
&RQVHUYDWLYH�&RQILGHQFH�%DQGV�IRU�,QWULQVLF�'LYHUVLW\�3URILOHV5HJLRQL�GL�&RQILGHQ]D�&RQVHUYDWLYH�SHU�3URILOL�,QWULQVHFL�GL�'LYHUVLWj0DU]LD�0DUFKHVHOOL'LSDUWLPHQWR�GL�0HWRGL�4XDQWLWDWLYL8QLYHUVLWj�GL�6LHQDPDUFKHVHOOL#XQLVL�LW
/XFD�3UDWHOOL$FFDGHPLD�1DYDOH/LYRUQRSUDWHO#PDLO�GP�XQLSL�LW

5LDVVXQWR��,O�SURILOR�LQWULQVHFR�GL�GLYHUVLWj�q�IRUVH�OR�VWUXPHQWR�SL��QDWXUDOH�H�DQFKH�LO�SL��XWLOL]]DWR�SHU�FRQIURQWDUH�DOFXQH�SRSROD]LRQL�HFRORJLFKH�ULVSHWWR�DOOD�ORUR�GLYHUVLWj��5HSOLFDQGR�LQ�PRGR�LQGLSHQGHQWH XQ�RSSRUWXQR�GLVHJQR�FDPSLRQDULR��H�J��OLQH�WUDQVHFW�VDPSOLQJ� OLQH� LQWHUFHSW� VDPSOLQJ�� SORW� VPSOLQJ��� OD� FXL� VFHOWD� GLSHQGH� GDOOH�FDUDWWHULVWLFKH� GHOOD� SRSROD]LRQH� RJJHWWR� GL� VWXGLR�� VL� VWLPD� LO� SURILOR� LQWULQVHFR� H� VL�FRVWUXLVFRQR�OH�UHODWLYH�UHJLRQL�GL FRQILGHQ]D�FRQVHUYDWLYH��
.H\ZRUGV��,QWULQVLF�GLYHUVLW\�SURILOH��'HOWD�PHWKRG��UHSOLFDWHG�GHVLJQV�
�� ,QWURGXFWLRQ
$� QXPEHU� RI� PHDVXUHV� KDV� EHHQ� SURSRVHG� WR� TXDQWLI\� WKH� GLYHUVLW\� RI� HFRORJLFDO�SRSXODWLRQV��+RZHYHU� LW� LV�ZHOO�NQRZQ�WKDW�D�VLQJOH�GLYHUVLW\� LQGH[� LV�QRW�VXLWDEOH� IRU�FRPSDULQJ� FRPPXQLWLHV� JLYHQ� WKDW� WKH� XVH� RI� GLIIHUHQW� LQGLFHV� PD\� OHDG� WR� GLIIHUHQW�FRPPXQLWLHV� UDQNLQJV�� ,Q� RUGHU� WR� FRPSDUH� HFRORJLFDO� FRPPXQLWLHV�� WKH� GLYHUVLW\� RI�HDFK�FRPPXQLW\�PD\�EH�TXDQWLILHG�E\�PHDQV�RI�DQ�LQWULQVLF�GLYHUVLW\�SURILOH ZKLFK�LV�GHILQHG��DV�WKH�SORWWLQJ�RI�SDLUV���M�7M����ZKHUH

