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1. Introduction and problem setting

In the usual context of a parametric model for independent and identically distributed
observations consistency of inferential procedure represent a fundamental property which
ought to be preliminarily ascertained. In this paper we aim at reviewing some old and
recent results concerning conditions which guarantee consistency in a context where the
dimension of the parameter space in infinite, commonly referred to as nonparametric set-
ting. More specifically we aim at focussing on inferential problems where the parameter
space is a set of density functions and we will be considering as inferential techniques
only maximum likelihood estimation and Bayesian procedures. In illustrating the main
ideas underlying some of the recent approach towards determining general conditions for
consistency we try to bring to the light the presence of a common ground for conditions
ensuring consistency in both approaches.

Let M = {F;0 € ©} a family of distributions on the observation spate Here
X is a finite dimensional euclidean space atgd its Borel o-field. It is understood that
the mapping) — P, is 1-1, so that we can directly refer to the spageendowed with
a metricd with respect to which©, d) will be separarable and complete. We assume
that M is dominated by a-finite measurg: and for anyP, we denote withf (-, §) the
corresponding density with respectitoFurthermore we assume that there exigts ©
such thatXy, ..., X,, ... are independent and identically distributed accordingfo In
dealing with consistency issues it is convenient to refer to the gpacé,, ) underlying
the whole process, whefeé= X, Ay~ andv = Pge.

In the context of a parameter spagendowed with metrid, a sequence of estimators
TY = T,(X;(w), ..., X,(w)) is said to bed—consistent ind, when, almost surely with
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respect tas (heretoafter denoted a.gl], itis d(7*,6,) — 0 that is

We recall that in many density estimation problems a privileged distance is the Hellinger
distance defined as follows:

dy(f,9) = /(\/_ \/_x) dflf—l—/\/iudw

The likelihood function corresponding to the firsbbservationg X; (w), ..., X, (w))

is given by
0 — Ly( Hf

and the maximum likelihood estimate is the maximizing argument,@f, 6) when 6
varies in©, that is R
0« € argmax L, (w,0).
0cO

One can define

S0 [ @),
Zl >eo> - J e gy et

whereP, (w, -) is the empirical measure associated to the firsbservations and rephrase
the maximum likelihood estimate as follows

0y argmax H,(0,w). 2

Note that argnaxyco H,(f,w) need not to be made of a single point and it might be
empty. However, in order to keep out of the presentation formal detailed considerations
about the existence éf, and the measurability of events related to maximizing arguments
we will invoke permissibleconditions to use a terminology introduced by Pollard (1984);
In other words we assume that conditions are met so thatjpasd max H,, # () for all
n and all the measurability issues can be given a positive answer.

In the Bayesian approach inferenceis based on the posterior distribution which
can be determined in our setting by the Bayes formula

fB H? (X i(w),0) I1(d0)

B, B) = T X (@), 0) 1(d0)

or equivalently

[ exp {nH,(w,0)}11(dh)
Jo exp{nH,(w,0)} I1(d6)
forany B € Bg, whereBg is the Borelr-field of subsets o®. The posterior distributions

Is then viewed as a random probability measure, defined,amlued in the space of all
probability distributions ort©, Bg).

I (w, B) = 3)
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In the Bayesian approach one notion of consistency is referred to the asymptotic be-
haviour of the posterior distribution i.e. when a4 {he sequence of posterior distribu-
tionsII,, converges weakly to the distribution concentrateéat-ormally

The sequence of posterior distributiofls is said to be consistent & if there exists
N € A with v(N) = 0 such that for allv € © \ N and for any choice of an open
neighborhoodB(6y) of 6,

fB(oo i f(Xi(w), 0) T1(d0)
Jo Iz f(Xi(w), 0) T1(d0)

Mo (w, B(0) = Y @

Remark It is not difficult to prove that under mild conditions consistency in the above
sense implies consistency of the Bayesian estimBto= E[0|X;(w), ..., X,(w)] in the
former classical sense of (1).

