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1. Introduction 

Some approaches to Structural Equation Modeling assume that some of the links be-
tween exogenous variables, manifest and latent, are formative, in the sense that manifest 
variables cause latent variables, whereas the remaining relationships between latent and 
manifest variables are reflexive: latent variables, both exogenous and endogenous, cause 
manifest variables, see MacCallum, Browne (1993), Edwards, Bagozzi (2000). 
As far as we know, established identification results, see e.g. Bollen (1989), Rigdon 
(1995), typically concern the case of reflexive relationships. In Bollen, Davis (1994) are 
given some rules helpful in examining the identification of models with causal indica-
tors. We state – by adapting some results for models with observed variables, see Faliva 
(1987) – a sufficient condition for parameter identification when all relationships be-
tween latent exogenous variables and corresponding manifest indicators are formative. 

2. The General Model: Presentation and Identification 

We assume the following Structural Equation Model, SEM: 

 η = Bη + Γξ + ζ (1) 
 ξ = ΠX + δ (2) 
 Y = ΛY η + ε (3) 

where: η is a random vector of endogenous latent variables; ξ is a random vector of 
“exogenous” latent variables not defined as functions of other latent variables and 
directly linked to exogenous manifest indicators; X, Y are random vectors respec-
tively of exogenous and endogenous manifest variables; ζ, δ, ε are vectors of random 
errors; B, Γ are matrices of unknown parameters βij, γij; ΛY, Π are diagonal block matri-
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ces; each block in ΛY, Π corresponds to a vector and contains the set of unknown pa-
rameters referred to the manifest variables reflexive and formative indicators of the 
elements respectively of η and ξ. We assume that the hypotheses on the random vari-
ables in the model stated in Bollen (1989), pp. 10-20, are satisfied. We further assume 
that: E(ζ|X) = 0, E(δ|X) = 0, E(ζζ′) = E(ζζ′|X) = Ψζ, E(δδ′) = E(δδ′|X) = Θδ, E(δζ′|X) = O; 
these hypotheses on conditional expectations are satisfied in the usual formulation of 
SEMs, when the involved random variables and X have joint normal distribution func-
tions and ζ, δ are not correlated with X. We assume that one element for each vector in 
ΛY is equal to 1 and that the covariance matrices Ψζ, Θδ and Θε = E(εε′) are diagonal. 
It is possible to reformulate the SEM as follows: 

 


η = (I − B)−1 (Γ*ξ* + ζ*)
Y = ΛY η + ε
X ≡ ξ*,

 (4) 

where we have assumed Γ* = ΓΠ and ζ* = Γδ + ζ. We denote with Ψξ* ≡ ΣXX and Ψζ* 
the covariance matrices of ξ* and ζ*. We assume that Ψζ* contains no zero elements. 
The following equation allows to state linear constraints on parameter values: 

 R1 vec B′ + R2 vec Γ*′ = s, (5) 

where R1 and R2 are known matrices, s is a known vector and vec is the vec operator. 
Let θ1 and θ2 be two elements of the parameter space. The model (1), (2), (3) is globally 
identifiable if: “Σ(θ1) = Σ(θ2) if and only if θ1 = θ2”, since the basic hypothesis of a 
SEM, see Bollen (1989), p. 3, is that Σ = Σ(θ), where Σ is the population covariance ma-
trix of the manifest variables Y and X, θ is the vector of the unknown model parameters 
and Σ(θ) is the covariance matrix written as a function of θ. 
Some identification rules for models with only reflexive relationships and considera-
tions about models with causal relationships are in Bollen (1989) and Bollen, Davis 
(1994). We assume that the necessary condition, stated in the t-rule, see Bollen (1989) 
p. 93, is satisfied. We note that, in the case of formative relationships, the elements of 
Ψξ* are identified since Ψξ* ≡ ΣXX. By assuming that the scaling rule and the three-
indicator rule, or the two-indicator rule if Σηη = Var(η) has no zero elements, are satis-
fied, see respectively Bollen, Davis (1994), p. 5, and Bollen (1989), p. 244, we have 
that the parameters in ΛY, Θε and Var(η), Cov(η, X) ≡ Σηξ* are identified. 
In Cantaluppi (2002) is shown that, under the former hypotheses, the elements of matri-
ces B, Γ*, Ψζ* are identified if the rank condition r(R1 − R2 {I ⊗ [Γ*′(I − B′)−1]}) = m2, 
where m is the dimension of the random vector η, is satisfied. 
By assuming that one element of each block vector on the diagonal of Π is equal to one 
the elements of Γ and Π may be identified. The elements of Θδ and Ψζ are identified if 
the system Ψζ* = ΓΘδΓ′ + Ψζ has a unique solution; in Cantaluppi (2002) is stated the 
necessary and sufficient condition in the case Θδ and Ψζ are diagonal matrices. 