N���M�7 MO �O�M ��� S ¦!LV� WKH� ULJKW�WDLO� VXP� GLYHUVLW\� LQGH[� DQG� S���� t S��� t«t S�N� DUH� WKH� UDQNHG� UHODWLYH�DEXQGDQFHV�RI�WKH�N�VSHFLHV�ZKLFK�DUH�SUHVHQW�LQ�WKH�FRPPXQLW\��
6SHFLHV
�LV�XVHG�DV�D�FRQYHQLHQW� ODEHO� IRU� D� ILQLWH� VHW� RI� GLVWLQFW� FDWHJRULHV� FRPSULVLQJ� WKH� SRSXODWLRQ��2EYLRXVO\�7�� ���DQG�7N� ����7KDQNV�WR�LQWULQVLF�GLYHUVLW\�SURILOHV�LW�FDQ�EH�VWDWHG�WKDW�D�SRSXODWLRQ�& LV�LQWULQVLFDOO\�PRUH�GLYHUVH�WKDQ&
� $FFRUGLQJ�WR�3DWLO�DQG�7DLOOLH���������SRSXODWLRQ� & LV� LQWULQVLFDOO\� PRUH� GLYHUVH� WKDQ�&
 LI� &
 OHDGV� WR� & WKURXJK� D� ILQLWH�VHTXHQFH�RI�DEXQGDQFH� WUDQVIHU� IURP�PRUH� WR� OHVV� DEXQGDQW� VSHFLHV�ZLWKRXW� UHYHUVLQJ�WKH�UDQN�RUGHU�RI� WKH�VSHFLHV�� WUDQVIHUULQJ�DEXQGDQFH�WR�D�QHZ�VSHFLHV�DQG� UH�ODEHOOLQJ�WKH�VSHFLHV��$V�D�PDWWHU�RI�IDFW��WKH�SRSXODWLRQ�& LV�LQWULQVLFDOO\�PRUH�GLYHUVH�WKDQ�&
 LI�DQG�RQO\�LI�WKH�LQWULQVLF�GLYHUVLW\�SURILOH�RI�& LV DERYH�WKDW RI &
��0RUHRYHU��LI�WKH�WZR�SURILOHV� FURVV� RQH� RU�PRUH� WLPHV�QR� LQWULQVLF�RUGHULQJ�RI� WKH� FRPSDUHG�SRSXODWLRQV� LV�SRVVLEOH��6LQFH�DQ\� LQWULQVLF�GLYHUVLW\�SURILOH� LV�D�PDSSLQJ�RI� WKH�XQNQRZQ�DEXQGDQFH�YHFWRU��WKH�VWDWLVWLFDO�SUREOHP�OLHV�LQ�HVWLPDWLQJ�WKH�DEXQGDQFH�YHFWRU�DQG�VXEVHTXHQWO\��KDYLQJ�REWDLQHG�WKH�GLYHUVLW\�SURILOH�HVWLPDWH�DV�D�IXQFWLRQ�RI�WKH�HVWLPDWHG�DEXQGDQFHV��FRQVWUXFWLQJ�D� FRQILGHQFH�EDQG� IRU� WKH�SURILOH��6HFWLRQ���FRQWDLQV� VRPH�QRWDWLRQV�DQG��WKH� HVWLPDWLRQ� RI� LQWULQVLF� GLYHUVLW\� SURILOH� WKURXJK� WKH� UHSOLFDWHG� XVH� RI� D� VHOHFWHG�
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VDPSOLQJ� GHVLJQ�� ,Q� 6HFWLRQV� �� DQ� DV\PSWRWLFDOO\� FRQVHUYDWLYH� FRQILGHQFH� EDQG� LV�FRQVWUXFWHG�
���3URILOH�HVWLPDWLRQ
/HW�1�  �1��«�1N� EH� WKH� �XQNQRZQ�� DEXQGDQFH� YHFWRU� RI� D� SRSXODWLRQ� ORFDWHG� LQ� D�JLYHQ�VWXG\�DUHD��7KH�HVWLPDWLRQ�RI�1�LV�D�ZHOO�LQYHVWLJDWHG�SUREOHP�LQ�WKH�IUDPHZRUN��RI� WKH� GHVLJQ�EDVHG� LQIHUHQFH��$V� WR� WKH� GHVLJQ� FKRLFH�� LW� VKRXOG� EH� SRLQWHG� RXW� WKDW�ELRORJLFDO�SRSXODWLRQV��L�H� SODQWV��DQLPDOV��UDUHO\�KDYH�D�OLVW�IUDPH��SUHFOXGLQJ�WKH�XVH�RI� WKH�XVXDO�VDPSOLQJ�VFKHPHV�� ,Q� WKHVH�FDVHV�� WKH�XVH�RI�UHSOLFDWHG�HQFRXQWHU�GHVLJQV��H�J� SORW�VDPSOLQJ��OLQH�LQWHUFHSW�VDPSOLQJ��OLQH�WUDQVHFW�VDPSOLQJ��VHHPV�WR�EH�VXLWDEOH��7KRPSVRQ���������%DUDEHVL�DQG�)DWWRULQL���������� ,I�Q LQGHSHQGHQW�UHSOLFDWLRQV�RI�DQ�HQFRXQWHU� VDPSOLQJ� GHVLJQ� DUH�SHUIRUPHG��Q� LLG�XQELDVHG� HVWLPDWRUV� Q11 Ö��Ö � � IRU�1�PD\�EH�REWDLQHG�� HDFK�ZLWK�YDULDQFH�FRYDULDQFH�PDWUL[�6��ZKLFK�PD\� EH� FRQVLVWHQWO\�HVWLPDWHG�E\�PHDQV�RI�WKH�VDPSOH�YDULDQFH�FRYDULDQFH�PDWUL[���$FFRUGLQJO\�

