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Riassunto: La verosimiglianza condizionata è un metodo inferenziale usato per la stima
di un’importante classe di modelli di regressione per dati discreti divisi in gruppi. In par-
ticolare, il metodo è adatto a situazioni in cui vi siano dei parametri di interesse comuni
a tutti i gruppi e dei parametri di disturbo che variano tra i gruppi. La verosimiglianza
profilo modificata risulta essere una accurata approssimazione della verosimiglianza con-
dizionata, ma presenta l’importante vantaggio di essere calcolabile per generici modelli
parametrici. Il lavoro propone la verosimiglianza profilo modificata come ideale esten-
sione della verosimiglianza condizionata e si sofferma in particolare sul caso di dati binari.
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1. Intr oduction

The conditional likelihood approach is widely used for clustered data. Let
�

be the re-
sponse variable, described by a generalized linear model, with probability density func-
tion (McCullagh and Nelder 1989, eqn. 2.4)�������	��
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where � , ! , & and , are specific functions, � is the dispersion parameter and � is the linear
predictor. We observe a sample �%132 , 4 �65'
878787�
�9 , : �;5<
87=787=
	>�1 , and we assume that � is
known and the linear predictor ��132 is��132?�A@�1�*"B�C1D2)E 7
The interest focuses on the regression coefficients E , while @�F�
87=787=
�@HG are nuisance pa-
rameters.

First developed by Andersen (1970) for binary data, the conditional likelihood ap-
plies to the case of canonical link function, and it removes the cluster-specific parameters@�F�
8787=7=
�@HG by conditioning on the sufficient statistic for them. The resulting conditional
maximum estimator IEKJ of E has better properties than the unconditional estimator IE , es-
pecially when 9 is large compared to the size of the clusters. Further details are given in
McCullagh and Nelder (1989, Chapter 7). The conditional likelihood is useful in many
instances, and routines for fitting it are provided by major statistical software (Pendergast
et al. 1996). The problem is that its application is limited to generalized linear model with
canonical link function. In the following, we shall present a suitable extension to more
general settings.
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2. The modified profile lik elihood

Consider a parametric statistical model satisfying some regularity conditions (Severini
2000, Chapter 3). The modified profile likelihood (Barndorff-Nielsen 1983) approx-
imates both conditional and marginal likelihoods when they either exist. Remarkably,
the modified profile likelihood is quite effective even when neither a conditional nor a
marginal likelihood exist, as it defines an estimating equation with better properties than
the corresponding one defined by the ordinary profile likelihood (Severini 1998b). Its
main drawback is that it is very difficult to compute outside linear exponential families or
transformation models. However, recent results in the field of likelihood asymptotics have
widened its applicability, and a general version is now available (Severini 1998a, 2000).
If L is the parameter of interest, and @ the nuisance parameter, its expression is given by

MON � L 
P� MPQ � L 
SR :8T�T � L 
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 R FWVYXR Z T�T � IL 
 I@[� L 
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where � IL 
 I@K
 is the maximum likelihood estimate of the parameters, U@ is the maximum
likelihood estimate of @ for a fixed value of L ,

MO\ � L 
]� M � L 
'U@)
 is the profile likelihood
for L and :8T�T is the @�@ -block of the observed information. The factor Z T�T is given by
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where f T is the @ -part of the score function. In many models, the covariance required forZ T�T is not difficult to compute. For the case of model (1) with canonical link function, the
modified profile likelihood (2) gives a very close approximation to the exact conditional
likelihood, which is also available in the S-PLUS library HOA (Brazzale 1999). The im-
portant point is that the modified profile likelihood is computable also for non-canonical
link functions, when there is no sufficient statistic for the nuisance parameters. The re-
sulting estimator IEKu has better properties than IE , in particular when 9 increases at a faster
rate than >�1 . A thorough study is given in Sartori (2001).

3. The caseof binary data

Consider the particular case of (1) where
�

is a binary variable, with success proba-
bility v ����
 , where v is a given distribution function with corresponding density functionw

. The profile log-likelihood for E is given by

f \ � E 
P� Gx 1ym)F fz1p� E 
�U@�1{

where fz1 is the contribution from the 4 -th cluster

f�1/� E 
 U@H1|
O� }=~x 2em)F �3��132o��_<� v � U�%132�
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with U�%1D2�����132�� E 
 U@�1�
 . Similarly, both R :8T�T R and R Z T�T R are the product of the contributions
from the 4 -th cluster, which are respectively given by

Z k 1 t � IE 
 I@�1Y� E 
�U@�1{
�� }8~x 2hm)F w � I��132z
 w � U��132�
��5�� v � U��132�
�# v � U�%132�
 

:8T ~ T ~ � E 
 U@�1{
�� Z k 1 t � E 
 U@�1(� E 
 U@�1|
�� }=~x 2hm)F ���%132]� v � U�%1D2=
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,�132 � � w�� � U�%132�
��5�� v � U�%132�
�# v � U��132�
 � w
X � U��132�
)��5?��� v � U�%132�
�#��5�� v � U�%132�
�# X v � U��132�
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with I�%1D2�� ��132'� IE 
 I@�1�
 . The resulting expression of f u � E 
 is a smooth function of E ,
that can be numerically maximised by one of the optimisers available within standard
statistical software. The key point for a successful implementation is the availability of
efficient routines for computing U@ , that essentially requires to be able to fit a generalized
linear model with an offset. For the most important link functions, such routines are
widely implemented. Note that the inclusion of additional parameters in the link function,
typical of many applications (e.g. Morgan 1992), can be dealt with in a straightforward
way.

As an illustrative example, let us consider the crying babies data, already analysed
by several authors, including the thorough analysis reported in Brazzale (1999). It is a
matched-pair study concerning the crying on babies who underwent or not a treatment
(lulling) on 58� different days. Namely, we have 9���5a� , >�1 between � and 5a� and a single
coefficient E of interest, the treatment effect. Table 1 reports the results for logit, probit,
complementary log-log and log-log link.

Likelihood Method Treatment Estimate (s.e.) � -value
Profile (Logit) 5<7��0� ( ��7��%� ) 7��'�< 

Conditional (Logit) 5<7�� � ( ��7 �   ) 7�� � �
Mod. Profile (Logit) 5<7��<� ( ��7 �   ) 7�� �'�

Profile (Probit) ��7¡�<� ( ��7¡�<� ) 7��'�<�
Mod. Profile (Probit) ��7���5 ( ��7��'� ) 7�� � 5

Profile (cloglog) ��7��'� ( ��7�� � ) 7��'�'�
Mod. Profile (cloglog) ��7 � � ( ��7��'� ) 7�� � �

Profile (loglog) 5<7l5<5 ( ��7 � � ) 7�� �<¢
Mod. Profile (loglog) 5<7¡�<� ( ��7 � � ) 7��<� �

Table 1: Treatment estimation for crying babies data.

The numerical results confirm that
M u is an accurate approximation to the conditional

likelihood, and they both provide less evidence in favour of a positive treatment effect
than

M \
. Similar results are obtained in the analyses with the other link functions. The

important point is that the modified profile likelihood allows the statistician to select the
most appropriate link function, not being confined anymore to the logit link only.
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4. Ongoing research

Application of the modified profile likelihood to other models are currently under in-
vestigation. An important instance is represented by models for ordinal data with non-
canonical link function, see Agresti and Natarajan (2001). Applications are also possible
outside the generalized linear models specification; see, for instance, the examples con-
sidered in Lancaster (2000).
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