Apparently from (2) and (3) both maximum likelihood and Bayesian consistency de-
pends on the asymptotic behaviour Bf,. In this sense we immediately observe that
under general conditions the strong law of large numbers implies foWaay©, the
a.s.p] convergence off,, (w, 0) to Hy(0), where

f(z,0)
Hy(0) = [ 1 Py, (dx) = —K (6,0
o(0) = [ log £ P (d) = ~K(0.0)
and K (0, 0,) is the well-known Kullback-Leibler divergence ¢f-, 0) from f(-, ). We

also anticipate at this point that this type of convergence is not enough to obtain consis-
tency.

Hypo-convergence instead is a suitable type of convergence which will allow to obtain
useful consistency results. We limit ourselves to give its definition and briefly mention
the essential features which will be used in the next sections. B

A sequence of function§H,, : © — IR; n € IN} hypo-convergeo H, : © — IR,

denotes?, "%’ H,, if for any § € ©
36, — 6 : Hy(60) liminf H,,(6,) (5)
VO, — 0,V{n,} C {n} Hy(0) limsup H,,, (0,).

It is immediate to verify that in presence of hypo-convergence, from (5) the following
holds true

<
>

lim inf sup H,, > sup Hy; (6)
n—00 peo 0cO

furthermore, one can show that

lim supsup H,, < sup H
n—oo 6H€O 0cO

if and only if for anye > 0, there exists a compact subgét_ © such that for any: it is
e-argmax H,, N C # () @)
fco

wheree-argmaxpeo H, = {6 € © : H,(f) > supgee Hn(0) — €}. In addition if H,
admits a unique maximundy, then hypo-convergence and (7) imply that for any choice
of 0, € argmax H,, 0 it is the unique cluster point for the sequengg;n € IN}.
However, this is not enough to ensure that for any choicg,of arg max H,,, one has

Hn — 90.
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2. Maximum likelihood consistency

Sufficient conditions for maximum likelihood consistency have been investigated in
a large number of articles even though not always in the general context of infinite-
dimensional parameter space. Among the fundamental contributions we like to men-
tion Wald (1949), LeCam (1953), Kiefer and Wolfowitz (1956), Bahadur (1967), Huber
(1967) e Perlman (1972) for their ability to highlight with examples and counterexamples
crucial points in obtaining consistency. In all these works it is clear that obtaining con-
sistency calls for determining an appropriate way to control the asymptotic behaviour of
H,(w,#) in a stronger sense than what is guaranteed by the law of large numbers; just
simple paradigmatic counterexamples, see for instance Le Cam (1990), show that this
type of convergence is not sufficient to guarantee consistency even in a finite-dimensional
parameter space.

One way to single out an appropriate asymptotic behaviour can be suggested observ-
ing thatd, is in fact solution for the following maximization problem

HO(Q()) = sup H0(0> = — inf K<0,90> = —K(eo,eo) = O,
fcO 0cO

that is
{0} = arguiax Ho(0).

Since R
oy e arguax H,(0,w)

it is then clear that maximum likelihood consistency require the analysis of the conver-
gence of stochastic suprema.

In light of the brief considerations remarked in the introduction it seems natural to
tackle consistency issues for maximum likelihood with the aid of the almost sure hypo-
convergence i.e.,

Ho(w, )" Ho()  asly).

This can be regarded as a minimal context in order to study the convergence of stochastic
maximization problems (values and arguments).

In fact, this kind of general approach revealed itself particularly appropriate to study
consistency of a large class of estimators obtained as solutions of stochastic optimization
problems and has been already adopted in Salinetti (1990) within a finite-dimensional
framework. One can keep the same approach when considering infinite-dimensional pa-
rameter space and as long as the extension is allowed one can get similar conditions for
nonparametric consistency. Along this direction we recall the recent contributions of Hess
(1996) e Dong and Wets (2000).