Q QQ 111 ÖÖ � �� �
LV� DQ� XQELDVHG�� FRQVLVWHQW� HVWLPDWRU� IRU� 1�� ZLWK� YDULDQFH�FRYDULDQFH� PDWUL[� 6�Q��0RUHRYHU��RZLQJ�WR�WKH�&HQWUDO�/LPLW�7KHRUHP�� 1�1� �QQ FRQYHUJHV�LQ�GLVWULEXWLRQ�WR D� FHQWHUHG� *DXVVLDQ� YHFWRU�9�� ZLWK� YDULDQFH�FRYDULDQFH� PDWUL[� 6��2EYLRXVO\� WKH�ULJKW�WDLO�VXP�GLYHUVLW\�LQGLFHV�DUH�IXQFWLRQV�RI1��PRUH�SUHFLVHO\�7M� �JM�1���ZKHUH�JM LV�WKH�IXQFWLRQ�GHILQHG�E\� ������ � ���� ¦� �� N

ML LNNM [[[[[J ��
ZLWK�[����t}t [�N���1RZ��VLQFH�DQ\�GLYHUVLW\�SURILOH�LV�XQLTXHO\�GHWHUPLQHG�E\�WKH�ULJKW�WDLO�VXP�YHFWRU�7� ��J��1��}� JN���1����D�ELDVHG�HVWLPDWRU�IRU�7 LV�JLYHQ�E\�11�7 ������Ö �� QNQQ JJ � � ��,Q� RUGHU� WR� VWXG\� WKH� DV\PSWRWLF� EHKDYLRXU� RI� 7�7�< �Ö � QQ Q LW LV� QHFHVVDU\� WR�LQWURGXFH�VRPH�QRWDWLRQV��/HW�^Q��«�QV`�EH�WKH�VHW�RI�GLVWLQFW�FRPSRQHQWV�RI�1��ZKHUH�Q�!«!QV��2EYLRXVO\�V�d N DQG�V� �N�RQO\�LI�DOO�FRPSRQHQWV�RI�1�DUH�GLVWLQFW� 0RUHRYHU��OHW -��«� -V GHQRWH�WKH�GLVMRLQW�VXEVHWV�RI�^��«��N`�VR�WKDW�-K� �^L��1L� �QK`�DQG�OHW�GK EH�WKH� FDUGLQDOLW\� RI� -K�� )LQDOO\�� OHW� �/O�O�'K EH� WKH� UDQGRP� YHFWRU� �9�L��L�-K� ZKHUH�'K ^G��«��GK�� ��O��O  ���«��GK`��,Q�SDUWLFXODU�LI�V� �N� -K LV�WKH�VLQJOHWRQ�^L`�VR�WKDW�1L QK DQG�'K� �^K`��/K  �9L� 7KH�UDQGRP�YHFWRU�// �/�����/N��LV�*DXVVLDQ�RQO\�LI�V  �N��6LQFH�JM LV�QRW�QHFHVVDULO\��+DGDPDUG��GLIIHUHQWLDEOH�DW�1��WKH�GHOWD�PHWKRG��$QGHUVHQHW� DO��� ������ FDQQRW� EH� DSSOLHG� WR� VWXG\� WKH� DV\PSWRWLF� EHKDYLRXU� RI�<Q�� +RZHYHU��WKDQNV�WR�WKH�JHQHUDOL]HG�GHOWD�PHWKRG��0DUFKHVHOOL����������WKH�IROORZLQJ�UHVXOW�KROGV��
7+(25(0� <Q FRQYHUJHV�LQ�GLVWULEXWLRQ�WR�WKH�UDQGRP�YHFWRU8� ��8��}��8N����ZKHUH��������

