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1. Introduction

It is well known that the causality principle of the factor model (i.e. to express the
observed variables as a function of the latent variables) leads to indeterminacy of latent
scores. The same problem arises in the structural equation models (SEM) and also in the
dynamic structural models (SDL), because both use as measurement model the factor
model (FA). Referring to the dynamic case, it can be proved that the scores of the latent
variables obtained by means of the Kalman filter are not unique, ie. it is always
possible to find an infinite number of solutions also very different from each other, even
negatively correlated (Haagen, Vittadini; 1994).

To avoid the arbitrariness in interpreting the common factors, some authors propose an
estimation procedure which inverts the natural relationship among the variables,
expressing the latent variables as a linear combination of the indicator variables. For
example, as an alternative to the FA, Schonemann and Steiger (1976) proposed a
decomposition of the datamatrix, called Regression Component Decomposition (RCD),
while Haagen and Oberhofer (1999) introduced the Replicated Common Factor Model
(RCFM). The RCD was successively extended to SEM by Haagen and Vittadini (1991);
another alternative is the Partial Least Squares (PLS) by Wold (1982).

Nevertheless no proposal has been made in the dynamic context. In this paper a
correction of the Kalman filter by means of RCD is presented.

2. Thestructural dynamic model

The SDL, introduced by Otter (1992) as a dynamic generalization of SEM, is a linear
model with latent variables, where the observations are represented by a single
multivariate time series. The SDL consists of a transition equation, which describes the
temporal relationship among the latent variables, and a measurement equation, that
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relates the latent variables to the observed variables. Omitting the deterministic input,
the SDL reduces to:

Xi=A X + W (t=1,...,T) (1.1)
z=CX +V (t=1,...,T) (1.2)

where X=[h,f{], with h; and f. vectors respectively of m; endogenous and mp
exogenous latent variables and finite covariance Sy; W and vi=[e.d;] vectors
respectively of m=m;+m, and p=p;+p, errors with expected value equal to zero and
time-invariant covariance matrix Sw and Sy; A and C matrices of parameters
respectively of dimension m and (p"m); z vector of p observed variables with
covariance Sz,

The latent scores are estimated by the Kalman filter, which is an algorithm that provides
linear least squares estimates of the latent vector in two steps; by first we have:

A AN A
Xii-1 = EX¢|Zi-1) = A X1 (1.3)
Sk, = E&X:- ﬁt\t-lﬁt' ﬁt\t-l% =AS; A+ Sy (1.4)

where Z;_1 = (z.1,...,2) and ]AE(Xt]Zt_l) denotes the linear projection of X on Z;_;.
Next the inference about the current value of X; is updated on the basis of the last
observation z:

Xt = % = E&(2,Z1) = Ex)|2) = X1 + Kz - 2) (1.5)
S =(I - KC) S, (1.6)

where K, = S C(S; and %= E(z) = CX.1. (For more details see Otter, 1992).

Most of the published Kalman filter applications consider the N=1 case (single time
series), because they refer to fields of application where only one (multivariate)
observation at a time is available. However, Kalman filter can also apply to large N data
(longitudinal data), as in behavioral sciences (Oud, 2001). It will be clear in the
following that the alternative proposed is particularly suitable for such a situation.

3. Theindeterminacy of the Kalman filter scores

Haagen and Vittadini (1994) discuss the indeterminacy of the Kalman solution by using
the result of Guttman (1955). They prove that, if the following equality holds

Sz, =C S, Ct+ Sy, (1.7)

an infinite number of vectors X, which satisfy the (1.2), always exists.
These solutions, called “true solutions”, have the following structure:

X =% + K[z - 2]+ Pw, (1.8)
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where K; = Sg“_lCGS'th, P = (- KiOF, F FO= S\, W; arbitrary vector of m variables and
E[w] =0, Sw, z,= 0, Sw,= 1.

It follows that, as in the static context, the latent scores obtained by means of the
Kalman filter are not unique, due to the arbitrary vector W;. Moreover Haagen and

Vittadini (1994) prove that the dynamics makes worse the indeterminacy, due to 2.
Only the introduction in the (1.3)-(1.6) of alternative models to the FA permits
definitely to overcome the indeterminacy.

4. An alternativeto the Kalman filter

Suppose to have N observations at each date t, we can express the model in term of the
observations as follows:

Xt = Xt_1A¢+ Wt
Zt = Xt C¢+ Vt,

with X; =[F ¢, H] (N" m), A (m" m), W; N" m), Zy (N" p), C (p” m), Vy (N” p) matrices.
The RCD provides the following decomposition of the datamatrix Z;:

Z=FAzf +(Z- FAGg) (1.9)

which leads to a definition of the latent variables F; as a linear combination of the
observed variables Z;

Fi=zLg (1.10)

~ 1~ ~ -1 ~ ,
where L, = (AGES;, Aztf,)_lA¢ztEt S, and Ay F can be calculated as a factor loading
matrix by means of a factor extraction method.

Given the unique approximation F., H and Ly, are simply determined. The matrix
L = [LE¢, Ln]¢ provided by the RCD is then introduced in the (1.3)-(1.6).

Under the assumption that A, E[Xo] and S, are known, the first step of the Kalman
filtering at each time t becomes:

X1 = X AC (L.11)
Sx,., = A Sx, A+ Sw.

In the second step we update X1 on the basis of the new observations Zi, that is.

X = )_(t|t—1 +(Z - Zy) K¢ (1.12)

® 0
%t:g - Kt(Lt )g&qpl’

— 425 -



_ B> ¢ 0 _ 1l
where Zt :Xt|t-1 Lt . eXt = ZtLt, Lt:[LFt, LHt]%and Kt = Sit\t-l Lt SZU
The solution X, is unique under construction because the reason of indeterminacy has
been removed. The indeterminacy of the Kalman solution derives from the definition of

the forecasting Z through the model (1.2); by the alternative solution, the substitution

of the matrix C by L; in the definition of z ¢, now ndicated by Z., permits to avoid the
arbitrariness of the latent scores, because the result of Guttman is no more applicable.
Guttman considers in fact models like the (1.2), in which the indeterminacy of the X; and
V; results from the fact that it is impossible to identify the m+p basis vectors given the p
observable variables. The RCD, on the contrary, provides a definition of the latent
variables as a linear combination of the observable variables, such that indeterminacy
vanishes.

Hence, the introduction of the RCD in the recursive procedure (1.3)-(1.6) brings to a
unique approximation for the latent scores.

The comparison between the Kalman filtering and the alternative procedure proposed is
accompanied by some empirical results referred to real data about Customer
Satisfaction, elaborated through some routines written by the Matlab language.

5. Conclusions

The method presented provides unique values for the latent scores in a dynamic context.
The next step of the research will be the building of a recursive procedure which
calculates simultaneously latent scores and parameters and the discussion of the
properties of the approximations provided.
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