A key condition for obtaining maximum likelihood consistency but which will play a
fundamental role even for posterior consistency is the following:

there exists a subsét C 2 with v(N) = 0 such that foranw € Q\ N
©) VB(6h), Je >0 supgepg,)c Hnlw,0) < —¢,

for n sufficiently large
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whereB(6,)¢ stands for the complement &f(6,), open neighborhood df,.
One can easily get the following result (see also Perone Paeifialo(2000))

Proposition 1 Suppose condition (C) holds: themalmost surely, for any sequenéﬁ
cond¥ € argmaxgeo H,(w,0), one get

6= — 6. (8)

Furthermore, ifv-almost surelyf, (w, -)"2°Hy(-), then

sup H,(w, 0) — sup Hy(¢) = Ho(th) = 0. )
0€0 0€0

Proof Since H, (w, ;) = 0, condition (C) implies arghaxgco H,(w,0) C B(6,) for
n sufficiently large. The same argument can be repeated forBdfy) so that (8) is
proved. Similarly one can show thatipycq H,(w,0) = supgep,) Hn(w,t) hence
lim sup,,_, ., Supgee Hn(w, ) < supyeq Ho(#) — €; hence, using (6), one gets the con-
vergence in (9). 00

Remark When almost sure hypo-convergence holds true(&hd) is a compact metric

space then it is not difficult to verify that condition (C) is met and that one always gets
d-consistency. One can weaken the compactness requirement, with local compactness
as long as supplementary convexity property of the parameter space together with the
functionsd(-, §) and Hy(-) are satisfied.

Within all the literature devoted to studying maximum likelihood consistency in a
nonparametric setting one of the fundamental approaches that we would like to pause is
given by those results which exploit the use of Glivenko-Cantelly-class-type results, that
is by using uniform strong law of large numbers. In fact, since the final aim is to get
convergence of argmax, one can focus on those classes of density furfgtighsvhich
ensures the-almost sure convergence Hf, (w, -) to Hy(-) or some variants from that. In
these perspective one can look at results obtained in van de Geer (1993) recently extended
by Dudley (1998).

We will concentrate on van de Geer (1993) as a fundamental article representative of
that approach. There, the metric foris the Hellinger distancé; and the starting point
which can be easily derived is the following inequality:

dg(6,0,) < / f<”3’9”)—1 P,(w,dz) +
f(2,60)>0

f(z,02)
- "= — 1| Py, (w,dx
/:f(m,90)>0 f(z,00) i )

= [ o8 Pwndn) ~ [ g(o.8)P (d)

X
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where

z,0 .
f((x’eo)) -1 z: f(x,6p) >0

g(CL’,Q) =

0 otherwise

A sufficient condition for obtaining consistency of the maximum likelihood estima-
tor can be derived by requiring that the class of functiéns: {¢(-,0),0 € ©} has the
Glivenko-Cantelli property, that ig;-almost surely

(V) SUD,cg ’f){g(ac7 0)P,(w,dx) — [, g(z, H)Pgo(das)’ — 0.

Hence to arrive at consistency one can use sufficient conditions which ensugeisheat
Glivenko-Cantelli class. These results can be found in many books about the asymptotic
behaviour of empirical processes (for instance van der Vaart and Wellner (1996)) and are
mainly related to the limiting behaviour of entropy numbers.

It is relevant to point out at this point thatalmost sure uniform convergence in (U)
implies the former condition (C). In fact, (U) implies that for anye Q\ N with v(N) =
0, and for any choice of > 0 one has eventually and uniformly fére ©

/ g(x,0) P, (w,dx) < / g(x,0) Py, (dzx) + 6 = —d%(@, Oo) +6 <6
X X

sinceH,(w,0) < 2 [, g(x,0)P,(w,dz) this is enough to show that (C) is true since

sup How,0) < 2 sup / oz, 0) Py (w, dz)
X

GGB(QQ)C 963(90)0

< 2 swp [ gl.0)F (o) + 5
0eB(bp)c Jx

_ - 2
= 0=, inf d (6, 00)

and considering that outside of an Hellinger neighborhod,af% (0, 6y) > 1 > 0 hence
(C) is obtained by choosing< n? ande = 1? — 4.