��� ��� ¦¦ �  /��/��}� N
ML LMM

L LMNM JJ118 11
6LQFH�8M LV�D� OLQHDU� FRPELQDWLRQ�RI�/��}�/N�� WKH� UDQGRP�YHFWRU�8 LV�*DXVVLDQ� LI� DQG�RQO\�LI�WKH�FRPSRQHQWV�RI�1�DUH�DOO�GLVWLQFW�DQG��LI�1 KDV�DW�OHDVW�WZR�FRPSRQHQWV�WKDW�
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DUH�HTXDO��LW�FDQ�RQO\�EH�VWDWHG�WKDW�8M LV�D�*DXVVLDQ�UDQGRP�YDULDEOH�ZKHQ�M  G�����GK��ZLWK�K� ���}��V��,W�IROORZV�WKDW�WKH�NQRZOHGJH�RI�6�GRHV�QRW�FKDUDFWHUL]H�WKH�GLVWULEXWLRQ�RI�8�,W� LV� ZRUWK�ZKLOH� WR� REVHUYH� WKDW� WKH� MDFNNQLIH� YDULDQFH� IRU�<Q GRHV� QRW� FRQYHUJH� LQ�GLVWULEXWLRQ� ZKHQ� V�N�� DQG� WKHQ� WKH� YDULDQFH�FRYDULDQFH� RI�8 FDQQRW� EH� WKH� OLPLW� RI�MDFNNQLIH�HVWLPDWRU�IRU�YDULDQFH�FRYDULDQFH�RI�<Q��ZKHQ�DW� OHDVW� WZR�FRPSRQHQWV�RI�1DUH�HTXDO��0RUHRYHU��WKH�MDFNNQLIH�HVWLPDWRU�IRU�<Q FRQYHUJHV�LQ�GLVWULEXWLRQ�WR�8 EXW��LQ�JHQHUDO�� LWV�ELDV� LV�QRW� UHGXFHG�ZLWK� UHVSHFW� WR� WKH�ELDV�RI�<Q��1HYHUWKHOHVV��GHVSLWH�WKHVH�GLIILFXOWLHV��DQ�DV\PSWRWLF�FRQVHUYDWLYH�FRQILGHQFH�EDQG IRU� 77 �QÖ FDQ�EH�JLYHQ��
���&RQILGHQFH�EDQGV�IRU�LQWULVLF�GLYHUVLW\�SURILOHV
,Q� RUGHU� WR� FRQVWUXFW� D� FRQVHUYDWLYH� FRQILGHQFH� EDQGV�� LW� LV� FRQYHQLHQW� WR� ZULWH� LQ� D�VXLWDEOH�ZD\�WKH�UDQGRP�YDULDEOH�8M���0RUH�SUHFLVHO\��VHW��� 

