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Riassunto:Nel campionamento per transetti lineari la stima della detection functiong(x)
riveste primaria importanza. g(x) fornisce la probabilità di avvistamento di un oggetto
posto a una distanza perpendicolarex dal transetto. Se l’oggetto ha dimensioni variabili
si dovrebbe stimare una funzione bivariata del tipog(x, s), operazione spesso complicata.
In questo lavoro si affronta il problema della stima della funzioneg(x|S = s), proponendo
una procedura inferenziale non parametrica che tiene conto dell’effetto dimensionale ma
che non comporta problemi di stima su più dimensioni.
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1. Introduction

Many studies on biological populations require estimates of population densityD on a
region. Line transects sampling (LTS) is a methodology for estimatingD = N

A
, where

A denotes the area of the region andN the population size. According to its simplest
version, an observer travels along a randomly positioned linel recording the distances
from the line to each object detected. Once accomplished the survey, the observer has
sightedn ≤ N objects. For thei−th object sampled,zi ∈ [0, +∞) denotes the distance
between the observer and the othogonal projection ofi on l; ri ∈ [0, +∞) the ‘radial’
distance, i.e. the distance between the observer andi; xi ∈ [0, +∞) the perpendicular
distance betweeni andl; finally, θi the angle betweenri andzi. The information resulting
from this sampling scheme is indifferently formalized by one of these trivariate samples:
{(Xi, Zi, Si)}i=1,...,n or {(Ri, Θi, Si)}i=1,...,n; .

‘Distance bias’, i. e. the tendency to detect fewer objects at greater distances from the
line, constitutes a peculiar source of randomness proper of LTS as a distance sampling
method. The detection function (df) g (·) : R+ → [0, 1], giving the sighting probability
at distancex, provides an adequate description of the effects of ‘distance bias’ on the
survey. The same informative contents is proper of the hazard function (hf), i. e. the
function giving the probability of sighting in correspondence of thez’s conditioned to a
value ofX (recently, Skaug and Schweder, 1999), here indicated ash(z; x).

In view to formulatedf as a function ofhf, we introduce a particular version ofhf,
depending onr andθ rather thanz andx. Given the random variablesR andΘ, we define
thehf of R for Θ = θ as

h(r|Θ = θ) = lim
∆r↓0

Pr [r ≤ R < r + ∆r|R > r, Θ = θ]

∆r
=

f(r|Θ = θ)

1− F (r|Θ = θ)
.
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To semplify mathematics we assume the observer’sighting skill is the same for all direc-
tions, i. e.:h(r|Θ = θ) = h(r). Consequentlydf takes the form (see Appendix):

g (x) = 1− exp

(
−

∫ x

0

h (r) dr

)
. (1)

2. Variable sizes

If objects’ sizes, says, are not constant, it is often the case thatg(·) depends proportionally
on them, for a givenx. In this case a more carefully definition ofdf is needed:g(x, s) :
R+×R+ → [0, 1]. A direct estimation ofg(x, s) – monotonically not increasing onx and
monotonically not decreasing ons – might be not simple owing to the bidimensionality
of the domain and the small size of real samples.

Drummer and McDonald (1987) firstly studied this matter; they consider a class of
parametric families among which to select a model forg(x, s). In the current literature
a nonparametric approach is prevalent: Chen (1996, 1999) applies to conditioned multi-
dimensional kernels; Mack and Quang (1998) estimate characteristic values of bivariate
density functions. In these nonparametric papers reasonable results are obtained for broad
sample sizes.

The key to dispelling the multidimensional estimation problem involved by the form
g(x, s) could be a suitably modeling ofR; this approach is motivated by the considera-
tion that follows. High dimensions increase the sigthing probability, i. e.: ‘percentually
dimishes the distance between the observer and the object’; reduced dimensions diminish
the sigthing probability, i. e.: ‘percentually increases the distance between the observer
and the object’.

In the present notes we propose a model ofr containig a transformation ofs, sayφ(·),
as scale factor. Moreover, on the basis of this scale model, we estabilish a nonparametric
framework to estimateφ(·). Through the observed valuesri, at first standardized by their
estimated scaleŝφ(si) and after rescaled bŷφ(s), we estimatêhs(·). Finally, ĝ (x|S = s)

is obtained replacingh (·) by ĥs(·) in the formula (1).

3. The model

Consider a monotonic functionφ(·) : R+ → R+, let φ(si) be the scale of the density
function of the random variableRi, fRi

(r; φ(si)). The following relation, in compliance
with the parametric rulet(·; φ(si)) : R+ → R+, holds

Ri = t {R∗
i ; φ(si)} = φ(si)R

∗
i . ∀i ∈ n (2)

The random variableR∗
i is immediately interpreted as the sighting distance free ofSi.

