justµα, can be unambiguously defined. Clearly,Dα = D wheneverXα is
measurable. Further, letIP 0,α andIP 1,α denote the following classes of f.a.p.’s:

IP 0,α = {those f.a.p.’sν onD of the formν = Qα ◦X−1
α ,

for some f.a.p.Qα on the power set ofΩα extendingPα},
IP 1,α = {those f.a.p.’sν onD such thatν |Dα = µα andν∗(Xα(Ωα)) = 1}.

Here,ν∗ is the usual outer measure, and the requestν∗(Xα(Ωα)) = 1 is to grant that
ν can be furtherly extended in such a way that the extension is supported byXα(Ωα).

Next, there is a well established theory of weak convergence of f.a.p.’s which includes
the standard theory as a particular case; see Girotto and Holzer (1993). Given f.a.p.’sβα

andβ onD, βα → β weakly wheneverβαf → βf for everyf ∈Cb(ID). If β is σ-additive,
βα → β weakly if and only if lim supβα(F ) ≤ β(F ) for all closedF ⊂ ID.

To motivate our results, we now discuss a classical example: the uniform empirical
process. Letξ1, ξ2, ... be i.i.d. real random variables, defined on(Ω,A, P ), with ξ1 uni-
formly distributed on[0, 1]. Then-th empirical processXn(t) =

√
n

(
1
n

∑n
i=1 I(ξi≤t) − t

)
,
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t ∈ [0, 1], can be seen as a mapXn : Ω → ID = D[0, 1]. SuchXn is not measurable
if D[0, 1] is equipped with uniform topology, it is measurable ifD[0, 1] is equipped with
Skorohod topology, and, in the latter case,Xn → X in distribution according to the stan-
dard definition. The limitX is a Brownian bridge process which can be taken, without
loss of generality, as a measurable mapX : Ω → C[0, 1]. LetDU denote the Borelσ-field
onD[0, 1] under uniform topology. Non measurability ofXn whenD = DU implies that
Dn is strictly smaller thanDU . Suppose for a moment that eachµn admits aσ-additive
extensionνn toDU . Then,νn → µ weakly, with respect to uniform topology, according
to the standard definition. In fact, ifF ⊂ D[0, 1] is closed in the uniform topology and
F S denotes its closure in the Skorohod topology, then

lim sup νn(F ) ≤lim sup µn(F S) ≤ µ(F S) = µ(F S ∩ C[0, 1]) ≤ µ(F ).
In other terms,Xn morally converges in distribution toX with respect to uniform topol-
ogy. The point is thatµn can not be extended toDU in a σ-additive way.

Since convergence in distribution fails only because of a lack of extendibility, although
it is morally true, it is natural to involve finitely additive extensions ofµn. Indeed, the
latter are always available. Furthermore, for any metric spaceID, the dual of Cb(ID) is just
a space of bounded finitely additive measures. And finally, the finitely additive theory of
probability, based on de Finetti’s coherence principle, is well developed and understood.

In any case, callingνn any finitely additive extension ofµn to DU , the above calcu-
lation for lim supνn(F ) ≤ µ(F ) still works, and sinceµ is σ-additive it follows that
νn → µ weakly. To sum up, in this basic example,νn → µ weakly wheneverνn is a f.a.p.
onDU andνn = µn onDn for all n.

The above example and remarks suggest reformulating HJ, perhaps in a more trans-
parent way, in terms of weak convergence of f.a.p.’s. There are at least two reasonable
choices:

Xα → X in distribution ⇔ να → µ weakly wheneverνα ∈ IP 1,α for eachα, (a)
Xα → X in distribution ⇔ να → µ weakly wheneverνα ∈ IP 0,α for eachα. (b)
Note that, sinceIP 0,α ⊂ IP 1,α, (a) implies (b). Under both (a) and (b), the underlying

ideas are: (i) convergence in distribution of theXα should solely concern their distribu-
tions; (ii) in absence of the distributions onD (due to non measurability),any finitely
additive extensionνα to D of the “partial distributions”µα can play the same role, pro-
vided ν∗α(Xα(Ωα)) = 1. It is a matter of opinion, however, how many extensions to
involve: is it better to extend directly theµα (as in (a)), or first extend thePα and then
take the image measures (as in (b)) ?

4. Results

All proofs of the results in this section are omitted, being too long for the present
“reduced-version” of the paper. For eachα ∈ A and real bounded Borel measurable
function f on ID, define: E0f(Xα) = inf{Eφ(Xα) : φ : ID → IR bounded and Borel
measurable,φ(Xα) isAα−measurable,φ(Xα) ≥ f(Xα)}.
We are now able to give our main result. It states that HJ is equivalent to (b), and that (a)
can be expressed, like HJ, in terms of (suitably defined) outer expectations.

Theorem 1 Xα → X in distribution according to HJ if and only ifXα → X in
distribution according to (b). Moreover,Xα → X in distribution according to (a) if and
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only if E0f(Xα) → Ef(X) for everyf ∈Cb(ID).
Next result gives an equivalent condition forIP 0,α = IP 1,α. Under such condition, by

Theorem 1, (a), (b) and HJ are all equivalent.
Theorem 2Letν ∈ IP 1,α. Then,ν ∈ IP 0,α if and only ifν(B) ≤ P ∗

α(Xα ∈ B)∀B ∈ D.
Theorem 2 works, for instance, for the uniform empirical processXn of Section 3.
Corollary 3 Suppose(Ωn,An, Pn) = ([0, 1], B, λ)∞ for all n, whereB is the Borel

σ-field on[0, 1] andλ the Lebesgue measure. Letξn be then-th coordinate projection,Xn

then-th empirical process, and letID = D[0, 1] be equipped with the uniform topology.
Then,IP 0,n = IP 1,n for all n.
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