 KVK-L L'O OK ::=9:

KK
�  / ¦¦ ��ZLWK� '
K �KP P'� DQG  -
K ���KP P-  :K DQG =K� DUH V\PPHWULF� *DXVVLDQ� UDQGRP�YDULDEOHV�DQG��IRU�DQ\�M�'
K��LW�IROORZV�WKDW ¦¦ ��� /�/�� 

MKKMK ('O OM(O OMKMKMM ED=E:D8
�� ?�ZKHUH�(K�M� �'K�� ^��}��M`��DM  �±JM�1��1�DQG�EM  ��±JM�1���1��ZLWK�1  1��}��1N��)RU�DQ\�M�'K DQG�IRU�DQ\�RQH�WR�RQH�IXQFWLRQ�WK�M RI�'K RQWR�-K��ZKHUH�WK�M LV�DQ�LQFUHDVLQJ�IXQFWLRQ�RQ�(K�M��OHW ¦¦ ��� ��� 

MKK MKMK MKMK ('O O2M(O O2MKMKM2 9E9D=E:D;
� �� �� ? ����� �

,W� LV� QRW� GLIILFXOW� WR� REVHUYH� WKDW�8M PD\� EH� REWDLQHG� VXLWDEO\� �SDVWLQJ�� WKH� UDQGRP�YDULDEOHV� RI� W\SH �� MK2; 7KHQ�� LI� fD �� 
NP LV� WKH� XSSHU� D�SRLQW� RI� WKH� VWXGHQWL]HG�PD[LPXP�PRGXOXV� GLVWULEXWLRQ�ZLWK� SDUDPHWHU�N
� �N��� DQG�f GHJUHHV� RI� IUHHGRP��L�H�� fD �� 
NP LV� WKH� XSSHU�D�SRLQW� RI __PD[ ��� PP <N �dd ��ZLWK <��}�<�N�� LQGHSHQGHQW��������UDQGRP�YDULDEOHV��6WROLQH�DQG�8U\����������WKH�IROORZLQJ�UHVXOW��KROGV�352326,7,21��)RU�DQ\ D�@���> ��`_^_� ��� 
 DdV!� f� �K 'M NDMKMK
P83

ZKHUH �� MKV  � @>VXS ��� MKMKMK 202 ;9DU� DQG 0K�M LV� WKH� VHW� RI� WKH� RQH�WR�RQH� IXQFWLRQV� RI 'KRQWR�-K��ZKLFK�DUH LQFUHDVLQJ�RQ (K�M �)RU�VDNH�RI�VHPSOLFLW\��D�FRQVHUYDWLYH�FRQILGHQFH�EDQG�IRU�WKH�LQWULQVLF�GLYHUVLW\�SURILOH��ZKLFK�GRHV�QRW�GHSHQG�RQ�WKH�SDUWLWLRQ�^-K`K��LV�QRZ�JLYHQ�ZKHQ�6 LV�D�GLDJRQDO�PDWUL[��$QDORJRXV� UHVXOWV� REYLRXVO\� KROG� IRU� D� JHQHULF� PDWUL[�6���/HW� � ��� ��� NVttV � EH WKHUDQNHG�YDULDQFHV�RI�9�����9N �L�H��WKH�UDQNHG�GLDJRQDO�HOHPHQWV�RI 6���)RU�DQ\�M VXFK�WKDW�JM�1�t������OHW�
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@��> �������
� � ���� � ����� ¦¦ �  V��V N