3. Example and Comments 

In Diamantopoulos et al. (2001) several examples of latent constructs based on forma-
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tive relationships are given, which evidence the relevance of this kind of relationships in 
the formulation of Structural Equation Models. For instance the socioeconomic status 
may be expressed as a causal function of education, income, occupation and residence. 
We consider the identification of the following SEM proposed in Duncan, Haller, Portes 
(1971) for the «study of the way in which one’s peers influence one’s decisions» (see 
Fig. 2 for its path representation and variable legend). The defining equations are: 
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Variables ξ*1, …, ξ*6, Y11, …, Y42 are manifest since expressed directly by respondents. 
As in Jöreskog (1977), pp. 281-282, we do not impose any constraint on the covariance 
matrix of ζ*, Ψζ*, while matrix Θε is assumed diagonal. We observe that the model is 
formulated according to relationships (4), say matrices Γ, Π and random vectors δ, ζ do 
not appear in this model specification. If we further impose, according to the assump-
tions stated in §2, that E(ζ*|ξ*) = 0, and E(ζ*ζ*′|ξ*) = E(ζ*ζ*′) we may check the identi-
fication of the model parameters. 
The elements constrained to zero are β11, β22, γ*15, γ*16, γ*21, γ*22, then, by (5), we have: 
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The parameters in ΛY, Θε, Σηη and Σηξ* are identified by applying the scaling rule and 
the two-indicator rule, since ση1η2 ≠ 0. The parameters in B, Γ*, Ψζ*  are identified since 
the following matrix has full column rank 

 R1 − R2 {I ⊗ [Γ*′(I − B′)−1]} = 
1

1 − β21β12
 









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0 0 0 1 − β21β12

−β12γ*25 −γ*25 0 0
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 . 

In Bollen (1989), p. 98-103, are presented the rank and order conditions for the identifi-
cation of the parameters present in structural relationships, these conditions «help to de-
termine the identification of one equation at a time». The results presented here, which 
are based on Faliva (1987), pp. 476-480, ensure the global identification of the model, if 
the assumptions on conditional expectations, see §2, are satisfied. 
With regard to SEMs with latent variables it is assumed that (see Bollen, 1989, p. 1) «if  
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 ξ*1: respondent’s parental aspiration 
 ξ*2: respondent’s intelligence 
 ξ*3: respondent’s socioeconomic status 
 ξ*4: best friend’s socioeconomic status 
 ξ*5: best friend’s intelligence 
 ξ*6: best friend’s parental aspiration 
 Y11: respondent’s occupational aspiration 
 Y21: respondent’s educational aspiration 
 Y32: best friend’s occupational aspiration 
 Y42: best friend’s educational aspiration 
 η1: respondent’s ambition 
 η2: best friend’s ambition 

Figure 2 Path representation of model in Jöreskog (1977), p. 279.  Curved double ar-
rowed arcs denote that the connected random variables are correlated. 
 
the model were correct and if we knew the parameters, the covariance matrix would be 
exactly reproduced as a function of a set of parameters», Σ = Σ(θ). This peculiarity al-
lows to express the condition for identifiability r(R1 − R2 {I ⊗ [Γ*′(I − B′)−1]}) = m2 as 
a function of Γ* and B. This condition may be interpreted as a coherence criterion of the 
structural relationship formulation, (1)-(2), with the parameter constraints (5) and the 
joint moment structure of the random variables present in the model. 
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