3. Posterior consistency

The interest for studying the consistency property of posterior distributions as defined
in (4) in a non parametric setting has been recording an intensification relatively recently.
Actually a different notion of Bayesian consistency had been formalized and proved in an
old result due to Doob (1949). That result, often referred to as Doob’s theorem, claims
under mild measurability conditions, generally verified, that there exists a stibath
prior probability [1(©’) = 1 such that for al’ € ©’ the sequence of posterior distri-
butions tends to degenerate to the distribution with a single point maks Bobwever
the fact that®’ might exclude some elements of the wh6élgrevent that property from
being a sufficient consistency warrantee for those who deem relevant to study the inferen-
tial properties of statistical procedure uniquely in the probability spate, Ay, ;)
where, sincéd, is not known can be potentialgnyelement ofo.
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Some additional arguments have been explained in Diaconis and Freedman (1986)
in order to convince about the usefulness of the study of posterior consistency as in (4).
Those arguments, appealing to the notionadrging of posterior distributions corre-
sponding to two possibly different prior input, together with revealing that inconsistency
pathologies were not so rare or cumbersome, provided a decisive boost to the investigation
of posterior consistency in the sense of (4).

We immediately note that an unescapable condition which must be assumed for ob-
taining posterior consistency is that the prior probability assigned to any neighborhood of
0y, must be positive that is, for any(6,),

TI(B(6y)) > 0.

In fact, if II(B(6,)) = 0 for someB(6,), then the numerator of (4) would be null for

all n. When@® is infinite-dimensional the above requirement is usually strengthened by
imposing that the prior probability assigned to any Kullback-Leibler neighborhoég of
namely to subsets of the following kindls(6y) = {0 € © : K(0,0,) < ¢}. We will
denoted, € Sk (II), when the prior distributiofil is such that

(K) II(Ns(00)) >0 Vo > 0.

The role of this hypothesis is that it allows to lower-bound the asymptotic behaviour of
the numerator of (3).

In this section we provide an essential review, certainly not covering all the results
related to posterior consistency in nonparametrics.

In a sense the pioneering result about posterior consistency as defined in (4) has been
established in Schwartz (1965) where it is exploited the existence of a sequence of uni-
formly consistent test for the following hypotheség; : 6 = 6, againsti; : 0 € B(6)°.

In case some mild measurability conditions are met the result can be stated as follows

[Schwartz (1965)] Let (O, d) a complete and separable metric spaceflfe Sk (1)
and for any open neighborhooB(6,) there exists a sequence of test functions<
(1, ..., x,) < 1so that

nfc/ qﬁn(a:l,...,xn)Hf(aci,H)d:cl...dxn
X

i
ocUc !
=1

(S) /ngn(xl,...,xn)Hf(xi,eo)dxl...dxn <

=1
then the sequence of posterior distributiong4isonsistent ird,.

In fact this result can be very powerful for it allows, with particular choiced &b
get broad consistency results. Just to mention an exampleaepresent a subset of the
space,F,, of distributions which are absolutely continuous with respect to the Lebesgue
measure, and,, is a distance compatible with the topology of weak convergencde in
is known (Ghosaeét al, 1999) that condition (S) always holds. While this result is very
pleasing for its minimal requirement aboiyt € Sk (I1) on the other hand it produces
a consistency result with respect to a mettjccertainly not particularly appropriate if
one considers thaf), represent a subset of density function for which a more natural
distance would be th&! norm or, which is equivalent, the Hellinger distance. However
the possibility of ensuring the existence of uniformly consistent tests is at risk and cannot
hold when© is endowed with the Hellinger distance (LeCam (1973), Barron (1989)). For
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this reason, investigatingy-consistency for the posteriors has been addressed through
controlling the asymptotic behaviour of the likelihood within an appropriately defined
sequence of subsetsig¢ve$, here denoted withy,, in such a way that, whatever is the
likelihood behaviour outsid®),, this cannot matter substantially as long as the prior prob-
ability I1(V¢) vanishes at exponential rate. All the recent results obtained in Batr&in
(1999), Ghosaet al. (1999) and Petrone and Wasserman (2002)) obey to this principle.
To give a more precise idea of this way of guaranteeing posterior consistency we only
report the result in Ghosat al.(1999) where the way of appropriately defining the sieves
calls for the notion of metric entropy numbersin assigned to a subsét of L'. We
denoteJ (0, F) the logarithm of the minimum number of functioifs,...,fx in F, such
that? C Uiy {f : |If — fillo <6}