MP PMM
P PMM JJ1V 11

DQG��IRU�DQ\�M VXFK�WKDW�JM�1��������OHW�
�������� @�>� � � ���� � ����� ¦¦ �  V�V� N

MP PMM
P PMM JJ1V 11

,W�LV�HDV\�WR�SURYH�WKDW� ��� MMK VdV IRU�HDFK��M�'K DQG�IRU�HYHU\�K � �����V��+HQFH��IURP�WKH�SURSRVLWLRQ��LW�IROORZV�WKDW ��̀_^_� �� 
 Dd! f� M NDMM PV837KH�SUHYLRXV�UHODWLRQ�DOORZV�WR�REWDLQ�DQ�DV\PSWRWLF�FRQVHUYDWLYH�FRQILGHQFH�EDQGV�IRU�WKH� LQWULQVLF� GLYHUVLW\� SURILOH� ZKHQ�6 LV� D� GLDJRQDO� PDWUL[�� $V� D� PDWWHU� RI� IDFW�� DQ�DV\PSWRWLFDOO\����D��FRQVHUYDWLYH�FRQILGHQFH�EDQG�LV�JLYHQ�E\
�̀����Ö�Ö�Ö�Ö����^� ���� 

 � �dd ff� NMPQVWPQVWM NDMMQMNDMMQM �77 �

ZKHUH� �Ö MV LV�WKH�UDQGRP�YDULDEOH
@��> � � ������ � ������ Ö���Ö���Ö�LQI�Ö���Ö���ÖVXS��� ¦¦ �  V��V� N

MP PMQMQM
P PMQMQQ1 7777 ��

� ��� ��� ÖÖ NVttV � DUH� WKH� UDQNHG�FRQVLVWHQW�HVWLPDWRUV�RI� ��� �� NVV � ��ZKLFK�DUH REWDLQHG�E\�PHDQV� RI� WKH� VDPSOH� YDULDQFH�FRYDULDQFH�PDWUL[� N LV� WKH� QXPEHU� RI� WKH� REVHUYHG�VSHFLHV� DQG� ¦ M MQQ1 ���1 1RWH� WKDW�� LI� WKH� YDULDQFHV� �MV DUH� VLPLODU� WKH� SUHYLRXV�EDQG� LV�FRPSDUDEOH�ZLWK� WKH�DQDORJRXV�RQH�ZKLFK� LV�REWDLQHG�ZKHQ�1 KDV�DOO�GLVWLQFW�FRPSRQHQWV�
5HIHUHQFHV
$QGHUVHQ� 3�.��� %RUJDQ�2���*LOO�5�'���.HLGLQJ�1�� �������6WDWLVWLFDO�PRGHOV� EDVHG� RQ�FRXQWLQJ�SURFHVVHV��6SULQJHU�%DUDEHVL�/���)DWWRULQL�/���������7KH�XVH�RI�UHSOLFDWHG�SORW��OLQH�DQG�SRLQW�VDPSOLQJ�IRU�HVWLPDWLQJ� VSHFLHV� DEXQGDQFHV� DQG� HFRORJLFDO� GLYHUVLW\�� (QYLURQPHQWDO� DQG�(FRORJLFDO�6WDWLVWLFV���������������0DUFKHVHOOL� 0�� ������� $� JHQHUDOL]HG� GHOWD� PHWKRG� ZLWK� DSSOLFDWLRQV� WR� LQWULQVLF�GLYHUVLW\�SURILOHV��-� $SSO� 3URE���������������3DWLO� *�3��� 7DLOOLH� &�� ������� 'LYHUVLW\� DV� D� FRQFHSW� DQG� LWV� PHDVXUHPHQW�� -�� $PHU��6WDWLVW� $VVRF�� ������������6WROLQH� 0�5��� 8U\� +�.�� ������� 7DEOHV� RI� WKH� VWXGHQWL]HG� PD[LPXP� PRGXOXV�GLVWULEXWLRQ� DQG� DQ� DSSOLFDWLRQ� WR� PXOWLSOH� FRPSDULVRQV� DPRQJ� PHDQV��7HFKQRPHWULFV������������7KRPSVRQ�6�.���������6DPSOLQJ��:LOH\�
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