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Riassunto: Il metodo della massima verosimiglianza nel caso di miscugli di distribuzioni
normali conduce a problemi di ottimizzazione mal posti. In questo lavoro, generalizzando
alcuni risultati di Hathaway (1985), viene proposta una formulazione vincolata della fun-
zione di verosimiglianza per distribuzioni miscuglio di normali multivariate. Viene inoltre
proposta una semplice procedura che consente l’implementazione di tale metodo in usuali
algoritmi di ottimizzazione. Tale procedura si rivela di particolare interesse nelle appli-
cazioni di tali modelli miscuglio per l’imputazione di dati mancanti.
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1. Introduction

Finite mixture distributions play a central role in statistical modeling as they combine
much of the flexibility of non parametric models with some analytic properties of para-
metric models, see e.g. Titterington et al. (1985). In this last decade, mixture distributions
have found new fields of application in data mining, especially in the area of combining
statistical models, see e.g. Jordan and Jacobs (1994), Sharkey (1999).

Let f(�; ) be the density function of a normal mixture distribution, where  assumes
values in some parameter space 	 and let L( ) be the log-likelihood function corre-
sponding to a sample of size N with law f(�; ). The MLE  ̂ is usually computed by
means of suitable optimization procedures; in most cases one uses the EM algorithm (see
e.g. McLachlan and Krishnan (1997)) which generates a sequence f (m)

gm – starting
from some initial estimate  (0) – such that the corresponding sequence fL( (m))

gm is
not decreasing. However, the convergence towards  ̂ is not guaranteed for two main
reasons: i) the log-likelihood function L( ) may be unbounded and this may cause the
failure of the algorithm; ii) the log-likelihood function L( ) presents local maxima, so
that the final estimate depends on the initial guess  (0).

The univariate case has been investigated in a sequence of papers, in particular Hath-
away (1985) proved that the likelihood function should be maximised in a suitable subset
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of 	. Some ideas will be outlined in Section 2; a larger synthesis is provided in Ingras-
sia (1992). In this paper we approach the multivariate case. In Section 3 we present a
constrained formulation of the maximum likelihood estimation for the decomposition of
multivariate normal distributions; in Section 4 we illustrate a simple procedure in order to
implement such ideas in practical algorithms. This procedure reveals of some interest in
applications of mixture models for the imputation of missing data.

2. The univariate case

Let f(x; ) be the density function of a mixture of k univariate normal component:

f(x; ) = �1p(x;�1; �
2
1) + � � �+ �kp(x;�k; �

2
k
) (1)

where p(x;�j; �j) is the density function of a normal distribution with parameters �j; �
2
j

(j = 1; : : : ; k), and  2 	 with:

	 = f(�j; �j; �
2
j
); �j � 0; �1 + � � �+ �k = 1; �j 2 R; �2

j
> 0g � R

3k : (2)

Let L( ) be the loglikelihood function of  for a given sample x = (x1; : : : ; xN ) of
size N drawn from f(x; ). It is well known that L( jx) may show some singular-
ities, thus the definition of estimate of maximum likelihood as the absolute maximum
of L( jx) lacks numerical sense. Under reasonable hypotheses, there exists only one
strongly consistent solution of the likelihood equations and it is a point of local maximum
of the likelihood function, see Redner and Walker (1984). In the following as the MLE
estimate, we shall mean such a point of 	. In this context, Theorem 2.1 in Hathaway
(1985) assures that if the sample x = (x1; : : : ; xN) drawn with law (1) contains at least
k + 1 distinct points, then for c 2 (0; 1], there exists a point of absolute maximum which

is strongly consistent in the subset of 	 satisfying the constraint min
i6=j

�
�2j

�2i

�
� c > 0 .

3. The multivariate case

Let f(x; ) be the density of a mixture of k multinormal distribution:

f(x; ) = �1p(x;�1;�1) + � � �+ �kp(x;�k
;�k) (3)

where the �j are the mixing weights and p(x;�
j
;�j) is the density function of the mul-

tivariate normal distribution with mean vector �j and covariance matrix �j which is re-
quired to be positive definite (denoted by�j > 0). Finally we set = f(�j;�j;�j); j =
1; : : : ; kg 2 	, where 	 is the parameter space given by:

	 = f(�j;�j
;�j); �j � 0; �1 + � � �+ �k = 1; �

j
2 R

p ; �j > 0g (4)

so that 	 � R
k(1+p+(p2+p)=2). It is well known that the matrix �j is positive definite if

and only if all its eigenvalues are strictly positive. Thus, if we denote by �i(�j) the i-th
eigenvalue of the j-th covariance matrix �j , the parameter space (4) can be written as:

	 = f(�j;�j;�
2
j
); �j � 0; �1 + � � �+ �k = 1; �j 2 R

p ; �i(�j) > 0g (5)
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Hathaway (1985) states that for a mixture of k p-variate normals, constraining all
eigenvalues of �i�

�1
j

(1 � i < j � p) to be greater than or equal to some minimum
positive value (satisfied by the true parameter) leads to a constrained (global) maximum-
likelihood formulation as the assumptions of Kiefer and Wolfowitz (1956) are satisfied. In
order to make this result applicable in practical algorithms this constraint is here satisfied
by imposing bounds on the eigenvalues of each covariance matrix �j (j = 1; : : : ; k).
Indeed we prove the following result.

Proposition 1 Let A;B two p � p symmetric and positive definite marices. Then we
have:

�max(AB
�1) �

�max(A)

�min(B)
(6)

�min(AB
�1) �

�min(A)

�max(B)
(7)

where �min(�) and �max(�) are respectively the smallest and the largest eigenvalue of the
matrix (�).

In particular the eigenvalues of �j give the variances along the principal axes; thus
imposing bounds on the eigenvalues of �j amounts to imposing bounds on these vari-
ances. Let a; b two strictly positive constants and assume that the covariance matrices �j

satisfy the constraints:

a � �i(�j) � b i = 1; : : : ; p ; j = 1; : : : ; k : (8)

Then we consider the following constrained parameter space 	a;b of 	:

	a;b = f(�j;�j
;�j); �j � 0; �1 + � � �+ �k = 1; �

j
2 R

p ; a � �i(�j) � bg :

4. A practical recipe

In order to implement the constraints (8), we can apply some simple results of the
matrix theory stating that, if A and B are two p� p symmetric matrices, then we have:

�min(A+B) � �min(A) + �min(B) (9)

�max(A+B) � �max(A) + �max(B) (10)

see e.g. Horn and Johnson (1985).
Let �(m)

j
be the j-th covariance matrix evaluated at the m-th iteration of the algo-

rithm and denote respectively by �min(�
(m)
j

) and �max(�
(m)
j

) the smallest and the largest

eigenvalue of �(m)
j

(j = 1; : : : ; k). Afterwards let us consider:

�(m)
� = min

j=1;:::;k

n
�min(�

(m)
1 ); : : : ; �min(�

(m)
k

)
o

��(m) = max
j=1;:::;k

n
�max(�

(m)
1 ); : : : ; �max(�

(m)
k

)
o
:

Let us set �(m)
� = a � �

(m)
� . The matrix �

(m)
� Ip, where Ip is the p-dimensional identity

matrix, has the eigenvalue �(m) with multiplicity p. Thus if �min(�
(m)
j

) < a for some j,
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the matrix �(m)
j

+ �
(m)
� Ip satisfies the lower bound in (8). As matter of fact, according to

the relation (9), we have:

�min(�
(m)
j

+ �(m)
� Ip) � �min(�

(m)
j

) + �(m)
� � a :

Analogous arguments apply in order to impose the upper bound in (8) according to the
relation (10). If �max(�

(m)
j

) > b for some j, then let us set ��(m) = ��(m)
� b; thus the

matrix�(m)
j

� ��(m)
Ip satisfies the constraint:

�max(�
(m)
j

� ��(m)
Ip) � �max(�

(m)
j

)� �(m)
� � b :

The two constraints described above can be implemented quite easily in optimization
algorithms, like the EM algorithm, performing some steps at the m-th iteration, after
computing the eigenvalues of �(m)

j
.

An important field of application concerns the missing data imputation by means of a
mixture of multivariate normal distributions, see Little and Schluchter (1985) especially in
neural network training from incomplete datasets, see e.g. Domma and Ingrassia (2001).
Indeed in such cases, due to the imputation of the missing data on the basis of the mixture
models, the variation is underestimated. In many applications using the EM algorithm, we
observed that this procedure converged to some spurious local maxima of the likelihood
function characterized by a (practically) singular covariance matrix. The lower bound in
(8) is intended to prevent just this phenomenon. Some computer simulations showed that
the method presented in this paper has been applied successfully.
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