[Ghosal et al. (1999)]Let 0, € Sk (II); if for any ¢ > 0 there exist) < ¢, ¢1,c2 > 0,
[ < ¢/2 and a sequence of subsé{ssuch that eventually

() TI(VE) < ¢cre e
(i) J(3,Vn) <np

then the sequence of posterior distributiond jsconsistent irg,.

We remark that in the above result, depending of course from the chosen distance,
consistency is ensured basically through additional conditions imposHd on

A deeper look at the results of this kind Ghos#hl. (1999) highlights that the basic
role of V,, is to limit from above the functionalé/, (w,-) on B(6y)¢ N V,,. This fact
drives back to conditions such as (C). In fact one can show (see also Perone Raeifico
(2000))

Proposition 2 If 6, € Sk(II) and condition (C) holds then the sequence of posterior
distributions idd-consistent.

Proof For anyd > 0 let Ns(6) the Kullback-Leibler neighborhood @f; starting from
the strong law of large number one can get (see for instance Batrah(1999)) that
v-almost surely

/@exp{an(w,H)}H(dH) < e ™TI(N5(6y)).

From (C), one has that-almost surely that for any3(6,) there ise > 0 such that
SUPge p(go)c Hn(w, 0) < —e for n sufficiently large. Choosing < e one obtain:

fB(eo)c exp {nH,(w,d)}T1(dh)
Jo exp {nH,(w,0)} I1(d0)

o) I1(B(6o)°
B II(N5(6o))

Hn(w7 B(QO)C) =

hencell,,(w, B(6y)¢) — 0. 00
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4. Concluding remarks

The attempt of this work is to review some of the main approaches to get consis-
tency in a nonparametric setting in order to provide useful hints on what conditions allow
for a parallel behaviour of maximum likelihood and posterior consistency. This search
for a joint consistency has been somewhat investigated, but never fully developed in a
nonparametric setting. Besides the obvious point that both consistencies depends on the
asymptotic behaviour of the likelihood, we noticed that the core of the problem can be
reduced, as one can naturally expect, to its bvehaviour on the “tails”; condition (C) ren-
ders explicit and formal this intuitive point and it has been proved to establish consistency
for both bayesian and maximum likelihood. A joint behaviour in terms of consistency
can be also extended to the case of maximum likelihood approach basgelesand
that posterior consistency based on appropriately desigiegdsas those in Barroat al.

(1999), Ghosaet al. (1999) and Petrone and Wasserman (2002)). Along a similar line
of extension we would like to mention a recent result in Walker and Hjort (2001). This
work contains a general consistency result actually referred to a sequence of distributions
H’f/2(~) which arenot posterior distributions, but clearly represent a formal analog since
they are defined through the following ratio of integrals

(T F(X(w). 6))
Jo (T2, £(Xi(w).0))

The authors show that with the only hypothekis Sk (11), the sequence of distributions
ﬂ'f/2(B) aredy-consistent. This result, interestipgr se hints at studying consistency
properties of sequence of distributions that can be similar to the true posterior distribution,
pointing out that in order to keep control of the likelihood growth a “little” penalization
can make a difference. This line of research interestingly recall an analogue direction
within the classical study of asymptotic properties of penalized or approximate maximum
likelihood. In fact, the authors hints at the possibility of generalizing their result by using a
likelihood function raised to a power € (0, 1) possibly close to 1. Formal definition and
derivation of such results have been appeared in Scricciolo (2001). Even in this case we
find an interesting connection suggesting a parallel study and ascertainment of maximum
likelihood based on penalization and posterior consistency.

T1(do)
11(df)

1}, (B)

D= [N
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