For a values of S, the following steps generate an estimation of the functiong(x|S = s):

i) estimateφ(·);
ii) remove the size effect from data calculatingr̂∗i = ri/φ̂(si);
iii) rescale the omogeneous valuesr̂∗i by φ̂(s): r̂s,i = r̂∗i φ̂(s);
iv) estimateh(·) by r̂s,i obtainingĥs (·);
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v) evaluatêg(x|S = s) through the rule

ĝ(x|S = s) = 1− exp

(
−

∫ x

0

ĥs (r) dr

)
. (3)

A formulation as (2), suitable for a nonparametric estimation, seems necessary owing to
the pratical impossibility to justify particular parametric models. For example, two simply
parametric specifications, very differrent each others are:1 )φ(si) = sγ

i γ = 1, 2...;
2 )φ(si) = 1 + si

γ
γ > 0.

A scale model forX was proposed to estimate the parametric bidimensional detection
functiong(x, s; γ) = g(x/sγ) by Drummer and McDonald (1987), without detailed mo-
tivations about both the scale model and the choice of a parametric family forg(x/sγ).

The estimator (3) consists of two estimation steps: the estimation ofφ(·) and the es-
timation of h (·). This procedure migth seem complex, but results necessary since two
bias sources, distance and dimensions, exist. A single estimation step involves a bidi-
mensional estimation task. Across stepsi)-v), instead, a problem at time is approached,
resolving two unidimensional problems.

4. Estimation

In order to estimateφ(·), in the sequel we derive a model suitable for local regression .
A log version of (2) will be: log R∗

i = − log φ(Si) + log Ri. Setting: Yi = log Ri,
µ(·) = log φ(·), εi = log R∗

i , andv (A) as Var(A), we obtain

Yi = µ(Si) + v1/2 (Si) εi (4)

this model consists of a stochastic design variableSi, a term of stochastic errorεi, an
unknown functionµ(·) and a respose variableYi. The following procedure of conditional
inference could be formulated.

Supposen couples(si, yi) are available; if:i)E (ε) = 0; ii) V ar (ε) = 1; iii)v1/2 (Si) =
σ ∈ R+, we estimate the functionµ(s) = E (Y |S = s) by v(s) = V ar (Y |S = s).
An interpretation of the model (4) is provided by

Proposition 1 The (4) implies to assume an hazard model independet onSi and rescaled
byφ (Si)(see Appendix):

Pr {Ri > r|Si} = φ (Si) hR∗i (rφ (Si)) (5)

The model (4) is appropriate for a nonparametric regression algorithm. From the
theory above we can estimateg(x|S = s) in a double manner: conforming to the steps
iii) −v) or to the step suggested by

Proposition 2 If (1) holds, proposition 1 implies (see Appendix):

g(x|S = s) = g(xφ (Si)).

Consequently, stepsiii) −v) of section 3 can be replaced by

iii’) Obtainĝ(x|S = s) estimatingg (·) on the basis of the valuesxiφ (s).

For hs (·) estimation we use the kernel method. To estimateg (·) is preferable a local
regression algorithm for the optimal boundary properties of this class of estimators.
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Appendix

Proof of formula (1).
SinceS (r) = 1− F (r), we have:

g (x) = 1− S (x) ; h (r) =
f (r)

S (r)
= −d log S (r)

dr
.

ThenS (r) = exp
(− ∫ r

0
h (u) du

)
and finally:

g (x) = 1− exp

(
−

∫ x

0

h (u) du

)
.

Proof of Proposition 1.
Consider thehf of the random variableYi.with i ∈ [1, ..., N ]. We have:

Pr {Ri > r|si} = Pr {Yi > ln r|si}
= Pr{v1/2 (si) εi > ln r − µ(si)|si}
= Pr{exp

(
v1/2 (si) εi

)

> r exp (−µ(si)) |si} = 1− FR∗i (r exp (−µ(si))) .

But:

hRi
=

−d ln Pr {Ri > r|si}
dr

=
exp (−µ(si)) fR∗i (r exp (−µ(si)))

1− FR∗i (r exp (−µ(si)))

= exp(−µ(si)hR∗i (r exp (−µ(si)))) = φ (Si) hR∗i (rφ (Si)) .

Proof of Proposition 2.
If formula (1) holds, proposition 1 involves that

g(x|S = s) = 1− exp

(
−

∫ x

0

ah (ra) dr

)

with a = φ (Si). If y = ra we have:

g(x|S = s) = 1− exp

(
−

∫ ax

0

h (y) dy

)
= g (ax) .
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